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Abstract

The future of Cosmic Microwave Background (CMB) research lies in exploiting the ar-

cminute scale secondary anisotropies which encode information about the late time inter-

action of the CMB photons with the structure in the Universe. A specific form of such

interaction is the gravitational lensing of the CMB photons by intervening matter - the

main topic of this thesis. Upcoming experiments like the Atacama Cosmology Telescope

(ACT) and PLANCK will measure these anisotropies with unprecedented resolution and

sensitivity. In four separate papers, laid out as four chapters in this thesis, we present new

techniques to model and analyze such high resolution data and explore the implications of

such measurements on Cosmology, mainly in the context of CMB lensing. The first chapter

describes a novel and accurate method for simulating high resolution lensed CMB maps by

ray-tracing through a large scale structure simulation. This method does not adopt the flat

sky approximation and retains information from large angular scales in the dark matter

distribution. Maps simulated through this method will be instrumental in developing the

detection and analysis techniques for CMB lensing in high resolution CMB experiments

like ACT. In the second chapter, we describe a new and efficient method for measuring the

power spectrum of arcminute resolution CMB maps. At these resolutions, the CMB power

spectrum is extremely red and is prone to aliasing of power due to hard edges and point

source masks. By combining two new techniques, namely, prewhitening and the adaptive

multitaper method, we show that these problems can be efficiently remedied and the uncer-

tainties in the final power spectrum estimate can be reduced by several factors over those

obtainable by the now standard methods. These techniques will be also useful for estimat-
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ing higher order statistics from the maps, like the ones related to the detection of CMB

lensing and its cross-correlation with large scale structure tracers. In the third chapter, we

explore how such cross-correlations can be turned into Cosmological probes. We propose an

estimator for cosmological distance ratios based on the cross-correlation of galaxy counts

with the gravitational lensing of galaxies and the CMB and show that it can be measured

to sufficient accuracy in future experiments so as to provide useful constraints on curvature

and dark energy evolution. Finally, we show that CMB lensing can be used to constrain the

void and the texture hypotheses that have been put forward for explaining the intriguing

Cold Spot anomaly in the WMAP data.
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Preface
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that I wrote. The spherical harmonic transform operations are based on the Non-isolatitute

Spherical Harmonic Transform code generously provided to me by Chris Hirata. During
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Chris Hirata for which I am grateful to both.
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Efficient Power Spectrum Estimation for High Resolution CMB Maps
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Measuring Distance-ratios with CMB-galaxy Lensing Cross-Correlations

Sudeep Das and David N. Spergel

To be submitted to Physical Review D.

This project grew out of a discussion between me and David Spergel regarding the gen-
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and analytical calculations in the paper. For this paper, I developed a general purpose Fisher

Matrix code including CMB lensing, which can be used to predict the parameter constraints
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Chapter 4

CMB Lensing and the WMAP Cold Spot

Sudeep Das and David N. Spergel

To be submitted to Physical Review D.

I wrote this paper under the guidance of David Spergel. Part of this work was done at

the APC, Paris. I am grateful for their hospitality.
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Appendix

Next Generation Redshift Surveys and the Origin of Cosmic Acceleration

Viviana Acquaviva, Amir Hajian, David N. Spergel and Sudeep Das

Physical Review D. 78 (2008) 043514

This paper was led by Viviana Acquaviva, Amir Hajian and David Spergel. My con-

tribution to the paper was to predict how well CMB lensing can constrain the bias of the

various large scale structure tracers, thereby reducing the uncertainty in the proposed es-

timator. I have included this paper in the thesis, because the method of constraining bias

with CMB lensing cross-correlations will become a very important astrophysical tool in

future, especially for the upcoming high redshift galaxy surveys, like the Herschel mission

and will help in the understanding of galaxy formation, evolution and assembly.
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2.13 Deconvolution of the power spectrum. Left panel : Deconvolution of the pe-
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2.15 Effect of prewhitening on the errors in the deconvolved power spectrum in

presence of a point source mask. Top Panel: For the AMTM method: The

open circles represent the fractional 1σ error bars on the deconvolved power

spectrum when prewhitening is not performed, showing that holes in the

point source mask render the AMTM method biased at high multipoles and

lead to large error bars. The filled circles represent the same after prewhiten-

ing has been performed, showing that prewhitening remedies the leakage of

power and makes the power spectrum estimator nearly unbiased. Bottom

Panel: The same as above, but for the periodogram or straight FFT. Note

that prewhitening, if performed properly, makes the periodogram as good a

power spectrum tool as the AMTM. . . . . . . . . . . . . . . . . . . . . . . 87

3.1 Cross power spectra, the ratio of which is being studied (cf. equation 3.8).

Also shown are predicted 1σ errors in uniform bins of size ∆ℓ = 30. For the

CΣκCMB

ℓ case, the outer (lighter) errors correspond to lensing reconstruction

using temperature and polarization with Planck, while the inner (darker)

ones correspond to the same for CMBPOL. . . . . . . . . . . . . . . . . . . 104

3.2 Various power spectra that enter the calculation of the error on the lensing

ratio (cf. eq. 3.13). Each of the noise power spectra has been plotted with

the same line style as its corresponding signal power spectrum and labeled

as Nℓ. The noise spectrum for the CMB lensing reconstruction has been

indicated both for Planck and CMBPOL. . . . . . . . . . . . . . . . . . . . 107

xxiii



3.3 Left Panel : Improvements of constrains in the Ωk − ΩΛ plane for a vacuum

energy model with Planck by adding a 1% measurement of the lensing-ratio.

The outer solid contour is the 68% confidence interval from primary CMB

alone while the inner solid contour is the same after adding the lensing-

ratio. The dotted contours have the same interpretation but represent the

case where information from lensing extraction has been added to the CMB

Fisher matrix. Right Panel: Same as left, but for the w−ΩΛ plane, assuming

flatness. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

3.4 Improvements in the constraints on the interesting subset of parameters in

the eleven parameter model involving massive neutrinos and free dark-energy

equation of state (see text). The interpretations of the contours are same as

in Fig. 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

3.5 Constraints (68%) in the w-Ωk plane from BAO and lensing-ratio measure-

ments. The dashed line indicate constraints from the lensing-ratio while the

dotted line represents the same for the BAO ratio. The solid contour shows

the joint constraint. Regions outside the contours labeled “excluded” are not

allowed due to the strong CMB prior (see text). . . . . . . . . . . . . . . . . 111

xxiv



3.A.1 Left: Comoving angular diameter distance at the high redshift end for var-

ious models. The solid curve corresponds to the fiducial early dark energy

model with Ω0
d = 0.742, w0 = −1 and Ωe

d = 0.03. The horizontal line indi-

cates the value of dA(z0) at the last scattering surface required by a wrong

model with Ωe
d = 0, to keep the CMB angular scale, θA, constant. The

dotted line represents a model with all parameters kept same as the fiducial

model, except Ωe
d which is set to zero. This falls short of the required dA(z0)

and hence the only free parameter in the model, Ω0
d, has to be adjusted to

achieve the required dA(z0). The final model that would be wrongly inferred

by matching the CMB acoustic scale, has Ω0
d = 0.735 and is shown by the

dashed line. Right: Fractional difference in the comoving angular diame-

ter distance dA(z) from the fiducial model. The dotted line represents the

fractional error for the same model as shown by the dotted line on the left

plot. As expected the difference in this case goes to zero at low redshift.

The dashed line shows fractional difference in the wrongly inferred model.

Note that since this model had its Ω0
d shifted low, it overestimates the true

distances by ∼ 1.5% for z & 1 and by 1.3% for z . 0.5. . . . . . . . . . . . 114

3.A.2Left: Fractional difference from the fiducial of the Hubble scale c/H(z) in

the wrongly inferred model of Fig. 3.A.1. Right: Same as left, for the lensing

ratio as a function of the lens redshift. . . . . . . . . . . . . . . . . . . . . . 116

4.1 Various terms that enter the calculation of the signal to noise equation (4.12).

The solid curve represents the CMB power spectrum Cℓ, while the dot-dashed

curve represents the instrumental noise for the assumed experimental specifi-

cations (see text) and for an exposure time of 16 minutes. The upper (lower)

dotted curve represents Sℓ for the void with δ = −1 (δ = −0.3). The dashed

line represents Sℓ for the texture. . . . . . . . . . . . . . . . . . . . . . . . 127

xxv



4.2 Signal to noise for the detection of the lensing template by the experiment

described in the text, as a function of the time of exposure of an 8◦ square

region centered on the Cold Spot. The upper (lower) dotted line corresponds

to the case for the void with δ = −1 (δ = −0.3). The dashed line represent

the case for the cosmic texture. . . . . . . . . . . . . . . . . . . . . . . . . 129

A.1 The behavior of ǫ(k, a) = Ω−γ
m d lnD/d ln a−1 in GR (solid line) and in f(R)

models, as a function of B0 and k. Growth is enhanced for B0 6= 0 and at

smaller scales in alternative theories. In GR, ǫ(a) = 0. . . . . . . . . . . . . 140

A.2 Errors on P (k), normalized to the SDSS-LRG median redshift (z=0.31) for

all surveys. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

A.3 ǫ(k, z) for the four surveys, as a factor of B0 and k. Total errorbars around

the ΛCDM case are shown in black; the smaller red errorbars are from bias

only. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

xxvi



List of Tables

3.1 Predictions for the cross-correlation studies described in the text with fore-

ground galaxies from ADEPT, background galaxies from LSST and different

CMB experiments. The quantity (S/N)cross represents the signal-to-noise ra-

tio in the estimation of the cross correlation between the foreground tracer

density with CMB lensing. The last column shows percentage error in the

lensing-ratio estimator, r of equation (3.8). We show the prediction for both

temperature based (TT) and polarization based (POL) reconstruction of the

deflection field from the lensed CMB. . . . . . . . . . . . . . . . . . . . . . 106

A.1 Predictions for the errors on bias from the cross-correlation studies described

in the text. For each combination of experiments, we display the number of

galaxies per square degree (n̄); the area of overlap (A), the signal-to-noise

with which the cross correlation of tracer surface density with CMB-lensing

can be extracted, (S/N), and the percentage error in the bias, b, for the tracer.144

A.2 Currently available data for measurements of ǫ through β and b (from Nesseris

& Perivolaropoulos (2008), with the addition of the measurement reported

in Guzzo et al. (2008)), and comparison with our predictions. Only the error

coming from uncertainties in β and b is considered. . . . . . . . . . . . . . . 147

xxvii



Chapter 1

A Large Sky Simulation of the

Gravitational Lensing of the

Cosmic Microwave Background

Abstract

Large scale structure deflects cosmic microwave background (CMB) photons. Since large

angular scales in the large scale structure contribute significantly to the gravitational lensing

effect, a realistic simulation of CMB lensing requires a sufficiently large sky area. We

describe simulations that include these effects, and present both effective and multiple

plane ray-tracing versions of the algorithm, which employs spherical harmonic space and

does not use the flat sky approximation. We simulate lensed CMB maps with an angular

resolution of ∼ 0.′9. The angular power spectrum of the simulated sky agrees well with

analytical predictions. Maps generated in this manner are a useful tool for the analysis and

interpretation of upcoming CMB experiments such as PLANCK and ACT.
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1.1 Introduction

While the current generation of CMB experiments have had a significant impact on cosmol-

ogy by helping to establish a standard paradigm for cosmology (Spergel et al., 2003, 2007),

the upcoming generation of CMB experiments still has the potential to provide novel new

insights into cosmology. PLANCK1 and ground based experiments, such as the Atacama

Cosmology Telescope (ACT)2 , will be mapping the CMB sky with significantly higher an-

gular resolution than ever before. Secondary anisotropies on small angular scales encode

important information about the late time interaction of CMB photons with structure in the

Universe. One of the most basic of these interactions is the gravitational effect of the large

scale structure potentials deflecting the paths of the photons, an effect justifiably referred

to as the Gravitational Lensing of the CMB.

The effect of gravitational lensing can be thought of as a remapping of the unlensed CMB

field by a line-of-sight averaged deflection field (for a recent review, see Lewis & Challinor,

2006). Therefore, lensing does not change the one-point properties of the CMB. However,

it does modify the two and higher-point statistics, and generates non-Gaussianity (Seljak,

1996; Zaldarriaga & Seljak, 1999; Zaldarriaga, 2000). Although the typical deflection suf-

fered by a CMB photon during its cosmic journey is about three arcminutes, the deflections

themselves are coherent over several degrees, which is comparable to the typical size of the

acoustic features on the CMB. Thus lensing causes coherent distortions of the hot and cold

spots on the CMB, and thereby broadens their size distribution. This leads to redistribution

of power among the acoustic scales in the CMB, and shows up in the two-point statistics

as a smoothing of the acoustic peaks. At smaller scales, where the primordial CMB is

well approximated by a local gradient, deflectors of small angular size produce small-scale

distortions in the CMB, thereby transferring power from large scales in the CMB to the

higher multipoles. Also, although the primordial CMB can be safely assumed to be a Gaus-

sian random field (Komatsu et al., 2003), and the large scale lensing potential can also be

1http://www.rssd.esa.int/index.php?project=Planck
2http://www.physics.princeton.edu/act
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well approximated by a Gaussian random field, the lensed CMB— being a reprocessing of

one Gaussian random field by another— is itself not Gaussian. The effect of lensing on

the power spectrum of the CMB is important enough that it should be taken into account

while deriving parameter constraints with future higher resolution experiments. But what

is even more interesting is that the non-Gaussianity in the lensed CMB field should enable

us to extract information about the projected large scale structure potential, and thereby

constrain the late time evolution of the Universe and Dark Energy properties. Therein

lies the main motivation of studying this effect in utmost detail. Progress in this area has

been slow. Measurements of the CMB precise enough to enable a detection of weak lensing

were not available in the pre-WMAP era. Also, picking out non-Gaussian signatures in

the measured CMB sky by itself is extremely difficult, due to confusion from systematics,

foregrounds, and limited angular resolution.

Rather than looking at signatures of lensing only in the CMB, one can also measure to

what extent the deflection field estimated from the CMB correlates with tracers of the large

scale structure which contributed to the lensing. It is easily realized that this approach is

powerful (Peiris & Spergel, 2000) because many of the systematics disappear upon cross-

correlating data sets. This approach was taken in recent years by Hirata et al. (2004)

and Smith et al. (2007), using WMAP 1-year and 3-year data respectively. The former

work looked at the cross correlation with SDSS luminous red galaxies (LRG), while the

latter used the NRAO-VLA Sky Survey (NVSS) radio sources as their large scale structure

tracers. As the lensing efficiency for the CMB is highest between redshifts of one and four,

higher redshift tracers should show greater cross correlation signal, which makes the NVSS

radio sources better tracers for such study; Smith et al. (2007) report a 3.4σ detection. An

independent analysis by Hirata et al. (2008) looking for this effect in the WMAP 3-year data

in cross correlation with SDSS LRG+QSO and NVSS sources find this signal at the 2.5σ

level. With these pioneering efforts and with higher resolution CMB data from experiments

such as ACT, PLANCK and the South Pole Telescope (SPT)3 on the horizon, we are

3http://spt.uchicago.edu
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entering an era where robust detection and characterization of this effect will become a

reality. Also, with upcoming and proposed large scale structure projects (LSST4 , SNAP5 ,

ADEPT6 , DESTINY7 , etc.) there will in future be many more datasets to cross-correlate

with the CMB.

One of the immediate results of such cross-correlation studies will be a measurement of

the bias of the tracer population. Because such cross correlations tie together early universe

physics from the CMB and late time evolution from large scale structure, they will also be

sensitive to Dark Energy parameters (Hu et al., 2006) and neutrino properties (Smith et al.,

2006a; Lesgourgues et al., 2006), and can potentially break several parameter degeneracies in

the primordial CMB (M. Santolini, S. Das and D. N. Spergel, in preparation). Combination

of galaxy or cluster lensing of the CMB with shear measurements from weak lensing of

galaxies can also provide important constraints on the geometry of the Universe (see Chapter

3; Hu et al., 2007). Again, with high enough precision of CMB data, it is possible to

estimate, using quadratic (Okamoto & Hu, 2003) or maximum likelihood (Hirata & Seljak,

2003) estimators, the deflection field that caused the lensing. Such estimates can be turned

into strong constraints of the power spectrum of the projected lensing potential (Hu &

Okamoto, 2002), which is also sensitive to the details of growth of structure. The estimated

potential from the lensed CMB alone, or the potential estimated from weak lensing surveys

(Marian & Bernstein, 2007), can be also used to significantly de-lens the CMB. This is

particularly important in the detection of primordial tensor modes via measurements of

CMB polarization. This is because (even though detection of the so-called B modes in

CMB polarization is hailed as the definitive indicator of the presence of gravitational waves

from the inflationary era) these mode can be potentially contaminated by the conversion of

E-modes into B-modes via gravitational lensing. De-lensing provides a way of cleaning these

contaminating B-modes produced by lensing and thereby probing the true gravitational

wave signature.

4http://www.lsst.org/lsst\_home.shtml
5http://snap.lbl.gov/
6http://universe.nasa.gov/program/probes/adept.html
7http://destiny.asu.edu/
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We describe a method for simulating the gravitational lensing of the CMB temperature

field on a large area of the sky using a high resolution Tree-Particle-Mesh (TPM; Bode et al.,

2000; Bode & Ostriker, 2003) simulation of large scale structure to produce the lensing

potential. The reason for considering a large area of the sky is twofold. First, the deflection

field has most of its power on large scales (the power spectrum of the deflection field peaks

at ℓ ∼ 50 in the best-fit cosmological model), and much of the power redistribution in

the acoustic peaks of the CMB occurs via coupling of modes in the CMB with these large

coherent modes in the deflection field. A large sky allows for several such modes to be

realized. It is estimated that a small (flat) sky simulation that misses these modes would

typically underestimate the lensing effect by about 10% in the acoustic regime, and more

in the damping tail (Hu, 2000). Second, one of the major goals of simulations such as

this is to produce mock observations for upcoming CMB experiments. PLANCK is an

all-sky experiment, and many of the future CMB experiments (including ACT and SPT)

will observe relatively large patches of the sky. Therefore, simulating CMB fields on a large

area of the sky is a necessity. This method fully takes into account the curvature of the

sky. Although presented here for a polar cap like area, it can be trivially extended to the

full sky.

The value of a simulation as described here is multifaceted, particularly in the devel-

opment of algorithms for detection and characterization of the CMB lensing effect for a

specific experiment. Since each experiment has a unique scanning mode, beam pattern,

area coverage, and foregrounds, operations and optimizations performed on the data to

extract the lensing information will have to be tailored to the specific experiment. A large-

sky lensed CMB map acting as an input for a telescope simulator provides the flexibility

of exploring various observing strategies, and also allows for superposition of known fore-

grounds. Another important aspect of this simulation is that the halos identified in the

large scale structure simulation can be populated with different tracers of interest. Also,

other signals, such as the Thermal and Kinetic Sunyaev Zel’dovich effects and weak lensing

of galaxies by large scale structure, can be simulated using the same large scale structure.
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This opens up the possibility of studying the cross-correlation of the CMB lensing signal

with various indicators of mass, and thereby predicting the level of scientific impact that a

specific combination of experiments can have.

As noted in Lewis (2005), the exact simulation of the lensed CMB sky, which requires

the computation of spin spherical harmonics on an irregular grid defined by the original

positions of the photons on the CMB surface, is computationally expensive and requires

robust parallelization. Lewis (2005) suggested an alternative in which one would resample

an unlensed CMB sky, generated with finer pixelation, at these unlensed positions. This

method was implemented in the publicly available LensPix8 code that was based on Lewis

(2005). However, producing a high resolution lensed map requires a much higher resolution

unlensed map, the generation of which becomes computationally more expensive as reso-

lution increases. Here we put forward another alternative, in which we do the resampling

with a combination of fast spherical harmonic transform on a regular grid followed by a high

order polynomial interpolation. This interpolation scheme has been adapted from Hirata

et al. (2004), and is called the Non-Isolatitude Spherical Harmonic Transform (NISHT).

This method is accurate as well as fast, and does not require parallelization or production

of maps at a higher resolution. Another added advantage of this method is that the same

algorithm can be used to generate the gradient of a scalar field on an irregular grid. Since

the deflection field is a gradient of the lensing potential, this opens up the possibility of

performing a multiple plane ray tracing simulation. This is because the rays, as they prop-

agate from one plane to another, end up on irregular grids, so the deflection fields on the

subsequent planes have to be evaluated on irregular grids. At the time of the development

of this project, LensPix did not include an interpolation scheme, and used the methods as

described originally in that paper. Concurrently with the completing of the current work,

an interpolation scheme (Akima, 1996) different from the one described here has been added

to that code. Another notable difference of our results with LensPix, is that while the lat-

ter uses a Gaussian Random realization of the deflection field, we have used a large scale

8http://cosmologist.info/lenspix
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structure simulation to produce the same, thereby including all higher order correlations

due to non-linearities.

The chapter is laid out as follows. In §1.2 we explain the lensing algorithm, describ-

ing the governing equations in §1.2.1 and their discretization in §1.2.2. Then we discuss

the effective lensing approach (§1.2.3) as well as the multiple plane ray tracing approach

(§1.2.4). At the heart of the lensing algorithm lies the non-isolatitude spherical harmonic

transform algorithm adapted from Hirata et al. (2004), which is reproduced in some detail

for completeness in §1.2.5. As discussed earlier, we have employed a light cone N -body

simulation and adopted a special polar cap like geometry for generating the lensing planes

(§1.3). For comparison of the simulated fields with theoretical prediction, we compute the

angular power spectra on the polar cap window; in §1.4 we describe some of the subtleties

involved in computing the power spectra. We present our results in §1.5 and describe the

tests that we have performed in §1.6. Conclusions are presented in §1.7.

1.2 The Lensing Algorithm

1.2.1 Basic Equations

We would like to note here that while the calculations for the simulation described here

have been done for a flat universe, our approach is generalizable to non-flat geometries.

The deflection angle of a light ray propagating through the space is

dα = −2∇⊥Ψdη, (1.1)

where is dα is the deflection angle, Ψ is the Newtonian potential, ∇⊥ denotes the spatial

gradient on a plane perpendicular to light propagation direction and η is the radial comoving

distance. The transverse shift of the light ray position at η due to a deflection at η′ is given

by

dx(η) = dA(η − η′)dα(η′), (1.2)

where dA(η) is the comoving angular diameter distance.
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The final angular position θ(η) = x(η)/dA(η) is therefore given by

θ(η) = θ(0) − 2

dA(η)

∫ η

0
dη′dA(η − η′)∇⊥Ψ

= θ(0) + α̃(η), (1.3)

where α̃ is the total effective deflection.

1.2.2 Discretization

We will now discretize the above equations by dividing the radial interval between the

observer and the source into N concentric shells each of comoving thickness ∆η. We project

the matter in the i-th shell onto a spherical sheet at comoving distance ηi which is halfway

between the the edges of the shell (i increases as one moves away from the observer). Since

we shall be working in spherical coordinates it is advantageous to use angular differential

operators instead of spatial ones. We rewrite equation (1.1) in terms of the angular gradient

∇n̂ as

dα = − 2

dA(η)
∇n̂Ψdη. (1.4)

At the j-th shell at ηj , the deflection angle due to the matter in the shell can be approxi-

mated by an integral of the above:

αj = − 2

dA(ηj)

∫ ηj+∆η/2

ηj−∆η/2
∇n̂Ψ(η̃n̂; η̃)dη̃ (1.5)

= −∇n̂φ
j(n̂), (1.6)

where we have defined the 2-D potential on the sphere as

φj(n̂) =
2

dA(ηj)

∫ ηj+∆η/2

ηj−∆η/2
Ψ(η̃n̂; η̃)dη̃. (1.7)

Here, the notation (ηn̂; η) signifies that the potential is evaluated at the conformal look-

back time η, when the photon was at the position ηn̂. The potential can be related to the

mass overdensity in the shell via Poisson’s equation, which reads

∇2
ηΨ =

4πG

c2
ρ− ρ̄

(1 + z)2
, (1.8)
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ρ̄ being the mean matter density of the universe at redshift z. By integrating the above

equation along the line of sight, one can arrive at a two dimensional version of the Poisson

equation (Vale & White, 2003),

∇2
n̂
φj(n̂) =

8πG

c2
dA(ηj)

(1 + zj)2
∆j

Σ(n̂) (1.9)

where the surface mass density

∆j
Σ =

∫ ηj+∆η/2

ηj−∆η/2
(ρ− ρ̄)dη̃. (1.10)

Note that in going from the three dimensional to the two dimensional version, the term

containing the radial derivatives of the Laplacian can be neglected (Jain et al., 2000). One

can show that this term is small by expanding the potential Ψ in Fourier modes k, with

components k‖ parallel to the line of sight and k⊥ transverse to it. Then, the ratio of the

components of the line of sight integral in the parallel and transverse directions will be

∼ k2
‖/k

2
⊥. Due to cancellation along the line of sight, only the modes with wavelengths

comparable to the line of sight depth of each slice will survive the radial integral. These

would be the modes with k‖ . 2π
∆η . On the other hand, the transverse component gets most

of its contribution from scales smaller than ∼ 100 Mpc i.e. κ⊥ ≫ 2π/100 ∼ 0.1 Mpc−1.

Under the effective lensing approximation, the projection is along the entire line of sight

from zero redshift to the last scattering surface, ∆η ∼ 104 Mpc, giving κ‖ . 10−3 Mpc−1.

Therefore, in this case the ratio of the radial and transverse components of the integral will

be ∼ k2
‖/k

2
⊥ ≪ 10−4. For a multiple plane case, we would typically employ 10 lensing planes

for which this ratio would be ≪ 10−2. The approximation will break down if we employ

thin shells.

Defining the field K as

Kj(n̂) =
4πG

c2
dA(ηj)

(1 + zj)2
∆j

Σ(n̂), (1.11)

equation (1.9) takes the form

∇2
n̂
φj(n̂) = 2Kj(n̂). (1.12)
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It is convenient to define an angular surface mass density ∆θ
Σ(n̂) as the mass per steradian,

∆θj
Σ (n̂) =

∫ ηj+∆η/2

ηj−∆η/2
(ρ− ρ̄)

dA(η̃)2

(1 + z̃)3
dη̃. (1.13)

The surface mass density defined in equation (1.10) is related to this through the relation

∆Σ = ∆θ
Σ

(1 + z)3

dA(η)2
. (1.14)

This implies the following form of equation (1.11),

Kj(n̂) =
4πG

c2
(1 + zj)

dA(ηj)
∆θj

Σ (n̂). (1.15)

Equation (1.15) is the key equation here. The quantity K can be readily calculated once the

mass density is radially projected onto the spherical sheet. Expanding both sides of equation

(1.12) in spherical harmonics, one has the following relation between the components:

φℓm =
2

l(l + 1)
Kℓm. (1.16)

It is interesting to note that the apparently divergent monopole (l = 0) modes in the lensing

potential can be safely set to zero in all calculations, because a monopole term in the lensing

potential does not contribute to the deflection field. Being the transverse gradient of the

potential, the deflection angle α(n̂) is a vector (spin 1) field defined on the sphere and can

be synthesized from the spherical harmonic components of the potential in terms of vector

spherical harmonics, as will be described in § 1.2.5.

1.2.3 Connection with effective lensing quantities

In weak lensing calculations, one often takes an effective approach, in which one approx-

imates the effect of deflectors along the entire line of sight by a projected potential or a

convergence which is computed along a fiducial undeflected ray (often referred to as the

Born approximation). One therefore defines an effective lensing potential out to comoving

distance ηs as

φeff (n̂) = 2

∫ ηs

0
dη

dA(ηs − η)

dA(η)dA(ηs)
Ψ(ηn̂; η). (1.17)
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Figure 1.1: Geometry illustrating the point remapping used in the text
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In terms of the projected potential, the effective deflection (see Eq. 1.3) is given by the

angular gradient, α̃ = −∇n̂φ
eff . An effective convergence is also defined in a similar

manner:

κ(n̂) =
1

2
∇2

n̂
φeff (n̂)

=

∫

dη
dA(ηs − η)dA(η)

dA(ηs)
∇2

⊥Ψ(ηn̂; η). (1.18)

In terms of the fields φj and Kj defined on the multiple planes, these quantities are imme-

diately identified as the following sums,

φeff (n̂) ≃
∑

j

dA(ηs − ηj)

dA(ηs)
φj(n̂), (1.19)

κ(n̂) ≃
∑

j

dA(ηs − ηj)

dA(ηs)
Kj(n̂). (1.20)

Once κ is obtained one can go through the analog of equation (1.16) and take its trans-

verse gradient to obtain the effective deflection α̃. Using this, one can find the source

position corresponding to the observed position θ(0):

θs = θ(0) + α̃. (1.21)

In §1.5, we shall use this effective or single plane approximation to lens the CMB.

Equation (1.21) is to be interpreted in the following manner (Challinor & Chon, 2002).

The effective deflection angle is a tangent vector at the undeflected position of the ray. The

original position of the ray on the source, or unlensed, plane is to be found by moving along

a geodesic on the sphere in the direction of the tangent vector and covering a length α̃ of

an arc. The correct remapping equations can be easily derived from identities of spherical

triangles (Lewis, 2005). For completeness, we give the derivation here.

In Fig. 1.1, let the initial and final position of the ray in question be the points A≡ (θ, φ)

and B≡ (θ′, φ + ∆φ), respectively. The North pole of the sphere is indicated as C, so that

the dihedral angle at A is also the angle between α̃ and −eθ, so that

α̃ = −α̃ cos δeθ + α̃ sin δeφ. (1.22)
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Figure 1.2: Geometry illustrating the multiple plane ray tracing method.

Now, applying the spherical cosine rule to the triangle ABC, we have

cos θ′ = cos θ cos α̃+ sin θ sin α̃ cos δ, (1.23)

and applying the sine rule

sin ∆φ = sin α̃
sin δ

sin θ′
. (1.24)

We use these equations to remap points on the CMB sky and on the intermediate spherical

shells in the multiple plane case, as described below.

1.2.4 Multiple plane ray tracing

In the multiple plane case, we shoot ray outwards from the common center of the spherical

shell (i.e. the observer) and follow their trajectories out to the CMB plane, thereby studying
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the time reversed version of the actual phenomenon. We assume all intermediate deflections

are small, as is really the case. Here we describe how we keep track of a ray propagating

between multiple planes, as shown in Fig. 1.2. We assume a flat cosmology for this purpose.

At some intermediate stage of the ray propagation, let a ray be incident on the i-th plane

at the point A, where it gets deflected and reaches the i+1-th plane at the point D. The ray

incident at A will not in general lie on the same plane as defined by the deflected ray ~AD

and the center O of the sphere, which we also consider as the plane of the figure. Assuming

that we know the incidence angle βi, we can obtain the additional angle of deflection αi

due to the matter on plane i and compute the net deflection αi + βi. Let us denote by α̃i,

the effective angle, by which a ray has to be remapped from its observed position θ(0) to

its current position θi on plane i, so that

θi = θ(0) + α̃i. (1.25)

Obviously, α̃1 = 0 and θ1 = θ(0). Therefore, the effective angle (α̃i+1 − α̃i) by which the

ray has to be remapped from point B to point D on the shell i+1 can be readily calculated

from two descriptions of the arc BD,

ηi+1(α̃i+1 − α̃i) = (ηi+1 − ηi)(αi + βi). (1.26)

In order to repeat this process for the (i+2)-th shell, one needs to know the value of the

new incidence angle βi+1. We now equate two ways of finding the length of the arc AC,

ηi(α̃i+1 − α̃i) = (ηi+1 − ηi)βi+1. (1.27)

Substituting (α̃i+1 − α̃i) from equation (1.26),

βi+1 =
ηi

ηi+1
(αi + βi). (1.28)

Since we shoot the rays radially on the first plane, β1 = 0; therefore equations (1.26) and

(1.28) can be used to propagate the ray back to the CMB surface, which we take to be

the (N + 1)-th plane, i.e. θs = θN+1. Although we only discuss results obtained with the

effective or single plane approximation here, the multiple plane version is straightforward

to perform and will be reported elsewhere.
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1.2.5 Interpolation on the sphere

In practice we have used the HEALPix 9 (Gorski et al., 2005) scheme to represent fields

on the sphere. At various stages of the lensing calculation, an accurate algorithm for

interpolation on the sphere becomes a necessity. In the effective lensing approximation,

the original positions of the rays will in general be off pixel centers. This implies that the

lensed CMB field is essentially generated by sampling the unlensed CMB surface at points

which are usually not pixel centers. Hence, obtaining the lensed CMB field is essentially

an interpolation operation. In the case of multiple lensing planes, it is again obvious that

(except for the first plane, on which we can shoot rays at pixel centers by way of convenience)

the deflection field itself has to be evaluated at off-center points on all subsequent planes.

So, together with the interpolation of the temperature map, we need to go between spin-0

and spin-1 fields on an arbitrary grid. Therefore, one needs, in general, a spherical harmonic

transform algorithm that can deal with an irregular grid on the sphere.

For this purpose, we adopt the Non-isolatitude Spherical Harmonic Transform (NISHT)

algorithm proposed by Hirata et al. (2004); details of the algorithm can be found in Ap-

pendix A of that paper. Here we have reproduced the key equations for clarity, and de-

scribed the salient features of the general algorithm with special attention to aspects which

are relevant for the current application.

The basic operation for generating the lensed CMB maps can be broken up into two

steps:

L1. generating the deflection field on the sphere at points where the rays land from the

previous plane, and

L2. sampling the unlensed CMB surface at the source-plane positions of the rays to

generate the lensed CMB field.

Of course, in case of the effective lensing simulation, one can conveniently generate the

deflection field at the pixel centers in step L1 above. As step L2 is a series of operations

involving scalars and therefore conceptually simpler, we shall explain the NISHT algorithm

9http://healpix.jpl.nasa.gov
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in relation to this step. Step L1, which involves spin-1 fields on the sphere, is conceptually

similar to the spin-0 case.

The problem in step L2 is that we know the CMB temperature field T (n̂) on the

HEALPix grid {n̂} as well as the source-plane positions of the rays {n̂′} on the polar cap,

and we want to sample the CMB field at {n̂′}. Suppose, by applying the steps for spherical

harmonic analysis (as will be described later), we have the spherical harmonic components,

Tℓm of the temperature field. Now, we need to synthesize the field using these Tℓm’s at the

points {n̂′}. This operation can be formally written as

T (n̂′) =
ℓmax
∑

ℓ=0

ℓ
∑

m=−ℓ

TℓmYℓm(n̂′), (1.29)

where ℓmax is the Nyquist multipole and is set by the resolution of the HEALPix grid

as, ℓmax ≃ π/
√

Ωpix (cf. equation 1.40). This synthesis operation can be split into the

following four steps (Eqns. 1.30 through 1.35 are essentially reproduced for completeness

from Appendix A of Hirata et al. 2004):

1. Coarse Grid Latitude Transform

As the first step, we perform a transform in the latitude direction on an equally spaced

set of points, (θ = πα/L, φ = 0), where α is an integer in the range 0 ≤ α ≤ L and L

is a small integral multiple of some power of two such that L > ℓmax:

Tm(θ =
α

L
π) =

ℓmax
∑

ℓ=|m|
TℓmYℓm(θ =

α

L
π, φ = 0). (1.30)

The above calculation involves O(ℓmax
2L) operations.

2. Refinement of Latitude Grid

In this step we reduce the θ grid spacing from α
Lπ to α

L′π where L′ > L. We take

advantage of the fact the sampling theorem can be applied to a linear combination

of spherical harmonics which is band limited (ℓ ≤ ℓmax) in the multipole space, and

hence can be written as a Fourier sum,

Tm(θ) =

ℓmax
∑

n=−ℓmax

Cm,ne
inθ. (1.31)
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We determine the coefficients Cm,n via a fast Fourier Transform (FFT) of length 2L

and evaluate Tm(θ = α
L′π) using an inverse FFT of length 2L′. This step saves us

the expensive generation of Associated Legendre Polynomials on the finer grid. Each

FFT requires O(ℓmaxL log(L)) operations.

3. Projection onto Equicylindrical Grid

Next, we perform the standard SHT step of taking an FFT in the longitudinal direction

to generate T (θ = α
L′π, φ = γ

L′π),

T (θ =
α

L′π, φ =
γ

L′π) =
m=ℓmax
∑

m=−ℓmax

Tm(θ)eimφ. (1.32)

After this step we have synthesized the map on an Equicylindrical projection (ECP)

grid. The operation count for this step is O(L′2 logL′) and the total operation count

including this step is O(ℓmax
3).

4. Interpolation onto the final grid

In the final step, given a required position n̂′, we find the nearest grid point in the

ECP grid and determine the fractional offset, (δα, δγ) between the two points,

α+ δα = L′ θ
π

; γ + δγ = L′φ
π
. (1.33)

Then we perform a two dimensional polynomial interpolation using (2K)2 points

around the nearest grid point, obtaining the value at the required point as

T ≃
K
∑

µ=−K+1

wµ(δα)

K
∑

ν=−K+1

wν(δγ)T (
α+ µ

L′ π,
γ + ν

L′ π), (1.34)

with the weights computed using Lagrange’s interpolation formula,

wρ(δ) =
(−1)K−ρ

(K − ρ)!(K − 1 + ρ)!(δ − ρ)

K
∏

σ=−K+1

(δ − σ). (1.35)

The inverse of the synthesis operation described above is the analysis operation, in which

the spherical harmonic coefficients of a map defined on an irregular grid is needed. This

can be thought of as the transpose of the above operations applied in reverse, and hence

can be accomplished in an equal number of steps.
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The above algorithm can be easily extended to deal with vector and tensor fields on the

sphere. For a vector (spin 1) field, the natural basis of expansion are the vector spherical

harmonics,

YV
ℓm =

1
√

ℓ(ℓ+ 1)
∇Yℓm

YA
ℓm =

1
√

ℓ(ℓ+ 1)
n̂ ×∇Yℓm, (1.36)

where the superscripts V and A represent the “vector-like” and the “axial-vector-like”

components, respectively. In terms of these a vector field v(n̂) can be expanded as,

v(n̂) =

ℓmax
∑

ℓ=0

ℓ
∑

m=−ℓ

VℓmYV
ℓm(n̂) +AℓmYA

ℓm(n̂). (1.37)

Therefore, given the (Vℓm, Aℓm) components one can go through the analogs of the above

steps for the scalar field synthesis. In fact, to accomplish step L1 of the lensing algorithm,

we go from the convergence field K to the deflection field,

α = −∇φ = −
ℓmax
∑

ℓ=0

ℓ
∑

m=−ℓ

φℓm∇Yℓm

= −
ℓmax
∑

ℓ=0

ℓ
∑

m=−ℓ

2

ℓ(ℓ+ 1)
Kℓm∇Yℓm

= −
ℓmax
∑

ℓ=0

ℓ
∑

m=−ℓ

2
√

ℓ(ℓ+ 1)
KℓmYV

ℓm. (1.38)

Therefore, we go from the K field on the polar cap to the spherical harmonic components

Kℓm using the analysis algorithm for scalar fields; then we divide the result by
√

ℓ(ℓ+ 1)/2.

This defines the vector field harmonic components as (Vℓm, Aℓm) = (−2Kℓm/
√

ℓ(ℓ+ 1), 0)

from which we synthesize the deflection field at the required points.

The accuracy of the interpolation can be controlled by two parameters: the rate at which

the finer grid oversamples the field i.e. the ratio L′/ℓmax, and the order of the polynomial K

used for the interpolation. Increasing either of these increases the accuracy. In this paper

we have used L′ = 4ℓmax and K = 10, which yields a fractional interpolation accuracy per

Fourier mode of ∼ 10−9.
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1.3 Generation of the lensing planes

An N -body dark matter simulation was performed to generate the large scale structure; this

same simulation has been discussed in Sehgal et al. (2007) and Bode et al. (2007), so we

refer the reader to these papers for more details. Briefly, a spatially flat ΛCDM cosmology

was used, with a total matter density parameter Ωm = 0.26 and vacuum energy density

ΩΛ = 0.74. The scalar spectral index of the primordial power spectrum was set to ns = 0.95

and the linear amplitude normalized to σ8 = 0.77. The present day value of the Hubble

parameter H0 = 72 kms−1Mpc−1. A periodic box of size L = 1000 h−1Mpc was used with

N = 10243 particles; therefore the particle mass was mp = 6.72 × 1010h−1M⊙. The cubic

spline softening length was set to 16.28 h−1Mpc.

1.3.1 From the box to the sphere

We create the lensing planes on-the-fly from the N -body simulation. At each large time

step (set by a Courant condition such that no particle moves more than ∼ 122h−1kpc in

this time) the positions and velocities of the particles in a thin shell are saved. The mean

radius of the shell is the comoving distance to the redshift at that time, and the width (a few

h−1Mpc) corresponds to the time step. Each shell is centered on the origin of the simulation

and covers one octant of the sky (x, y, z > 0). Note that for shells with radii greater than

the simulation box size, periodic copies of the box are used. Thus a given structure will

appear more than once in the full light cone, albeit at different times and viewed from

different angles. We then Euler rotate the coordinate axes so that the new z-axis passes

through the centroid of the octant. This is done to make the centroid correspond to the

North Pole on the HEALPix sphere. We use the HEALPix routine vec2pix to find the

pixel that contains the particle’s position on the sky. We then place the mass of the particle

into that pixel by assigning to it the surface mass density Σp = mp/Ωpix , where Ωpix is the

area of a pixel in steradians (cf. equation 1.40). Thus, if n particles fall inside the beam

defined by a pixel, then the pixel ends up having a surface mass density of nΣp. To simplify

the geometry, we save only those particles which fall inside a Polar Cap like region defined
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by the disc of maximum radius that can be cut out from the octant (see Fig. 1.3).

By the end of the run, 449 such planes were produced from the simulation, spanning

z = 4.0 to z = 0. As these are far too many planes for the purpose of lensing, we reduce them

into ∼ 50 planes by dividing up the original planes into roughly equal comoving distance

bins and adding up the surface mass density pixel by pixel for all planes that fall inside a

bin to yield a single plane per bin. Hereafter, we shall refer to the original planes from the

TPM run as the TPM-planes and the small number of planes constructed by projecting

them as the lensing-planes.

The angular radius of the Polar Cap is given by θcap = arccos(2/
√

6), and the solid angle

subtended by it is Ωcap = 2π(1 − cos θcap) = 1.981 sr = 3785 sq − deg. Due to pixelation,

the true total area Ω̃cap of the Ncap pixels that make up the Polar Cap is not exactly equal

to Ωcap, but rather

Ω̃cap = Ncap Ωpix . (1.39)

We will denote the surface mass density in pixel p as σp which has units of mass per

steradian.

In HEALPix , the resolution is controlled by the parameter NSIDE, which determines

the number, Npix of equal area pixels into which the entire sphere is pixelated, through the

relation Npix = 12 × NSIDE2, so that the area of each pixel becomes,

Ωpix =
4π

Npix
steradians. (1.40)

The angular resolution is often expressed through the number θres =
√

Ωpix . It is also

useful to define the fraction area of the sphere covered by the polar cap as,

fsky =
Ω̃cap

4π
. (1.41)

For results presented in this paper the resolution parameter NSIDE was set to 4096 ,

which corresponds to an angular resolution of 0.′896 .

11http://www.jportsmouth.com/code/CMBview/cmbview.html
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1.3.2 From surface density to convergence

To construct the quantities required for lensing, we first convert the surface mass density

maps into surface over-density maps ∆Σθ as defined in equation (1.14). It is straightforward

to obtain the K-maps defined in equation (1.15) from the above map. Finally, equation

(1.20) is used to obtain the effective convergence map on the Polar Cap. It is evident that

the convergence map constructed out of the simulated lensing planes in this way will only

contain the contribution from large scale structure up to the redshift of the farthest lensing

plane (z = 4.05). However, to accurately lens the CMB we need to add in the contribution

from higher redshifts up to the last scattering surface. We do this by generating a Gaussian

random field from a theoretical power spectrum of the convergence between z = 4.05 and

z = zCMB, computed from the matter power spectrum obtained using CAMB, and adding

it onto the convergence map from the TPM simulation.

1.3.3 The unlensed CMB map

We used the synfast facility in HEALPix to generate the unlensed CMB map. This takes

as an input a theoretical unlensed power spectrum and synthesizes a Gaussian-random

realization of the unlensed CMB field. For computing the theoretical power spectrum we

have used the publicly available Boltzmann transfer code CAMB12 , with the same set of

cosmological parameters as used for the large scale structure simulation.

1.4 Measuring Angular Power Spectra

At several stages we compute the power spectra of the maps to compare with theory. For

example, to verify that we have created the convergence map correctly, the angular power

spectrum of the κ map is computed and compared to the theory. Also, we do the same for

the lensed map on the polar cap. We use the map2alm facility of HEALPix to perform a

spherical harmonic decomposition of a map T (n̂) on the Polar Cap. The resulting spherical

12http://www.camb.info
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harmonic components, i.e. T̃ pix
ℓm ’s, are then combined to obtain the pseudo-power spectrum,

C̃ℓ
pix

=
1

2ℓ+ 1

ℓ
∑

m=−ℓ

∣

∣

∣
T̃ pix

ℓm

∣

∣

∣

2
. (1.42)

There are two effects that need to be taken into account before comparing the above re-

sult with theory, namely the finite pixel size, signified by the superscript, “pix′′ and the

incomplete sky coverage, represented by the tilde.

To simplify the following discussion of pixelation effects, for the moment we shall ignore

the effect of the incomplete sky coverage. Also, we shall use the shorthand notation Σℓm to

denote the sum
∑∞

ℓ=0

∑ℓ
m=−ℓ. Due to the finite pixel size, a field realized on the HEALPix

sphere is a smoothed version of the true underlying field, i.e. the value of the field in pixel

i is given by

T pix(i) =

∫

d2n̂w(i)(n̂)T (n̂), (1.43)

where w(i) is the window function of the i-th pixel as is given by

w(i)(n̂) =















Ω−1
pix inside pixel i

0 elsewhere.

(1.44)

Expanding the true field T in terms of spherical harmonics as

T (n̂) =
∑

ℓm

TℓmYℓm(n̂),

we have

T pix(i) =
∑

ℓm

w
(i)
ℓmTℓm, (1.45)

where

w
(i)
ℓm =

∫

d2n̂w(i)(n̂)Yℓm(n̂) (1.46)

is the spherical harmonic transform of the pixel window function. In the HEALPix scheme,

due to the azimuthal variation of the pixel shapes over the sky, especially in the polar cap

area, a complete analysis would require the computation of these coefficients for each and

every pixel. However, even for a moderate NSIDE, this calculation becomes computationally
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unfeasible. Therefore, it is customary to ignore the azimuthal variation and rewrite equation

(1.46) as

w
(i)
ℓm = w

(i)
ℓ Yℓm(n̂i), (1.47)

where one defines an azimuthally averaged window function

w
(i)
ℓ =

4π

(2ℓ+ 1)

[

ℓ
∑

m=−ℓ

|wℓm|2
]1/2

. (1.48)

From equations (1.47) and (1.45) it immediately follows that the estimate of the power

spectrum of the pixelated field is given by

Cpix
ℓ = w2

ℓ 〈TℓmT
∗
ℓm〉 = w2

ℓCℓ (1.49)

where one defines the pixel averaged window function,

wℓ =





1

Npix

Npix−1
∑

i=0

(w
(i)
ℓ )2





1/2

. (1.50)

This function is available for ℓ < 4×NSIDE in the HEALPix distribution. We take out the

effect of the pixel window by dividing the computed power spectrum by the square of the

above function. Coming back to the case at hand, where we have both pixel and incomplete

sky effects, we recover the power spectrum C̃ℓ after correcting for the pixel window function

in this manner.

The second and more important effect that one needs to take into account results from

the fact that our field is defined only inside the polar cap. This is equivalent to multiplying

a full sky map with a mask which has value unity inside the polar cap and zero outside.

As is well known, such a mask leads to a coupling between various multipoles, leading to

a power spectrum which is biased away from the true value. As this effect tends to move

power across multipoles, the problem is more acute for highly colored power spectra like

the CMB.

Let us denote the effective all-sky mask with W , where

W (n̂) =















1 inside the polar cap,

0 elsewhere.

(1.51)
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The spherical harmonic components of the masked field is therefore given by

T̃ℓm =

∫

d2n̂T (n̂)W (n̂)Y ∗
ℓm(n̂) (1.52)

=
∑

ℓ′m′

Tℓ′m′

∫

d2n̂Yℓ′m′(n̂)W (n̂)Y ∗
ℓm(n̂) (1.53)

and the measured power spectrum by (see for example Hivon et al., 2002)

C̃ℓ1 =
1

(2ℓ1 + 1)

ℓ1
∑

m1=−ℓ1

〈

T̃ℓ1m1
T̃ ∗

ℓ1m1

〉

=
∑

ℓ2

Mℓ1ℓ2Cℓ2 (1.54)

where Cℓ2 is the true power spectrum and M is the mode coupling matrix given by

Mℓ1ℓ2 =
(2ℓ2 + 1)

4π

∑

ℓ3

(2ℓ3 + 1)Wℓ3





0 0 0

ℓ1 ℓ2 ℓ3





2

, (1.55)

with the power spectrum of the mask defined as

Wℓ =
1

2ℓ+ 1

∑

m

|Wℓm|2 , (1.56)

Wℓm being the spherical harmonic components of the mask W (n̂).

For a polar cap with angular radius Θ, this function is analytically known to be (Dahlen

& Simons, 2007)

Wcap
ℓ =

π

(2ℓ+ 1)2
[Pℓ−1(cos Θ) − Pℓ+1(cos Θ)]2. (1.57)

where Pℓ is a Legendre Polynomial of order ℓ and P−1(µ) = 1.

The window function in equation (1.51) corresponding to the polar cap is a “tophat” in

the sense that it abruptly falls to zero at the edge. The power spectrum (equation (1.57))

of this window has an oscillatory behavior showing a lot of power over a large range of

multipoles, an effect sometimes called ringing. Ringing causes the mode coupling matrix,

Mℓℓ′ to develop large off-diagonal terms, as illustrated in Fig. 1.4, and consequently the

value of the measured power spectrum at any multipole (equation (2.54)) has non-trivial

contributions from many neighboring multipoles. This causes the measured power spectrum

to be biased, and its effect is particularly evident for power spectra with a sharp fall-off
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such as the CMB. As is evident from Fig. 1.4, the effect of mode coupling due to the

polar cap becomes a serious problem for the lensed and unlensed power spectra starting

at moderately low multipoles (ℓ ∼ 2000). Although in principle one could compare the

measured power spectrum with a theoretical power spectrum which has been convolved

with the same mode coupling matrix, the effect is so strong in this case that the lensed and

unlensed spectra almost overlap each other. This problem can be mitigated in principle by

inverting a binned version of the mode coupling matrix and thereby decorrelating the power

spectra. However an easier and less computationally expensive solution can be achieved in

the following manner.

The off diagonal terms of the mode coupling matrix can be reduced significantly by

apodizing the polar cap window function. Parenthetically, we note that there exists a

general method of generating tapers on a cut-sky map, so as to minimize the effect of mode

coupling. This is referred to as the multi-taper method (see Chapter 2; Dahlen & Simons,

2007). However, for our purpose, it suffices to define a simpler apodizing window as

W (n̂) =































1 for θ < θ0 < θcap

sin(π
2

θcap−θ
θcap−θ0

) for θ0 < θ < θcap

0 for θ > θcap.

(1.58)

The power spectrum of this window can be easily computed using HEALPix , and thus

the mode coupling matrix can be readily generated using equation (1.55). We found that

an apodization window with (θcap − θ0) ≃ 1.2 degree, corresponding to ∼ 80 pixels, works

extremely well without eating into too much of the map. A section of the mode coupling

matrix and the corresponding convolved power spectrum are displayed in Fig. 1.4. This

figure shows that the power spectrum convolved with the apodized window function has

negligible mode coupling. Parenthetically, it is interesting to note that simply scaling the

theory power spectrum by the fraction of the sky covered, fsky, seems to do a good job

in mimicking the effect of the partial sky coverage, at least for the lower multipoles. In

fact, this approximation is an exact result for a white power spectrum. However, when the

window is apodized, the effective area of coverage, f eff
sky =

∫

W 2(n̂)d2n̂/4π, goes down a
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little (by ∼ 2.5% for our apodization). We use f eff
sky scaled theory power spectra only in

some plots in this paper. For the analysis, we perform the full mode coupling calculation.

Therefore, when comparing the power spectrum of some quantity defined on the polar cap

with theoretical predictions, we first multiply the map by the apodized window and compare

the resulting power spectrum with the theoretical power spectrum mode-coupled through

the same weighting window.

1.5 Results

We illustrate the algorithm with an effective lensing simulation at the HEALPix resolution

of NSIDE = 4096. Since some rays end up outside the polar cap after lensing, we have

actually used an unlensed CMB realization (using the synfast facility of HEALPix ) on

an area larger than our fiducial polar cap to accommodate those rays. As the gradient of

the lensing potential is ill defined at the edge of the polar cap, we ignore a ring of pixels

near the edge of the lensed map for all subsequent analyses. It is particularly instructive

to look at the difference of the lensed and the unlensed maps, as shown in Fig. 1.5, as it

shows the large scale correlations imprinted on the CMB due to the large scale modes in

the deflection field.

We compute the angular power spectrum of the lensed and unlensed CMB maps using an

apodized weighting scheme as discussed in §1.4. The resulting power spectra are displayed

in Fig. 1.6 for the entire range of multipoles analyzed, and are compared with the mode-

coupled theoretical power spectra. The theoretical lensed CMB power spectrum used for

the calculation was generated with the CAMB code, using the all-sky correlation function

technique (Challinor & Lewis, 2005) and including nonlinear corrections to the matter

power spectrum. In Fig. 1.7, we show a zoomed-in version of the lensed power spectrum,

in the multipole range 500 < ℓ < 3500. From visual inspection of these plots it is evident

that the simulation does a good job in reproducing the theoretically expected lensed power

spectrum, at least in the range of multipoles over which the computation of the theoretical

power spectrum is robust. We defer a detailed comparison of the simulation to the theory
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to §1.6.3.

1.6 Tests

1.6.1 Tests for the mass sheets

In this section we perform some sanity checks to ensure that the projection from the sim-

ulation box onto the Polar Cap has been properly performed. We first test that the total

mass in each slice is equal to the theoretical mass expected from the mean cosmology, the

later being given by

M theory
slice = Ωmρcritη̄

2Ω̃cap∆η (1.59)

where ∆η is the comoving thickness of the slice at a comoving distance η̄. We compare this

quantity with

Mslice =

Ncap
∑

i=1

σiΩpix (1.60)

which is the total mass on the plane from the simulation. The percentage difference between

the two is depicted in Fig. 1.8 for the lensing-planes. Notice that the agreement is good

to within 0.5% for the high redshift planes, in which the solid angle Ωcap corresponds to a

large comoving area. For low redshifts there are large variations due to the fact that matter

is highly clustered and Ωcap corresponds to a small comoving area. These fluctuations at

low redshift represent the chance inclusion or exclusion of large dark matter halos within

the light cone.

Next, we make sure that the probability density function (PDF) of the surface mass

density is well behaved for each plane, and is well modeled by analytic PDFs such as the

lognormal (Kayo et al., 2001; Taruya et al., 2002) or the model proposed by Das & Ostriker

(2006). In Fig. 1.9 we show these two models over-plotted on the PDFs drawn from the

forty-five lensing-planes.

The model of Das & Ostriker (2006) is a better fit to the simulation than the lognormal,

especially at high surface mass density. Note in that paper the authors used the first

year WMAP parameters, whereas the present simulation is run with the WMAP 3-year
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parameters, including a significantly different σ8. The fact that the model still represents

the simulation well suggests that it is quite general.

1.6.2 Tests for the convergence plane

As described in §1.3.2, the effective convergence plane was produced by a two step process.

First, we computed the effective convergence plane by weighting the surface mass density

planes from the simulation with appropriate geometrical factors. Let us call it the map

M1. This map, therefore, includes contribution from the large scale structure only out

to the redshift of the farthest TPM plane, z = 4.05. Next we added in the contribution

from z > 4.05, by generating a Gaussian random realization of the effective convergence

from a theoretical power spectrum (the map M2). Therefore the final convergence map is

simply (M1 + M2). It is interesting to compare the power spectrum of the map M1 with

that expected from theoretical considerations. Since CMB lensing is most sensitive to large

scale modes, we should make sure that these modes were realized correctly in our simulated

convergence plane. Incidentally, these scales are also linear to mildly nonlinear. Therefore,

we should expect the power spectrum of the convergence map to be well replicated by

the theoretical prediction at least in the quasi-linear range of multipoles (ℓ . 2000) where

simple non-linear prescriptions suffice. In order to compute the theoretical power spectra

for the maps M1 and (M1 +M2), we used the Limber approximation to project the matter

power spectrum P (k, η) computed from CAMB. The Limber approximation simplifies the

full curved-sky calculation, and is valid for l & 10. Since for lower values of the multipole

we have few realizations of the convergence modes, the power spectrum computed from the

simulated map is noisy in this regime, rendering it practically useless for comparison with

theory. Therefore, an accurate computation of the theoretical convergence power spectrum

for these lowest multipoles is unnecessary, and the Limber calculation suffices. Under the

same approximation, the shot noise contribution to the convergence field can be computed

as

Cshot
ℓ =

∑

j

∆ηj

(

3

2
Ωm(1 + zj)

(ηs − ηj)ηj

ηs

H2
0

c2

)2
1

n̄j
, (1.61)



29

where n̄j = Nj/(η
2
j ∆ηjΩ̃cap), Nj being the total number of particles in the j-th shell. We

compute both a linear and a non-linear version of the convergence power spectrum, where

the latter includes non-linear corrections to the matter power spectrum from a halo model

based fitting formula (Smith et al., 2003). We plot the power spectrum computed from

the simulated convergence map M1, and the corresponding theoretical power spectra, in

Fig. 1.10. As is evident from the figure, the simulated power spectrum is in accord with

the linear theory power spectrum for ℓ . 300, beyond which the effect non-linearities creep

in. However, it is impressive that the non-linear corrections to the power spectrum are in

good agreement with the simulation up to relatively high multipoles. The same quantities

are plotted for the convergence map out to the redshift of the CMB in Fig. 1.11. We find in

both cases that beyond multipoles of ∼ 6000 the simulation contains more non-linear power

than predicted by the theory.

1.6.3 Tests for the lensed CMB map

Since CMB lensing is essentially a remapping of points, the one-point statistics should

remain unaffected by the lensing. We check for this by drawing up the one-point PDF’s of

the unlensed and lensed maps, and find them to be consistent to within 0.8%. Next, we

compare the power spectrum of the simulated lensed map (cf. Figures 1.6 & 1.7) with the

theoretical predictions as computed with the CAMB code. For a quantitative comparison,

we consider a range of multipoles (500 ≤ ℓ ≤ 3500) in the acoustic regime. We do not

consider the lower multipoles as they exhibit negligible lensing effect. We found that for

a fixed input cosmology, the tail (ℓ & 3500) of the lensed CMB power spectrum predicted

by CAMB depends somewhat sensitively on input parameters, specifically the combination

kηmax, which controls the maximum value of the wavenumber for which the matter power

spectrum in computed. However, the lensed power spectrum from CAMB is robust towards

changes in the auxiliary input parameters for the range of multipoles, ℓ < 3500. Also,

the lensed CMB multipoles beyond this range couple to relatively small scale modes of the

deflection field where our simulation has more power than expected from non-linear theory.
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In fact, beyond ℓ ≃ 4000 the simulated power spectrum is found to deviate systematically

from the theoretical spectrum.

As the simulated power spectrum, C̃ℓ
sim

, was computed using an apodized window as

described in §1.4, the appropriate theoretical curve to compare this result with is the power

spectrum from CAMB after it has been convolved with the coupling matrix defined by the

same weighting scheme (cf. equation 2.54 ). We denote the latter quantity by C̃theory
l . In

order to facilitate the comparison we bin the raw spectrum in ℓ. In the multipole range

considered (500 ≤ ℓ ≤ 4000), the quantity Cℓ = ℓ4Cℓ is flat (see Fig. 1.7) and therefore

a better candidate for binning. We denote the difference between the simulated and the

theoretical version of this quantity by

δCl ≡ C̃sim
l − C̃theory

l . (1.62)

For each of the N bins indexed by b, we compute the mean, δCb, and the sample variance,

s2b , of the observations falling inside that bin. In order to account for that fact that cosmic

variance errors will be higher in our case due to incomplete sky coverage, we define an

effective variance as σ2
b = s2b/f

eff
sky.

We quantify the goodness of fit between the simulation and the model by defining a χ2

statistic as

χ2 =

N
∑

b=1

(δCb)
2

σ2
b

. (1.63)

We perform the χ2 analysis by uniformly binning the power spectra in the range 500 ≤ ℓ ≤

4000 into 52 bins with a bin width of ∆ℓ = 60.The binned values along with the error bars

are displayed in Fig. 1.12. We find a value χ2 = 52.93, suggesting an appreciable agreement

with the theory.

1.7 Conclusions

In this paper, we have put forward an algorithm for end-to-end simulation of the gravi-

tational lensing of the cosmic microwave background, starting with an N -body simulation

and fully taking into account the curvature of the sky. The method is applicable to maps of
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any geometry on the surface of the sphere, including the whole sky. Our algorithm includes

prescriptions for generating spherical convergence planes from an N-body light cone and

subsequently ray-tracing through the planes to simulate lensing. The central feature of the

algorithm is the use of a highly accurate interpolation method that enables sampling of both

the deflection fields on intermediate lensing planes and the unlensed CMB map on an irreg-

ular grid. We have provided a detailed description of both a multiple plane ray tracing and

an effective lensing version of the algorithm. The latter setting has been used to illustrate

the algorithm, by generating an ∼1′ resolution lensed CMB map. We have compared the

power spectra of the effective convergence map and the lensed CMB map with theoretical

predictions, and have obtained good agreement. After this paper was completed, Fosalba et

al. (2007) described a similar method of producing convergence maps in spherical geometry,

and Carbone et al. (2007) also described their techniques for simulating CMB lensing maps.

The latter used broadly similar techniques to those described here, although they used a

different method to obtain the deflection field.

Applications of the algorithm can be manifold. The associated large scale structure

planes can be populated with tracers of mass and foreground sources, in order to simulate

cross-correlation studies and to investigate the effects of contamination. This lensing portion

of the algorithm can be applied to generate lensed maps in large scale structure simulations

that produce spherical shells (Fosalba et al., 2007). The multiple plane algorithm can be

particularly useful, after trivial modifications, in simulating weak lensing of galaxies or

the 21-cm background on a large sky. The lensed CMB maps can be used as inputs to

telescope simulators for projects such as ACT and PLANCK, and will help in the analysis

and interpretation of data. We intend to release all-sky high resolution lensed CMB maps

made using this algorithm in near future.
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Figure 1.3: Illustration of the Polar Cap geometry. The figure shows a 3-D rendering of the
sphere using the CMBVIEW11software, looking down towards the North Pole. The lightly
shaded triangular region correspond to the positions of the particles in the octant from the
N -body simulation box at a typical time step. The darker dots define what we call the
Polar Cap in the text. The surface mass density of the pixels inside this Polar Cap region
are saved in shells out to z=4.
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Figure 1.4: Effect of apodization of the window function. The continuous line is the un-
lensed CMB power spectrum and the dashed line is the lensed one. Both have been scaled
by f eff

sky, the effective fractional sky coverage (see text). The gray filled and open circles
labeled “Tophat”, represent, respectively, the theoretical unlensed and lensed power spec-
tra convolved with a window function that is unity inside the polar cap and zero outside.
The black filled and open circles represent the same quantities, but in the case of a window
which is apodized at the edge of the polar cap, as discussed in the text. Aliasing of power
to higher multipoles due to mode coupling is significantly reduced in the latter case. We
use the apodized window to mask the polar cap maps for computing various power spectra,
and use the corresponding theory power spectrum convolved with the same window for
comparing our results with theory. (Inset: The mode coupling matrix Mℓ1ℓ2 as a function
of ℓ1, for ℓ2 = 3000, showing the reduction in the power in off-diagonal elements as a result
of apodization.)
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Figure 1.5: The Polar Cap map obtained after subtracting the unlensed CMB map from
the lensed CMB map. To enhance the contrast, we have remapped the color scale to the
range (−2σ, 2σ), σ being the standard deviation of the map.
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Figure 1.6: The lensed and unlensed CMB angular power spectra obtained from the sim-
ulation compared with the theoretical models. The red and orange dots represent, respec-
tively, the lensed and unlensed angular power spectra obtained from the polar cap using the
methods described in §1.4. The solid black curve signifies the theoretical unlensed power
spectrum taking into account the mode coupling due to the apodized polar cap window
function. The blue solid curve represents the same for the lensed power spectrum.
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Figure 1.7: Lensed CMB angular power spectrum in the multipole range 500 < ℓ < 3500
obtained from the simulation compared with the theoretical model. The red dots represent
the lensed angular power spectrum obtained from the polar cap using the methods described
in §1.4. The solid black curve signifies the theoretical lensed CMB power spectrum taking
into account the mode coupling due to the apodized polar cap window function. The dotted
black curve represents the same for the theoretical unlensed power spectrum and is shown
here for contrast to the lensed case.
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Figure 1.8: The mass in the lensing-slices compared with that expected from theory.
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Figure 1.9: The probability density function (PDF) of the surface mass density in the
lensing-planes (circles) compared with the lognormal (dashed line) and the Das & Ostriker
(2006) model (solid line).
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Figure 1.10: Power spectrum of the effective convergence map M1 produced from the
simulated lensing planes alone. The red line shows the power spectrum computed from the
convergence map and the black solid line represents the theoretical power spectrum with
non-linear corrections. The power spectrum is corrected for the shot noise contribution (see
text) which is displayed as the dotted line. The black dashed line corresponds to the linear
theory power spectrum. All theory power spectra are mode-coupled with the apodizing
window.
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Figure 1.11: Power spectrum of the effective convergence map (M1 + M2) after adding
in high redshift contribution. The red line shows the power spectrum computed from the
convergence map and the black solid line represents the theoretical power spectrum with
non-linear corrections. The power spectrum is corrected for the shot noise contribution (see
text) which is displayed as the dotted line. The black dashed line corresponds to the linear
theory power spectrum. All theory power spectra are mode-coupled with the apodizing
window.
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Figure 1.12: Difference between the simulated and the theoretical binned power spectrum
for lensed CMB.
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Chapter 2

Efficient Power Spectrum

Estimation for High Resolution

CMB Maps

Abstract

Estimation of the angular power spectrum of the Cosmic Microwave Background (CMB)

on a small patch of sky is usually plagued by serious spectral leakage, specially when the

map has a hard edge. Even on a full sky map, point source masks can alias power from

large scales to small scales producing excess variance at high multipoles. We describe a

new fast, simple and local method for estimation of power spectra on small patches of the

sky that minimizes spectral leakage and reduces the variance of the spectral estimate. For

example, when compared with the standard uniform sampling approach on a 8 degree × 8

degree patch of the sky with 2% area masked due to point sources, our estimator halves the

errorbars at ℓ = 2000 and achieves a more than fourfold reduction in errorbars at ℓ = 3500.

Thus, a properly analyzed experiment will have errorbars at ℓ = 3500 equivalent to those

of an experiment analyzed with the now standard technique with ∼ 16 − 25 times the

integration time.
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2.1 Introduction

Cosmic Microwave Background (CMB) is a statistically isotropic (Hajian & Souradeep,

2006) and Gaussian (Komatsu et al., 2003) random field. If we ignore secondary effects,

all of the information in high resolution CMB maps is encoded in the angular correlation

function or equivalently, in the angular power spectrum, Cℓ. The angular power spectrum

is widely used to estimate the cosmological parameters. Accurate measurements of angular

power spectrum are needed for precise estimation of cosmological parameters.

Over the past decade, CMB power spectrum has been measured over a large range of

multipoles, ℓ, by various groups (Gorski et al., 1996; Nolta et al., 2008; Hinshaw et al., 2008;

Reichardt et al., 2008; QUaD collaboration: C. Pryke et al., 2008). And more experiments

are under way to measure the Cℓ on smaller scales with high accuracy .e.g. the Atacama

Cosmology Telescope (ACT)1 , South Pole Telescope (SPT)2 and Planck3 . Most power

spectrum analyses use uniform or noise weighted maps. This performs reasonably well for

power spectra that have nearly equal power in equal logarithmic intervals of multipoles,

i.e. ℓ ≤ 1000 for the CMB. For smaller scales, (larger ℓ) this method is non-optimal, as

we show in section 2.5. CMB power spectrum estimated from an incomplete sky map is

the underlying full-sky power spectrum convolved with the power spectrum of the mask.

This leads to coupling of modes in the estimated power spectrum. For high resolution

experiments such as ACT and SPT which will map the small scale anisotropies of the CMB

on small patches of the sky, this mode-mode coupling will be a serious problem. The reason

is that CMB power spectrum is very red on those scales (it falls off as ℓ−4 at large ℓ) and

hence is highly vulnerable to the leakage of power due to mode-mode coupling. There are

two methods to remedy this: to taper the map near the sharp edges, and to pre-whiten

the CMB power spectrum. In order to minimize the loss of information due to applying a

taper to the map, we use the multitaper method (Percival & Walden, 1993). This method

involves weighting the map with a set of orthonormal functions which are space limited but

1http://www.physics.princeton.edu/act
2http://pole.uchicago.edu
3http://www.rssd.esa.int/Planck/
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maximally concentrated in the frequency domain. Power spectrum of each of these tapered

maps is a measurement of the power spectrum of that map with a different amount of mode

coupling. Final power spectrum is obtained from a particular linear combination of these

tapered power spectra that minimizes the bias in the estimated power spectrum. The use

of multiple tapers also reduces the error-bars in the measured power spectrum.

Mode coupling is less harmful if the map has a nearly white power spectrum. Tradi-

tionally, an inverse covariance matrix weighting is used in analysis to prewhiten the maps

(Tegmark, 1997). This method works well, but is a computationally expensive, non-local

operation and may be complicated to implement, specially for high resolution experiments

(Doré et al., 2001; Smith et al., 2007). We propose a simple and local prewhitening operator

in real space (§ 2.4) that is fast to implement and reduces the bias due to the leakage of

power. This method prevents the unnecessarily large error bars at ℓ & 1500 due to the

point source masks. Usually masks have sharp edges and holes at the positions of point

sources. This leads to a mode-coupled power spectrum that is highly biased at large ℓ.

Deconvolution of the mode-coupled power spectrum is a well-studied problem in the CMB

data analysis literature (Hivon et al., 2002) and has been applied to many experiments.

But deconvolution of a highly biased power spectrum leads to large error bars in the final

power spectrum at large ℓ. The mode coupling problem will be worse for the upcoming set

of CMB experiments as bright point sources will be much more of a limiting foreground at

high resolution.

As we show in § 2.5, prewhitening followed by the multitaper method for power spectrum

estimation reduces the error-bars (specially at large ℓ) in the decoupled power spectrum (cf.

Figs. 2.14 & 2.15).

We begin with a review of the multitaper method in one-dimension in § 2.2 and discuss

the salient features of the method, generalizing it to the two-dimensional case. Next, we

discuss the statistical properties of multitaper spectrum estimators. As a simple application,

we demonstrate the method in context of CMB power spectrum estimation in § 2.3. Next, we

formulate the prewhitening method (§ 2.4) and apply it to the case of CMB power spectrum
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estimation in presence of masks. In § 2.5, we describe the algorithm for deconvolving the

power spectrum and the implications of the multitaper method and prewhitening in its

context. We summarize and conclude in § 2.6.

2.2 A Brief Review of the Multitaper Method

The problem of estimating the power spectrum of a stationary, ergodic process, sampled

at discrete intervals and observed over a finite segment of its duration of occurrence, is an

old and well-studied one (for an extensive treatise, see Percival & Walden (1993)). Several

methods have been traditionally used for power spectrum estimation in one-dimension.

These include non-parametric methods like the periodogram, the lag-window estimators,

Welch’s overlapped segment averaging (Welch, 1967) and the Multitaper method (Thomson,

1982), and parametric methods like the maximum likelihood estimation. In this paper, we

generalize the one-dimensional Multitaper method to two-dimensions and adapt it to handle

real data with noise and masks on a two-dimensional flat Euclidean patch. We discuss its

applications specifically in the case of CMB power spectrum estimation.

The most basic spectral estimation method is to take the square of the Fourier Trans-

form (FT) of the observed data. Taking the FT of a finite segment of data is equivalent to

convolving the underlying power spectrum with the power spectrum of a top-hat function.

As the latter has substantial sidelobe power, it leads to spectra leakage and the resulting

spectrum is highly biased. Most of the non-parametric methods for power spectrum estima-

tion utilize some kind of a data taper (a smooth function that goes smoothly to zero at the

edges of the observed segment) to minimize the effect of spectral leakage. Such smoothing

reduces the bias in the estimator at the cost of lower spectral resolution. As the taper

down-weights a fraction of the data, one is left with an effectively lower sample size. Since

tapering also smooths in frequency space, it essentially leads to a loss of information which

is reflected in the increased variance of the final estimate. The first attempt at ameliorating

these disadvantages of using a data taper was addressed in a seminal paper by Thomson

(1982) which laid down the basis of the Multitaper Method (MTM). The basic idea of MTM
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is to apply multiple orthogonal tapers with optimal spectral concentration to minimize the

loss of information due to tapering.

2.2.1 Notations

Throughout this paper, we will refer to spatial coordinates as the x space (this may be an

angular coordinate in radians on the sky, or a comoving distance in h−1Mpc, etc.) and the

reciprocal space as the k space (which would be the multipole space ℓ, or the Fourier modes

in h−1Mpc, etc). The continuous Fourier Transform conventions adopted here are,

F̃ (k) =

∫

dnx F (x) exp(−ik · x) (forward) (2.1)

F (x) =

∫

dnk

(2π)n
F̃ (k) exp(ik · x) (inverse), (2.2)

where n is the dimensionality of the space.

For a stationary process, F (x) the power spectrum is defined as,

(2π)nP (k) =
〈

F̃ ∗(k)F̃ (k)
〉

. (2.3)

2.2.2 1-D Multitaper Theory

Although power spectrum estimation for the CMB is an inherently two-dimensional prob-

lem, we will begin by discussing the multitaper theory in one dimension. This is because

the essential features of the theory are easier to understand in one dimension and can be

trivially generalized to higher dimensions.

We consider a stationary, stochastic, zero mean process F (x) sampled at N discrete

points, xj sampled at regular intervals of size ∆x. Let P (k) be the true underlying power

spectrum of the process. Our problem is to estimate P (k) using the sample of size N .

The Nyquist frequency for the problem is given by fN = kN/(2π) = 1/(2∆x) and the

fundamental frequency by f0 = k0/(2π) = 1/(N∆x). In the following, we will assume

∆x = 1 for simplicity.

Let us contemplate windowing our data by some function G(x), generating the product,

y(xj) = G(xj)F (xj) (2.4)
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and taking the power spectrum of the windowed data as,

(2π)P̂ (k) ≡ ỹ∗(k)ỹ(k) =

∣

∣

∣

∣

∣

∣

N
∑

j=1

G(xj)F (xj)e
−ikx

∣

∣

∣

∣

∣

∣

2

, (2.5)

where ỹ is the Fourier transform of y(x). The quantity P̂ can be thought of as an estimator

of P (k), such that its ensemble average is related to P (k) through

〈

P̂ (k)
〉

=

∫ kN

−kN

dk′

(2π)
Γ(k − k′)P (k′). (2.6)

This means that P̂ is an estimator of the true power spectrum convolved with a spectral

window function,

Γ(k) =
∣

∣

∣
G̃(k)

∣

∣

∣

2
. (2.7)

If Γ could be designed such that Γ(k) = (2π)δ(k) then P̂ would be an exact unbiased

estimator of P . However, a function like G which is spatially limited in extent cannot be

arbitrarily concentrated in the frequency space. If the window function is a top-hat, its

power spectrum will be a sinc2 function4 with substantial sidelobes. This will lead to the

aliasing of power on various scales, an effect known as spectral leakage or mode coupling.

Mode coupling is specially damaging for a spectrum which is highly colored or structured.

The multitaper method (MTM) consists of finding a set of orthogonal window functions

or tapers, which are maximally concentrated in some predetermined frequency interval.

With the set of tapers, one can generate several approximately uncorrelated estimates of the

power spectrum. This is superior to the plain Fourier Transform (Periodogram) because it

not only attempts at remedying mode coupling errors but also helps decrease the uncertainty

in the estimated power spectrum by generating independent realizations of the same power

spectrum with information from different section of the data. We formulate the method

below.

We desire a set of tapers, such that each of them is spatially limited, Gj (j = 1, ...,N) and

has its power Γ(k) optimally concentrated in some frequency interval, k ∈ [−2πW, 2πW ],

4sinc refers to the sinus cardinus i.e. sin x/x. Power spectrum of a two-dimensional top-hat window is a
product of two sinc2 functions.
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with W < fN ≡ kN/(2π). Here we have introduced the shorthand notation Gj for G(xj).

Concentration is quantified by the following quantity,

β2(W ) =

∫ 2πW
−2πW Γ(k)dk
∫ kN

−kN
Γ(k)dk

. (2.8)

which is basically the fractional power of the taper inside the desired interval. Remembering

that,

G̃k =

N
∑

j=1

Gje
−ikxj , (2.9)

the above equation can be re-written as,

β2(W ) =
N
∑

j′=1

N
∑

j=1

G∗
j

sin[2πW (j − j′)]
π(j − j′)

Gj′

/

N
∑

j=1

|Gj |2 (2.10)

It is easy to see that the sequence Gj that will maximize β(W ) must satisfy,

N
∑

j′=1

sin[2πW (j − j′)]
π(j − j′)

Gj′ = λα(N,W )Gj , (2.11)

for j = 1, ..., N. This can be immediately recognized as an eigenvalue problem,

AG = λα(N,W )G (2.12)

where A is the N ×N Toeplitz matrix,

Ajj′ =
sin[2πW (j − j′)]

π(j − j′)
(2.13)

and G is the vector, index limited from j = 1 to j = N which has the highest concentration

in the frequency interval [−W,W ]. Here α denotes the indices of the different eigenvalues

of the problem. The solution to this eigenvalue problem is well known (Slepian, 1978).

There are N nonzero eigenvalues of the problem denoted by λα (α = 0, 1, ..., (N − 1)) with

corresponding eigenvectors vα. The elements of each of the N eigenvectors consist of a

finite subset of the discrete prolate spheroidal sequence (DPSS). The zeroth eigenvector

v0(N,W ) which has the highest eigenvalue λ0 is composed of the zeroth order DPSS, the

eigenvector v1(N,W ) having eigenvalue λ1 < λ0 is composed of first order DPSS sequence

and so on.

Some salient properties of the N eigenvectors and eigenvalues are as follows,
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1. The eigenvalues are bounded by 0 and 1:

0 < vα < 1.

2. The eigenvectors are orthogonal and can be standardized so that they are orthonormal,

vα · vβ = δαβ

3. The eigenvectors form a basis for an N -dimensional Euclidean space.

4. Usually the eigenvectors are ordered according to decreasing eigenvalues. The first

2NW−1 eigenvalues are close to unity (most concentrated) and the eigenvalues rapidly

fall to zero thereafter. This behavior is illustrated in Fig. 2.1. The number 2NW − 1

is often referred to in the MTM literature as the Shanon Number.

One-dimensional DPSS taper generation algorithms are usually included in standard signal

processing softwares (e.g. the dpss module of Matlab). For the purpose of this paper, we

used a Fortran 90 implementation of the original algorithm by Bell et al. (1993). Examples

of DPSS tapers and their corresponding spectral window functions are displayed in Fig 2.2,

where the gradual worsening of the leakage properties of the tapers are apparent.

The Fourier transforms of the tapers,

ṽα(k) =
∑

j

vα(xj)e
−ikxj (2.14)

also have the interesting properties:

1. They are orthonormal over the frequency range −kN < k < kN ,

∫ kN

−kN

dk

2π
ṽα∗(k)ṽβ(k) = δαβ .

2. They are also orthogonal over the frequency domain −2πW < k < 2πW ,

∫ 2πW

−2πW

dk

2π
ṽα∗(k)ṽβ(k) = λαδαβ . (2.15)

This means that the functions ṽα/
√
λα form an orthonormal set on the inner interval

−2πW < k < 2πW .
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Figure 2.1: Eigenvalues corresponding the different orders of DPSS tapers. Two cases with
NW = 3 and 6 are shown for N = 50. Spectral concentration of the tapers rapidly worsen
beyond α = 2NW − 1.
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Figure 2.2: Examples of DPSS tapers and the corresponding spectral window functions for
the case N = 50 and NW = 6. Upper panel: Real space form of the tapers of orders
0, 4, 6 and 8. Lower panel: The spectral window functions corresponding to the tapers
in the upper panel. For simplicity, the window functions are shown only in the range
−3W < f < 3W of frequency. The vertical dotted lines denote the edges of the bandwidth
(−W,W ) within which the tapers are designed to be optimally concentrated. Tapers are
ordered such that spectral leakage progressively increases for tapers of higher order.

Having generated the eigentapers, we can formM approximately uncorrelated estimators

of the power spectrum with the first M eigenvectors having the best concentration,

(2π)P̂α(k) =

∣

∣

∣

∣

∣

∣

N
∑

j=1

vα
j Fje

−ikxj

∣

∣

∣

∣

∣

∣

2

(2.16)

where α = 0, ...,M − 1.

Then we can form a weighted mean of the tapered power spectra, often called the

eigenspectra, to generate the final estimate of P (k), the simplest form of which is,

PMTM(k) =

∑M−1
α=0 λαP̂

α(k)
∑M−1

α=0 λα

(2.17)

It can be shown that this is the optimal way of estimating P in the case where the process

is white noise. For colored spectra, a more sophisticated approach is required, which leads

to the adaptive multitaper method (AMTM) to be discussed in the following section.

The important point to note here is that the MTM or variants of it, aim to restore the

information lost to a single taper algorithm by weighting different parts of the data by an
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orthogonal set of tapers, thereby reducing the variance in the final estimate. Lower variance

comes at the cost of decreased spectral resolution. One should bear in mind that the choice

of the resolution W is completely dependent on the analyst. Remembering that the number

of useful tapers is (2NW − 1) and a better spectral resolution, i.e. smaller W means that

there will be fewer tapers to work with. The choice of W will in most cases be dictated by

the type of and the features in the power spectrum being estimated.

2.2.3 Adaptive MTM

As noted above, if the underlying spectrum is white and only modest spectral resolution is

needed in the analysis, many eigenspectra can be simply combined with scalar weights to

get a good estimate of the true spectrum. However, this is not the case for spectra which

are colored and have large dynamic range. For example, the Cosmic Microwave Background

(CMB) power spectrum Cℓ falls like ℓ−4 beyond ℓ ∼ 1000. In cases such as this, only the

first few tapers are good at avoiding aliasing of power due to mode coupling. As more and

more tapers are used, the estimated power spectrum gets more and more biased.

The adaptive multitaper method (AMTM) aims at mitigating this problem, thereby

allowing the use of a larger number of tapers even for a colored spectrum. In the following

we briefly sketch the AMTM method.

According to the Cramer spectral representation of a stationary process (Cramer, 1940),

a stationary zero mean process can be represented as,

F (x) =

∫ kN

−kN

eikxdZ(k) (2.18)

for all x, where dZ is an orthogonal incremental process (Doob, 1963; Priestly, 1988). The

random orthogonal measure dZ(k) has the properties,

〈dZ(k)〉 = 0;
〈

|dZ(k)|2
〉

= P (k)dk. (2.19)

where P (k), as before, is the true underlying spectrum.
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The Fourier transform of the data weighted by an eigentaper can be written as,

ỹα(k) =

N
∑

j=1

vα(xj)F (xj)e
−ik xj (2.20)

=

∫ kN

−kN

ṽα(k − k′)dZ(k′) (2.21)

using equation (2.18). Note that this contains information from the entire Nyquist range.

Now consider the case where the signal F (x) is convolved with a perfect bandpass filter

from k − 2πW to k + 2πW to yield the unobservable yet perfect eigencomponent,

Ỹα(k) =

∫ k+2πW

k′=k−2πW

ṽα(k − k′)√
λk

dZ(k′) (2.22)

which contains information only from the interval (−2πW, 2πW ). Note that in accordance

with equation (2.15) we have used the correct orthonormal form for FT of the tapers inside

this interval.

The quantity Ỹ(k), although fictitious in the sense that it cannot be computed from the

data, has the desirable property that,

〈

∣

∣

∣Ỹ(k)
∣

∣

∣

2
〉

=

∫ k+2πW

k′=k−2πW

[ |ṽα(k − k′)|√
λα

]2

P (k′)dk′ (2.23)

i.e. it is the unbiased estimator of the true power spectrum smoothed by a strict bandpass

filter of width 4πW . Therefore, in a multitaper setting, when combining different tapers

with weights, the weights should be chosen such that the eigenspectrum obtained by each

of the weighted tapers is as close as possible to this ideal estimate. This forms the basis of

the AMTM, where one replaces the scalar weights by frequency dependent weight functions

bα(k) which minimize the mean squared error,

MSEα(k) =

〈

∣

∣

∣
Ỹα(k) − bα(k)ỹα(k)

∣

∣

∣

2
〉

. (2.24)

The minimization leads to the following expression for bα,

bα(k) =

√
λαP (k)

λαP (k) + (1 − λα)σ2
(2.25)

where, σ2 =
∫ kN

−kN

dk
2πP (k) = var{xk}, the variance of the map, using Parseval’s theorem.
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With this the minimum mean square error becomes,

MSEα(k) ≃ P (k)(1 − λα)σ2

λαP (k) + (1 − λα)σ2
, (2.26)

and the best estimate of the power spectrum has the form,

P̂AMTM(k) =

∑M−1
α=0 b2α(k)P̂α(k)
∑K−1

α=0 b
2
α(k)

(2.27)

where P̂α is the single taper power spectrum estimate with the αth taper i.e. the eigenspec-

trum of order α. In case of a white noise spectrum P (k) = σ2, and therefore bα(k) =
√
λα,

which gives us the formula equation (2.17) for the simple MTM. Also, in this case MSEα =

(1−λα)σ2. This shows again that for white noise, for which the first 2NW − 1 tapers have

eigenvalues close to unity, the mean squared error is negligible.

Note that the estimation of the power spectrum requires the evaluation of the optimal

value for the weights bα(k), which assumes knowledge of the true power spectrum. But

the latter is precisely what we are trying to estimate. Therefore, this method has to be

implemented iteratively according to the following steps,

1. We use the first one or two tapers (having the least spectral leakage) to form a first

estimate of the power spectrum P (k) via equation (2.17).

2. We use equation (2.25) to estimate the weights bα(k).

3. With the bα’s estimated, we use equation (2.27) with M . 2NW − 1 tapers to get

the second estimate of the power spectrum.

4. Using this new estimate, re-evaluate the weights bα(k) and repeat steps 2-4.

In the following, we will generalize the AMTM to two dimensions.

2.2.4 AMTM in two dimensions

So far we have only considered one-dimensional tapers. In the signal processing literature,

generalizations of the multitaper method to higher dimensions have not been widely dis-

cussed. Some of the early works include Barr, D. L. et al. (1988); Bronez (1988); Liu & van
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Figure 2.3: Top panel : The first 4 two-dimensional tapers on a N×N grid with N = 50 and
NW = 5. The order of the one-dimensional tapers corresponding to each taper is indicated
on the top. Bottom panel : The logarithm of the spectral window functions Γ(k1, k2),
corresponding to the tapers on the upper panel. The color scale on the lower panel are
standardized to be (10−30, 1) times the maximum in each plot. The white dotted lines
represent the location of ±2πW wavenumbers.

Veen (1992). Relatively recently, straightforward generalizations of the method to higher

dimensional euclidean spaces (Hanssen, 1997) and to patches on the surface of the sphere

(Wieczorek & Simons, 2005; Dahlen & Simons, 2007; Simons et al., 2004) have been formu-

lated. In view of the upcoming CMB experiments (that will map the sky on small scales at

high resolution), we will be mostly interested in the power spectrum estimation on regularly

sampled two-dimensional flat spaces like a projection of a small patch on the sky. As such

we will discuss the 2-D extension of the multitaper method as discussed in Hanssen (1997).

Two-dimensional tapers are constructed from outer products of one-dimensional tapers.

We assume a two-dimensional map spanned by the coordinates (x1, x2) . The data should

be sampled regularly, but the sampling intervals (pixel sizes), ∆xi, and the number of pixels

in each direction, Ni, can be different (i = 1, 2). Let us relabel the one-dimensional taper

of the previous section as vα;N where the extra superscript denotes the number of pixels in

a given direction. Then a two-dimensional taper of order (α1;α2) and size N1 ×N2 can be
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constructed out of the outer product of two one-dimensional tapers:

V
(α1α2;N1N2) = v(α1,N1)

[

v(α2,N2)
]T
, (2.28)

where we have treated v as a column vector. The spectral concentration eigenvalue of a

two-dimensional taper, is easily shown to be the product of the eigenvalues of the one-

dimensional tapers out of which the former is constructed:

λ(α1α2;N1N2) = λα1,N1
λα2,N2

. (2.29)

Two-dimensional tapers constructed in this way inherit most of the properties of one-

dimensional tapers such as orthogonality on the sample plane, and optimal spectral concen-

tration and orthonormality in the frequency plane. The two-dimensional power spectrum

estimator corresponding to these tapers is defined, similar to the one-dimensional case, as

a weighted sum of approximately independent tapered power spectra

PAMTM(k1, k2) =

∑

α1,α2
b2(α1α2)(k1, k2)P̂

(α1α2)(k1, k2)
∑

α1,α2
b2(α1α2)

, (2.30)

where we have dropped the N1N2 portion of the labels for simplicity. Note that in the

above formula the weights b(α1α2) depend on the eigenvalues λ(α1α2) and are given by an

equation analogous to equation (2.25) and are to be estimated iteratively. The quantity

(2π)2P̂ (α1α2)(k1, k2) is the eigenspectrum of order (α1α2) and is given by

P̂
(α1α2) =

∣

∣

∣
FT
[

V
(α1α2;N1N2)

M
T
]∣

∣

∣

2
, (2.31)

where M = {M(xi, xj)} is the two-dimensional map, the power spectrum of which is being

estimated.

We will introduce a bit of notation at this point. We will designate the two parameters

that control the multitaper method as:

• Ntap: The number of tapers used. Its value will be written in the form M2, where

M denote the number of one-dimensional tapers. For example if 2 one-dimensional

tapers are used to create 4 two-dimensional tapers via outer products, then we will

quote Ntap = 22.
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• Nres: We will use this as the shorthand for the resolution parameter NW . For

example, Nres = 3 will mean that the half-bandpass chosen for generating the tapers

is three times the fundamental frequency.

2.2.5 Statistical Properties

Statistical distribution of the power spectra of a Gaussian random field realized on a map

with periodic boundary conditions, such as a full sky CMB field, can be described in terms

of the simple analytic distributions. This property stems from the fact that each Fourier-

mode (or spherical harmonic component) of such a map is a statically independent quantity.

On a finite patch of the sky or for any map with a non-periodic boundary condition, these

modes get entangled due to the convolution with the window, and are no longer amenable

to such simple descriptions. As we will discuss in this subsection, the multitaper method

approximately restores many of these nice properties of random fields on a finite patch,

and makes the statistical properties of the spectral estimators describable via simple and

intuitive analytic expressions.

Most of the statistical properties of the different spectral estimators that we have dis-

cussed so far stem from the basic result that for most stationary processes with a power

spectrum P (k) that is continuous over the interval [−kN , kN ], the simple FFT power spec-

trum (periodogram) PPM (k) is distributed as,

P̂PM(k)
d
=















P (k)χ2
2/2, for 0 < k < kN ;

P (k)χ2
1, for k = 0 or k = kN ,

(2.32)

asymptotically as N → ∞. Here
d
= means “equal in distribution”, which means that the

statement “X
d
= aχ2

ν” is equivalent to saying that the random variable X has the same

distribution as a chi-square random variable with ν degrees-of-freedom (dof) that has been

multiplied by a constant a. For a Gaussian white noise process the above result is exact

for any N . Also, for the asymptotic case, the power spectra for two different frequencies

k and k′ are uncorrelated. Although these results are true for asymptotically large N , in
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a finite N case, they approximately hold for the N/2 + 1 independent Fourier frequencies

kj = (2πj)/(N∆x), if N is large enough.

Using the above result, it is possible to predict the approximate distribution of an

AMTM spectrum estimator equation (2.30). Using an equivalent degrees-of-freedom argu-

ment (see appendix 2.A for details), it can be shown that for N → ∞,

PAMTM(k)
d
=

〈

PAMTM(k)
〉

ν(k)
χ2

ν (2.33)

where,

ν(k) =
2
(

∑

α1,α2
b2(α1α2)(k)

)2

∑

α1,α2
b4(α1α2)(k)

. (2.34)

Therefore, for finite N , it is reasonable to expect that the AMTM power spectrum at each

pixel is approximately distributed as
〈

PAMTM
〉

χ2
ν/ν with ν given by the above equation.

Note that in the case of MTM, b2α1α2
= λα1α2

. If we are only using tapers with eigenvalues

close to unity, then ν(k) ≃ 2M , M being the total number of tapers used.

Now we turn to the approximate form of the distribution for the power spectrum after

it is binned in annular rings in k space, which we denote by PB(kb),

PB(kb) =
1

Nb

∑

i,j∈b

PAMTM(ki, kj) (2.35)

where the sum is over all pixels that fall inside bin b and Nb is the number of observations

in that bin. Using a similar argument as before, it can be shown (see appendix 2.A) that,

PB(kb)
d
=

〈

PB(kb)
〉

νb
χ2

νb
(2.36)

where the degree-of-freedom, νb is given by,

1

νb
≃ 2N2

res

N2
b

∑

i,j∈b

1

ν(ki, kj)
, (2.37)

with ν(k) given by equation (2.34). If the degree-of-freedom variable is also slowly varying,

then this implies νb = Nb/(2N
2
res) ν(|k| ≃ kb), which is the expected result for the sum

of Nb/(2N
2
res) independent identically distributed χ2

ν variables. Note that the appearance

of the N2
res factor essentially arises from the fact that AMTM significantly correlates N2

res
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nearby pixels, and therefore only Nb/(2N
2
res) “super-pixels” are approximately statistically

independent.

In case of the periodogram, ν = 2 and Nres = 1, so that νb ≃ Nb. In case of MTM with

M tapers with good leakage properties, ν ≃ 2M and therefore, νb ≃ NbM/N2
res.

2.3 Application to the ideal CMB map

Figure 2.4: One realization of the CMB map on a 192× 192 pixel grid. The physical size is
8 degrees on a side. Estimation of the power spectrum is done on the 4 degree × 4 degree
subarea indicated by the rectangle. The color scale represents temperature fluctuations in
micro-Kelvin.
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In this section, we will illustrate the multitaper method by applying it to flat-sky cosmic

microwave background (CMB) maps. We shall assume the maps to be pure CMB without

noise or masks and with uniform weight. We also assume a square map with square pixels

for simplicity, although all the results shown hold for non-square maps and/or non-square

pixels.

Figure 2.5: Comparison of the simple periodogram method (labeled PM), the eigenvalue
weighted multitaper (labeled MTM) and the adaptive multitaper (labeled AMTM) meth-
ods for estimating the power spectrum of a CMB map. In each plot, the continuous line
represents the theory power spectrum used as an input for the Monte Carlo simulations.
The open circles represent the mean values in each ℓ bin, averaged over 5000 realizations,
while the vertical lines represent the 2σ spread. The bin width for this figure was ∆ℓ = 180.
For the MTM and AMTM methods Ntap = 32 tapers with Nres = 2 were used (see text for
details). Note that the power spectra for the multitaper methods appear smoothed because
they are convolved with the window function of an effective taper. Standard decorrelation
techniques, like the MASTER algorithm (Hivon et al., 2002) can be employed to de-bias and
deconvolve all the above power spectra, but in the first two cases, where the mode-coupled
power spectra are biased, decorrelation leads to bigger uncertainties in the deconvolved
power spectra (see § 2.5).

We adopt a deliberate change of notation at this point to make the following sections

more compatible with existing CMB literature. Since we will dealing with angular co-

ordinates on the sky, we call the real space variable θ rather than x. We also call the dual

Fourier space, the ℓ space, instead of the k space. The latter is motivated by the fact that

the full sky CMB power spectra are expressed in terms of multipole moments, which are

denoted by ℓ, and the k vector is the correct generalization of the ℓ modes in the flat-sky
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case. We will also denote the power spectrum P (k) by Cℓ.

We generate the CMB maps as Gaussian random realizations from a theoretical power

spectrum Cℓ. In order to simulate the effect of non-periodic boundary conditions we first

generate larger maps from which the desired region is extracted. In the present example, we

generated 5000 realizations of 192× 192 pixel CMB map having a physical size of 8 degrees

on a side. This implies that the sampling intervals (i.e. pixel scales) along either axes is

δθ = 2.5′. We extract a 96 × 96 pixel 4 degree square sub-map from the center of each

such realization and perform the power spectral estimation on this sub-area (see Fig. 2.4).

Given the physical size and the number of pixels, one finds the Nyquist and fundamental

values of ℓ to be ℓNyq = π/(∆θ) = 4320 and ℓfund = (2π)/4◦ = 90. Therefore, if we choose

a resolution parameter of Nres = 2 the half-bandwidth outside which spectral leakage is

minimized is Wℓ = 180.

We perform the straight FFT or periodogram (labeled PM), MTM and AMTM power

spectrum estimation on 5000 random realizations of the CMB map. The results are shown

in Fig 2.5. These plots show the mean power spectrum binned uniformly in ℓ in bins of

∆ℓ = 180. The error bars correspond to the 2σ spread in the distribution of their values.

Two features are immediately apparent from this figure. First, it shows that the PM has sig-

nificant spectral leakage and produces a power spectrum which is highly biased. Although

the eigenvalue weighted MTM is better in this respect, it still suffers from significant bias

at high ℓ’s because the higher order tapers cannot guard efficiently against spectral leak-

age. The AMTM seems to do very well in minimizing spectral leakage and producing an

approximately unbiased estimate of the input power spectrum. Second, the 2σ spread in

the uncertainty of the binned value in the PM case is much higher than the corresponding

spread for the AMTM. This is one of the main reasons for performing tapered power spec-

trum estimation with multiple tapers, as has been stressed before. As discussed in § 2.5

this property becomes extremely important when the tapered power spectra are decorre-

lated via a MASTER-like (Hivon et al., 2002) algorithm. The nearly unbiased nature of

the AMTM power spectrum translates to errorbars in the deconvolved spectrum which are
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several factors smaller than those obtained from a periodogram in the large ℓ regime.

Now, we will compare the distributions of the various power spectrum estimators with

the theoretical expectations of section 2.2.5. For this purpose, we choose three multipoles

ℓ ∼ 1000, 2000, 3000 at which we study both the single pixel and the binned probability

distributions. The reason for choosing these three numbers is that the first multipole is

an example where all three methods are approximately unbiased, the second multipole is

a case where the PM is biased but the MTM and AMTM are almost unbiased, while the

third multipole represents a regime where only the AMTM is close to an unbiased estimate.

For the single pixel case, we choose three pixels (ℓi, ℓj) on the ℓ-space map, such that

values of |ℓ| are close to the three multipoles as described above. We store the values of Cℓ

realized in the 5000 Monte Carlo simulations in these pixels, and draw up the probability

distribution of the quantity ℓ(ℓ+1)Cℓ/(2π) from these values, for each of the three methods.

The results are shown in Fig 2.6. In the top panel, we show the results of the same

experiment that was used to generate Fig. 2.5, i.e. with Nres = 2.0 and Ntap = 32. For the

leftmost plot, all three methods of power spectrum estimation are approximately unbiased.

The MTM and AMTM methods are almost identical here, because the spectrum does not

have a large local slope at this multipole so that even in the adaptive method, the higher

order tapers do not need to be down-weighted to reduce spectral leakage. Therefore, the

equivalent degrees-of-freedom come out to be the same and ≃ 2Ntap = 2 × 32 = 18, as

expected for a white spectrum from equation (2.34). For the middle plot, the multipole ℓ is

such that the local spectrum is moderately colored and spectral leakage for a periodogram

becomes apparent in the biased estimate of the mean power spectrum it generates, as

indicated by the dashed vertical line. The AMTM remains approximately unbiased while

the MTM is only slightly biased, but the equivalent degrees-of-freedom for AMTM is now

lower than that of the MTM method. This is expected because to reduce spectral leakage the

weights associated with the higher order tapers have been reduced in the AMTM spectrum,

thereby lowering the degrees-of-freedom. This trend continues to higher multipoles, and as

shown in the rightmost plot of in the figure, the spectral leakage is kept at a minimum only
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in the AMTM power spectrum by heavily down-weighting the higher order tapers, while

both MTM and PM become highly biased. An important point to note here is that not only

does AMTM minimize the spectral leakage (and hence bias) but it also takes advantage of

multiple tapers by reducing the error in the estimate. This is most easily seen by comparing

the width of the distributions of AMTM spectra against that of the PM spectra. The lower

panel of Fig. 2.6 essentially shows the same features but for Nres = 3.0 and Ntap = 52.

A comparison of the upper and lower panels also illustrate how by using more tapers the

uncertainty in the power spectrum can be reduced. We would like to remind the reader

once again here that the number of usable tapers depend on the spectral resolution chosen

- poorer spectral resolution (in this example Nres = 3 vs. 2) allows the use of more tapers

(Ntap = 5 vs. 3) and consequently an estimate with lower error.

Now, we turn to the distribution of the bandpowers Cb, i.e. the mean power spectrum in

annular bands in the ℓ space. This is illustrated in Fig. 2.7. The top two panels correspond

to the same multitaper parameters as in Fig. 2.6, binned uniformly in ℓ space with bins of

width ∆ℓ = 180, while in the third panel we show the case for another experiment with

Nres = 4.0 and Ntap = 4 binned at ∆ℓ = 360. The curves plotted over the points are

the approximate theoretical distributions expected from equation (2.37). We note that the

theoretical curves are always a good fit for the AMTM method. This is mainly because of

the fact that the AMTM is approximately unbiased at all multipoles, while the MTM or PM

become biased except at the lowest multipoles. Since near-unbiasedness was an assumption

adopted in deriving the binned distributions, the latter two methods suffer from mismatch

with theory wherever they are highly biased. For the Nres = 4.0 case, we chose a bin width

of 360 so as to make it large enough to avoid splitting a super-pixel between bins. Also, note

that the distribution of the binned power spectra are close to Gaussian, an expected result,

as binning essentially involves combining many variables with almost identical distributions.

Next, we investigate the covariance between different bins, in order to study how the

bandpowers are correlated with each other. We define the scaled covariance matrix,

Cab =
Cab√
CaaCbb

(2.38)
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Figure 2.6: Comparison of the probability distributions of the estimated power spectrum
at three points (pixels) in the two-dimensional Fourier (ℓ) space. From left to right, these
points are (ℓ1, ℓ2) = (630, 630), (1980, 630) and (2880, 630), for which the modulus ℓ has
been indicated in each figure. Upper Panel: Power spectrum estimation with Nres = 2.0 and
Ntap = 32. The open circles (black), the diamonds (red) and the triangles (green) indicate
the probability distribution of the quantity ℓ(ℓ + 1)Cℓ/(2π) as estimated via the AMTM,
MTM and PM methods from 5000 Monte Carlo simulations, respectively. The respective
approximate theoretical forms as discussed in § 2.2.5 are over-plotted as the continuous
curve (black), the dotted curve (red) and the dashed curve (green) for each of the methods.
The mean degree of freedom of the chi-square for each method is also indicated as νA for
AMTM, νM for MTM and νP for the periodogram, PM. Each curve is also accompanied by
a vertical line of the same style (and color) representing the mean value obtained from the
Monte Carlo simulations. In each figure, the continuous (black) vertical line corresponding
to the mean of the AMTM method, is also the value closest to the true power spectrum.
It is actually the unbiased value of the pseudo power spectrum (see § 2.5). Lower Panel:

Same as above but with Nres = 3.0 and Ntap = 52.
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Figure 2.7: Comparison of the probability distributions of the estimated power spectrum
in bins. Each panel is for a different combination of the Nres and Ntap as indicated on the
top of the middle figure. The open circles (black), the diamonds (red) and the triangles
(green) indicate the probability distribution of the quantity ℓ(ℓ+ 1)Cℓ/(2π) in each bin as
estimated via the AMTM, MTM and PM methods from 5000 Monte Carlo simulations,
respectively. The respective approximate theoretical forms as discussed in § 2.2.5 (see
eq. equation (2.37)) are over-plotted as the continuous curve (black), the dotted curve (red)
and the dashed curve (green) for each of the methods. The mean degree of freedom of the
chi-square for each method is also indicated as νA for AMTM, νM for MTM and νP for the
periodogram, PM. The number of pixels in each bin is also indicated as Nb. Note that the
periodogram is absent in each of the rightmost plots, as it is highly biased and lies outside
the range plotted.
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Figure 2.8: Covariance matrix of the bandpowers estimated via AMTM for three different
parameter settings; from left to right these are: Nres = 2.0, Ntap = 3; Nres = 3.0, Ntap = 5
and Nres = 4.0, Ntap = 4. Each square in the image represents a bin in ℓ. For the
Nres = 2.0 and Nres = 3.0 cases, we chose the bin-widths to be twice the fundamental
resolution element, i.e. ∆ℓ = 2ℓfund = 180, while for the Nres = 4.0 case it was taken to
be 4ℓfund = 360. There is appreciable covariance only between bins inside the resolution
∆ℓW = 2 Nres ℓfund set by the taper, and the covariance drops drastically beyond that
frequency.

where,

Cab =
〈

(Ca − 〈Ca〉)2(Cb − 〈Cb〉)2
〉

. (2.39)

We use our Monte Carlo simulations to estimate the quantity above. The results are dis-

played in Fig. 2.8. These figures illustrate an extremely desirable feature of the AMTM

estimator i.e. the bandpowers are essentially uncorrelated beyond the spectral resolution

∆ℓW = 2 Nres ℓfund set by the taper parameters. This implies that if we set the bin widths

to be same as ∆ℓW then adjacent bins will be uncorrelated. If our bins are smaller, they

will be correlated through a mode coupling matrix which is fairly diagonal, and hence can

be easily inverted to decouple them, an issue we will briefly touch upon in § 2.5.

In the following section, we turn to the more practical issue of dealing with CMB maps

with noise and point source masks in them.
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2.4 Prewhitening for CMB Maps with mask and noise

The maps of the cosmic microwave background produced by any experiment will invariably

contain instrumental noise and regions, like bright point sources, that are usually masked out

before estimating the power spectrum. The raw sky map also contains other astrophysical

contaminants which we will neglect for the purpose of this discussion.

Application of point source mask to a map is essentially replacing the pixel values in an

area containing each point source with zeros. Masking is therefore equivalent to multiplying

the map with a function which is unity everywhere except inside discs of varying sizes,

where it is zero. This can also be thought of as successively multiplying the map with a

mask for each point source. Taking power spectrum of the final masked map is therefore

equivalent to successively convolving the true power spectrum with power spectra of a series

of such single-point-source masks. As the size of the discs will in general vary for each such

function, the true power spectrum will be convolved with functions that have power over

various ranges of multipoles. Although the multiplication with tapers will guard against

aliasing of power due to sharp edge of the map, they will be ineffective against the mixing of

power due to a point source mask. We propose here a method for dealing with such issues,

which in essence is the following:

1. Perform local real space convolution of the map with designed kernels so as to make

its power spectrum as flat (white) as possible, at least over the range of multipoles

which is affected most by aliasing of power due to the point source mask. We refer to

this procedure as “Prewhitening”.

2. Perform an AMTM power spectrum estimation of this prewhitened map in order to

minimize any additional aliasing of power due to sharp edges of the map.

3. As the prewhitening operation was a convolution whose Fourier space form is (prefer-

ably analytically) known, divide the power spectrum of the prewhitened map with

the Fourier space form of the prewhitening function to recover the power spectrum.
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Note that the design of the prewhitening function will be specific to the type of signal being

considered. In the following, we will demonstrate the prewhitening of CMB maps, with

forms of the prewhitening function specific to the features in the CMB power spectrum.

We will first consider a noiseless map, in order to motivate the basic form of the prewhitening

operation and then generalize to maps with white noise.

2.4.1 Prewhitening of noiseless CMB maps

Let us denote the pure CMB temperature map as T (θ). An important feature of the

power spectrum of the CMB Cℓ is that beyond a multipole of ∼ 1000, it is approximately

proportional to ℓ−4. Such sharp fall in the power makes it extremely prone to aliasing of

power across multipoles due to a point source mask. If we perform an operation akin to

taking the Laplacian of this map, then we would effectively multiply the power spectrum by

ℓ4 on all scales, thereby making the processed power spectrum nearly white over the large ℓ

tail. This would thereby minimize aliasing of power. In the following we propose a method

of achieving this, by a combination of two operations which we call “disc-differencing” and

“self-injection”.

Disc-differencing

If we convolve the map with a circular disc of radius R, generating,

TR(θ) =

∫

d2θ′WR(θ′ − θ)T (θ′) (2.40)

where WR is the top-hat filter,

WR(θ) =















1
πR2 if |θ| ≤ R,

0 otherwise,

(2.41)

then in Fourier space, we will have

TR(ℓ) = WR(ℓ)T (ℓ) (2.42)
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where the Fourier space window, W (ℓ) is given by,

WR(ℓ) = 2
J1(ℓR)

ℓR
. (2.43)

Now let us consider smoothing the map with another top-hat window of radius 3R, giving,

T3R(θ) =

∫

d2θ′W3R(θ′ − θ)T (θ′). (2.44)

We then take the difference map,

TR−3R = TR − T3R, (2.45)

which in Fourier space reads,

TR−3R(ℓ) = WR−3R(ℓ)T (ℓ) (2.46)

≡ 2

(

J1(ℓR)

ℓR
− J1(3ℓR)

3ℓR

)

T (ℓ). (2.47)

Remembering the asymptotic expansion of J1(x) for x <<
√

2,

2
J1(x)

x
≃ 1 − x2

8
, (2.48)

which shows that for values of ℓ such that ℓR <
√

2, we have,

TR−3R(ℓ) ≃ (ℓR)2T (ℓ), (2.49)

which implies that the power spectrum is now,

(2π)2CR−3R
ℓ ≃ 〈TR−3R(ℓ)∗TR−3R(ℓ)〉 = (2π)2ℓ4R4Cℓ, (2.50)

which is the desired form. The disc-difference window, WR−3R(ℓR) is shown in Fig. 2.9. Be-

yond ℓ =
√

2/R, the function starts falling again. Thus by choosing the radius R judiciously,

one can prewhiten a desired range of the power spectrum.

An important aspect of this method is that it is an effective C
−1/2 operation on the map

(C is the covariance matrix), which is manifestly local, and therefore does not suffer from

effects due to edges, which is a common problem in case of the full Fourier space operation.

Maximum likelihood methods of estimation of power spectra naturally involve the C
−1



74

operation (Tegmark, 1997; Oh et al., 1999). However, for high resolution experiments, the

numerical costs for computing the C
−1 matrix can be prohibitively large. Also, such an

operation is non-local and mixes modes from masks with the map in a non-trivial way.

The method proposed here is approximate but is simple to implement as it involves only

convolutions in real space: as such, its effect can be quantified, propagated or undone very

easily.

Figure 2.10 illustrates the effect of the disc-differencing operation on the CMB power

spectrum, for a radius R = 1′. This means that the prewhitening window turns around at

ℓ ≃
√

2/R ≃ 5000. The application of the disc-differencing produces the processed power

spectrum shown by the dashed curve in the figure, which has much smaller dynamic range

than the original one shown by the dotted curve.

Self-injection

One undesirable effect of the application of the disc-differencing function is that it makes

the lower multipole part of the CMB power spectrum (ℓ . 1000) a steeply rising function,

which may aggravate aliasing of power. A simple way to deal with this problem, is to add

a small fraction of the original map back into the disc-differences map, a process we call

“self-injection”. If a fraction α ≪ 1 of the map is self-injected after the disc-differencing,

the processed power spectrum looks flat at all multipoles, and is conveniently given by a

multiplication of the true power spectrum with an analytic function,

CPW
ℓ = (WR−3R(ℓR) + α)2Cℓ. (2.51)

This is illustrated for α = 0.02 in Fig. 2.10.

Having laid out the basic theory of prewhitening, we will now describe a concrete ex-

ample of power spectrum estimation of a CMB map with a point source mask to judge

the effectiveness of this method in recovering the true power spectrum. To this end we

simulate a 8◦ × 8◦ map as a Gaussian random realization from a theory power spectrum.

The map has 768 pixels on a side, making the pixel scale ∆θ = 0.625′. We cut out a 4◦× 4◦

section from this map to impose non-periodic boundary conditions. We then simulate a
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Figure 2.9: “Disc-difference” function WR−3R discussed in the text (solid line). The dashed
line represents the function x4.
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Figure 2.10: Effect of disc-differencing and self-injection on the power spectrum. The dotted
line is the true power spectrum with a large dynamic range. The disc-differencing operation
alone produces the dashed curve which has a much smaller dynamic range, but is steeply
rising at low multipoles. The disc radius used is R = 1′. The dot-dashed curve shows the
true power spectrum multiplied by a constant α2 where α = 0.02. If we disc-difference the
map followed by self-injection of a fraction α of the map, then the power spectrum of the
processed map is the solid curve (given by equation (2.51)) which is conveniently flat over
the range of multipoles.
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point source mask for this smaller map, which is unity everywhere except inside randomly

positioned discs of various radii, where it is zero.

To motivate the necessity of prewhitening, we first apply the mask directly to the map

and take its AMTM power spectrum with Nres = 3.0 and Ntap = 32. The result is shown in

Fig 2.11. Note that we expressly use only the first few tapers with least leakage to ensure

that mode coupling is minimized due to sharp edges of the map. However, this choice has

no bearing against the aliasing of power due to holes in the map and as expected, we find a

lot of power aliased from the low to the high multipoles. Next we perform a disc-difference

operation on the original map with R = 1′, followed by a self-injection with α = 0.02.

Then, we apply the mask on this prewhitened map and perform AMTM power spectrum

estimation on it. By comparing with the expected theoretical power spectrum, we find

that aliasing is almost non-existent in the power spectrum of the prewhitened and masked

map. Then we simply divide this power spectrum by the analytical transfer function for the

prewhitening operation equation (2.51), to obtain a nearly unbiased estimate of the true

power spectrum.

2.4.2 Prewhitening of Noisy Maps

In a real experiment, the map will be convolved with the instrument beam and will contain

noise from the instrument as well as other astrophysical signals. To simulate the simplest

of such situations, we convolve the map from the previous step with a Gaussian beam of

full-width-at-half-maximum (FWHM) of 5′. Next, we add Gaussian white noise at a level

of 3 µK per sky pixel (defined as an area of FWHM2 on the sky). The power spectrum of

the map so generated has the usual initial sharp fall with multipole ℓ, but then flattens out

beyond the multipole where white noise starts to dominate. One immediate consequence

of this is that the disc differencing operation that multiplies the power spectrum by ℓ4 will

make the white noise part rise with ℓ instead of remaining flat. One can try to minimize

this effect by judiciously choosing the disc radius R so that the disc-differencing window

function turns over at the value of ℓ where white noise starts to dominate. However, there



78

Figure 2.11: Prewhitening and AMTM as a remedy to aliasing of power due to point
source mask. The dotted curve represents the input power spectrum from which the map
is generated. The triangles represent the recovered AMTM power spectrum (Nres = 3.0,
Ntap = 32) of the map after a point source mask is applied directly to it. If, on the other
hand, the map is first prewhitened (see text) and the mask is subsequently applied, one
obtains the diamonds as the AMTM power spectrum. The solid curve is the theoretical
prediction for the prewhitened power spectrum. Thereafter, one divides the spectrum by the
prewhitening transfer function (see equation (2.51), obtaining a nearly unbiased estimate,
denoted by the open circles. Note that the AMTM power spectra appear smoother than
the true spectra as the former is convolved with the window function of the taper.
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may be components to the power spectrum other than white noise which may rise faster

than the fall of the disc-differencing window. All these cases can be effectively dealt with by

introducing another component to the prewhitening operation: namely a convolution with

a Gaussian window after the disc-differencing and the self-injection steps. If we convolve

the map with a Gaussian of FWHM θs then after evaluating the power spectrum we can

remove its effect by dividing it by the multipole space form exp(ℓ(ℓ + 1)θs/(8 log 2)). In

Fig. 2.12 we illustrate the prewhitening in presence of white noise.

2.5 Mode-mode coupling and deconvolution

As discussed earlier, an undesirable feature of the Multitaper method is the loss of spectral

resolution. For any Nres > 1, a Multitaper estimator smooths the power spectrum with a

frequency-space window which is wider than the fundamental resolution set by the size of

the map. For power spectra which are highly structured, this poses the problem of diluting

interesting features which may render the power spectrum less useful as a direct probe

of the underlying phenomenon. For example, in case of the CMB, (A)MTM leads to the

smoothing of acoustic features.

In CMB analyses, the problem of recovering the true power spectrum from one that has

been convolved with a window function is a well studied problem. It arises naturally in

full-sky CMB experiments because of the application of point source and galactic masks.

A detailed account of the procedure to deal with mode-mode coupling in the spherical

harmonic space can be found in Hivon et al. (2002). In what follows, we will discuss the

mode-mode coupling in flat space and develop the method of deconvolving the effective

tapering window function from the power spectrum.

Consider a homogeneous, isotropic and zero-mean Gaussian random process realized on

a map, T (x), with a power spectrum P (k),

〈

T (k)∗T (k′)
〉

= (2π)2δ(k − k′)P (k). (2.52)

If the map is multiplied by a window W (x), then the Fourier transform of the resulting
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Figure 2.12: Same as in Fig. 2.11, but for a map with white noise. In addition to the
standard prewhitening operation, a Gaussian smoothing has been applied to flatten the tail
of the prewhitened map.
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Figure 2.13: Deconvolution of the power spectrum. Left panel : Deconvolution of the peri-
odogram with top-hat weighting. The black squares represent the binned power spectrum
obtained directly from the map using the periodogram (straight FFT) method. As discussed
in the text, this power spectrum is the true power spectrum convolved with the mode-mode
coupling matrix due to the top-hat, the theoretical expectation for which is displayed as the
blue line. The red points represent the binned power spectrum deconvolved via equation
(2.60). The black line is the input power spectrum. The deconvolved binned power spec-
trum is to be compared with the binned input power spectrum which is displayed as the
black histogram. All points displayed are the mean of 800 Monte Carlo simulations and the
error bars correspond to the 2σ spread in their values. Right Panel: Same as above, but for
the AMTM method. The mode-coupled power spectrum and the corresponding theoretical
curve in this case have been artificially shifted below the deconvolved power spectra for
easy viewing. As discussed in the text, the mode-coupled power spectrum produced by the
AMTM method is a nearly unbiased estimate of the true power spectrum, while the mode-
coupled periodogram (left panel) is highly biased at large multipoles. This bias causes the
error bars in the deconvolved periodogram to be much larger than those in the deconvolved
AMTM power spectrum at large ℓ, as shown in Fig. 2.14.
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map is given by the convolution,

TW (k) =

∫

d2k′

(2π)2
T (k′)W (k− k′). (2.53)

In the ensemble average sense, we therefore have,

〈

P̂W (k)
〉

≡ 1

(2π)2
〈

TW∗(k)TW (k)
〉

(2.54)

=

∫

d2k′

(2π)2
|W (k− k′)|2

(2π)2
P (k′), (2.55)

which is often referred to as the pseudo power spectrum in CMB literature. All the multita-

pered power spectra discussed so far are pseudo-power spectra in this sense, and comparing

with equation (2.30), it is easily seen that for AMTM, the power spectrum of effective

window that couples to the true power spectrum is given by,

WAMTM(k) =

∑

α1,α2
b2(α1α2)(k)Ṽ (α1α2;N1N2)(k)
∑

α1,α2
b2(α1α2)(k)

. (2.56)

One is obviously interested in the angle averaged pseudo power spectrum,

P̂W (k) =

∫

dθ

(2π)
PW (k) (2.57)

and as demonstrated in appendix 2.B, this can be expressed in terms of the true power

spectrum as,
〈

P̂W (k)
〉

=

∫

dk′M(k, k
′

)P (k′) (2.58)

where M is the mode-mode coupling kernel and depends on the power spectrum of the

window W . After the power spectrum is binned, the above relation can be conveniently

expressed as a matrix multiplication (see appendix 2.B,),

〈

P̂W
b

〉

=
∑

b′

M̃bb′Pb′ (2.59)

where b are the indices for the bins and M̃ is the binned mode -mode coupling matrix.

The binned mode-mode coupling matrix is more stable to inversion than the un-binned one

which tends to be nearly singular, and therefore an estimate of the true power spectrum

can be obtained by inverting the above relation,

P̂b = (M̃−1)bb′ P̂
W
b′ . (2.60)
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Figure 2.14: Fractional errors in the deconvolved binned power spectrum. The open circles
represent the fractional errors for the periodogram method (left panel of Fig. 2.13). The
filled circles represent the same for the AMTM method ( right panel of Fig. 2.13). Although
the deconvolved power spectrum obtained from either method is an unbiased estimate of
the true power spectrum, the errors from the periodogram method are much larger at high
ℓ because of the highly biased nature of the mode-coupled periodogram at those multipoles.
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We first illustrate the deconvolution of the power spectrum without a point source mask.

For this purpose, we simulate a large 16 degree square map, with 768 pixels on a side, using

a theoretical power spectrum. We then perform power spectrum analysis of the central 8

degree square portion of it. For the periodogram, we simply zero out the portion of the

larger map outside the central 8 degree square, so that the mask becomes a zero-padded

top-hat. For the AMTM, we discard the outer regions and perform the adaptive multitaper

analysis with Nres = 3, Ntap = 52 on the central 8 degree square. We generate the mode

coupled power spectrum with each method and then deconvolve it using equation (2.60).

The results from 800 Monte Carlo experiments are shown in Fig. 2.13.

Firstly, we note that the construction of the mode-mode coupling matrix, as delineated

in appendix 2.B, enables us to accurately predict the mode-mode coupled theoretical power

spectrum. As such, likelihood analyses for cosmological parameters can potentially be

performed with the mode-coupled AMTM power spectrum, and this is specially appealing

because the statistical properties of the mode-coupled binned power spectra can be precisely

predicted (see § 2.2.5).

Secondly, we find that the deconvolution of the periodogram as well as the AMTM

power spectrum produces an unbiased estimate of the input power spectrum, but with a

very important difference: the uncertainty in the deconvolved periodogram at ℓ & 1500

is larger than that in the deconvolved AMTM spectrum, and the difference continues to

grow to factors of several for higher multipoles. This is seen clearly in Fig. 2.14, where we

have plotted the fractional errors in the deconvolved binned power spectrum against the bin

centers. For instance, at ℓ ∼ 3000 the periodogram method produces ∼ 3 times larger error

bars. This owes to the fact that due to spectral leakage, the periodogram produces a pseudo

power spectrum that is highly biased relative to the input theory over these higher order

multipoles. This bias adds to the uncertainty in the deconvolved power spectrum. On the

other hand, AMTM produces a nearly unbiased, albeit smoothed, pseudo power spectrum

which, when deconvolved, does not incur any excess uncertainties. Ignoring point source

masks for the moment, which are very specific to the CMB, this result alone immediately
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elevates the multitaper method to a far superior status than the periodogram, as a power

spectrum estimation method for highly colored spectrum measured from finite maps.

One must bear in mind, that over the range of multipoles where leakage is not a serious

problem, and the periodogram is essentially unbiased, the errors bars obtained from the

periodogram are the smallest. This is because the periodogram makes use of all the modes

that are available from the entire map, while each taper in a MTM process makes use of a

certain fraction of the map. By using several tapers, one can compete with the periodogram

error bars over the nearly white part of the spectrum. This is essentially seen in the

convergence of the fractional error bars from the two methods in the low ℓ portion of

Fig. 2.14. This, however, is not in contradiction to the fact, as shown in § 2.2.5 that it is

possible to have lower uncertainties in any bin for the pseudo power spectrum with AMTM

than with the periodogram, by choosing a high enough Nres (and consequently high Ntap).

Unfortunately, this advantage goes away when the power spectrum is deconvolved.

Next we turn to the practical issue of dealing with a point source mask for a CMB map.

As already discussed in § 2.4, the holes in the mask couple power over various scales, and

neither the periodogram nor the AMTM remain an unbiased method at large multipoles,

necessitating the prewhitening of the map. To study the effect of the mask and prewhitening

on the deconvolved power spectrum, we multiply our map with a point source mask and

repeat the Monte Carlo exercise with and without prewhitening. The mask has a covering

fraction of 98% and the holes are of random sizes. For the prewhitening operation we use

the parameters R = 1′ and α = 0.02. The results on the fractional errors for this case are

displayed in Fig. 2.15. This figure shows the power of prewhitening approach. Prewhitening

significantly reduces the errors. It is obvious that like the periodogram, AMTM is defenseless

against the point source holes in the mask. This is expected because a taper with holes

no longer retains the nice property of being a band-limited function. For both the top-hat

and the effective tapered window, the sidelobes become dominated by the power produced

by the holes. In such a situation, prewhitening the map becomes a necessity to reduce

the uncertainties in the deconvolved power spectrum. With proper prewhitening both the
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periodogram and the AMTM method can produce nearly unbiased pseudo power spectra

and consequently small error bars at the high multipoles, as evident from Fig. 2.15. It is

important to note here that the power spectrum of a top-hat has greater sidelobe power

than the effective taper in the intermediate range of multipoles between the regions where

the central lobe is falling and where the point source power starts to dominate. Therefore,

depending on the quality of prewhitening that can be performed on a map, AMTM may

be a more reliable method to apply on the prewhitened and masked map, rather than the

periodogram.

2.6 Conclusion

Power spectrum estimation on small sections of the CMB sky is a non-trivial problem

due to spectral leakage from the finite nature of the patch, which is further compounded

by the application of point source masks. The direct application of standard decorrelation

techniques, like the MASTER algorithm (Hivon et al., 2002), to obtain an unbiased estimate

of the power spectrum leads to unnecessarily large uncertainties at high multipoles due to

the highly biased nature of the pseudo power spectrum at those multipoles. We have put

forward two techniques to reduce the uncertainties in the deconvolved power spectrum.

First, we have formulated a two-dimensional adaptive multitaper method (AMTM) which

produces nearly unbiased pseudo power spectra for maps without point source masks, by

minimizing the leakage of power due to the finite size of the patch. This is achieved at the

cost of lowered spectral resolution. The deconvolution of the pseudo power spectrum so

produced, leads to an unbiased estimate of the true power spectrum that has several times

smaller error bars at high multipoles than the deconvolved periodogram. In presence of

point source masks, however, this method becomes non-optimal because the pseudo power

spectrum estimated even by AMTM is no longer unbiased. To deal with the point source

mask, we have put forward a novel way of prewhitening a CMB map, with manifestly local

operations which has simple representations in the Fourier space. This operation produces

a map, the power spectrum of which has several orders of magnitude lower dynamic range
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Figure 2.15: Effect of prewhitening on the errors in the deconvolved power spectrum in
presence of a point source mask. Top Panel: For the AMTM method: The open circles
represent the fractional 1σ error bars on the deconvolved power spectrum when prewhitening
is not performed, showing that holes in the point source mask render the AMTM method
biased at high multipoles and lead to large error bars. The filled circles represent the same
after prewhitening has been performed, showing that prewhitening remedies the leakage of
power and makes the power spectrum estimator nearly unbiased. Bottom Panel: The same
as above, but for the periodogram or straight FFT. Note that prewhitening, if performed
properly, makes the periodogram as good a power spectrum tool as the AMTM.
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than the original map. This renders the leakage of power due to holes and edges a relatively

benign issue for the prewhitened map. If the prewhitening operation can be tuned to make

the power spectrum of the map nearly white, a pseudo power spectrum obtained via a simple

periodogram may be nearly unbiased and therefore, can be deconvolved to give a precisely

unbiased estimate of the power spectrum, thereby avoiding unnecessarily large error bars

at large multipoles. If the map cannot be made sufficiently white for a periodogram, an

AMTM method can be applied to the prewhitened map to guard against leakage and achieve

the same result. We have shown that by applying these methods, one can reduce the error

bar in the small scale power spectrum by a factor of ∼ 4 at ℓ ∼ 3500. This can be translated

into a many-fold reduction in the required integration time of a CMB experiment to achieve

some target uncertainty on the small scale power spectrum than that dictated by standard

techniques.
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2.A Appendix: Statistical properties of multitaper estima-

tors

The statistical properties of the multitaper spectral estimators follow from the basic result

equation (2.32) for the distribution of the periodogram. In the following, we will use the

equivalent degrees of freedom argument to derive the distribution functions for the MTM

estimators. The first result we will use is that the probability distribution of an eigenspec-

trum P̂ (α1α2)(k) at each frequency-space point k (i.e. at each pixel) will have the same

form as equation (2.32) for asymptotically large N . Since the final spectral estimate is a

weighted sum of these eigenspectra, it is reasonable to assume that the former is distributed

also as a scaled χ2 variable. Let us hypothesize,

PAMTM(k)
d
=aχ2

ν (2.A.1)

where both ν and a are unknown. Now, we will make use of the facts that
〈

PAMTM
〉

=
〈

aχ2
ν

〉

= aν and var(PAMTM) = var(aχ2
ν) = 2a2ν. Therefore,

ν =
2
〈

PAMTM
〉2

var(PAMTM)
; a =

〈

PAMTM
〉

ν
. (2.A.2)

Since the eigenspectra P̂α1α2 are asymptotically uncorrelated and are also unbiased estima-

tors of P (k), we obtain, using the definition of the AMTM estimator equation (2.30),

〈

PAMTM
〉

= P (k), (2.A.3)

var(PAMTM) = P 2(k)

∑

α1,α2
b4(α1α2)(k)

(

∑

α1,α2
b2(α1α2)(k)

)2 (2.A.4)

for N → ∞, which immediately gives us

ν(k) =
2
(

∑

α1,α2
b2(α1α2)(k)

)2

∑

α1,α2
b4(α1α2)(k)

. (2.A.5)

which is equation equation (2.34).

Now we turn to the approximate form of the distribution for the binned power spectrum,

PB equation (2.35). We again postulate that PB is distributed as cχ2
νb

, so that,

νb =
2
〈

PB
〉2

var(PB)
; c =

〈

PB
〉

νb
. (2.A.6)
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Now note that because the images or maps we will be concerned with are real, only the

half-plane in the k space are independent because of reflection symmetry i.e P (k) = P (−k).

For the time being, let us assume that all k space pixels are uncorrelated, so that all pixels

in one half of the k plane are independent of each other. Later, we will correct this for

the fact the tapers highly correlate adjacent pixels in each resolution element. With these

assumptions, equation (2.35) can be re-written as,

PB(kb) =
2

Nb

∑

i,j∈b;kj>0

PAMTM(ki, kj). (2.A.7)

Therefore, the variance is given by,

var(PB(kb)) =
4

N2
b

∑

i,j∈b;kj>0

2

ν(ki, kj)

〈

PAMTM(ki, kj)
〉2

=
4

N2
b

〈

PAMTM(|k| = kb)
〉2

×
∑

i,j∈b

1

ν(ki, kj)
(2.A.8)

where in the last step we have assumed that the power spectrum is slowly varying inside

a bin. The factor of 2 inside the summation goes away because we have extended the

summation to include the lower half plane. Using equation (2.A.6), we therefore get

1

νb
=

2

N2
b

∑

i,j∈b

1

ν(ki, kj)
. (2.A.9)

Now, we will correct for the fact that all pixels in the upper half plane are not independent.

In fact for a taper with a given Nres, approximately N2
res pixels get highly correlated.

Therefore we can think of “super-pixels” of dimension Nres ×Nres, which are independent

of each other. If we repeat the calculation above with this assumption, then we obtain the

result,

1

νb
≃ 2N2

res

N2
b

∑

i,j∈b

1

ν(ki, kj)
, (2.A.10)

which essentially reduces the degrees-of-freedom by the number of pixels that fall in each

super-pixel. This is equation equation (2.37).
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2.B Appendix: Mode-mode coupling matrix

In the following, we derive the form of the mode-mode coupling kernel. For the sake of

completeness, we repeat and expand upon some of the calculations from appendix A.1 of

Hivon et al. (2002). Note that the symbol k (frequency) in the said appendix of that paper

is smaller by a factor of 2π than the k (angular frequency) used in the present section.

In other words, the k used here is readily identified with the multipole ℓ in the flat-sky

approximation, while it would stand for ℓ/(2π) in the aforementioned appendix.

We start with the definition equation (2.57) of the angle averaged pseudo power spectrum

and with the aid of equation (2.54) express it as,

〈

P̂W (k1)
〉

=

∫

dθ1
(2π)

∫

d2k2

(2π)2
|W (k1 − k2)|2

(2π)2
P (k2). (2.B.1)

We can express the Fourier mode of the window appearing above as

W (k1 − k2) =

∫

d2k3W (k3)δ
2(k3 − k1 + k2) (2.B.2)

which immediately gives,

|W (k1 − k2)|2
(2π)2

= 2π

∫

dk3 k3W(k3)δ
2(k3 − k1 + k2) (2.B.3)

where we have introduced the power spectrum of the window,

(2π)2W(k) =

∫

dθ

(2π)
W ∗(k)W (k). (2.B.4)

Substituting in equation (2.B.1), we get,

〈

P̂W (k1)
〉

=

∫

dθ1
(2π)

∫

dk2 k2

(2π)

∫

dθ2P (k2)

∫

dk3 k3W(k3)δ
2(k3 − k1 + k2)(2.B.5)

=

∫

dk2Mk1k2
P (k2), (2.B.6)

where we have introduced the mode-mode coupling matrix,

Mk1k2
=

k2

(2π)

∫

dk3 k3W(k3)J(k1, k2, k3) (2.B.7)

with,

J(k1, k2, k3) =

∫

dθ1
(2π)

∫

dθ2δ
2(k3 − k1 + k2) (2.B.8)
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It is instructive to compare equation (2.B.7) with the full-sky result from appendix A.2 of

Hivon et al. (2002),

Mℓ1ℓ2 =
2ℓ2 + 1

4π

∑

ℓ3

(2ℓ3 + 1)Wℓ3





ℓ1 ℓ2 ℓ3

0 0 0





2

. (2.B.9)

It can be shown that for large ℓ,





ℓ1 ℓ2 ℓ3

0 0 0





2

→ J(ℓ1, ℓ2, ℓ3) (2.B.10)

so that if we identify ki with ℓi, the large ℓ limit of the spherical mode-mode coupling matrix

goes correctly to the flat-sky expression equation (2.B.7). Note that the appearance of an

extra factor of 2 in the large ℓ limit of the summand in equation (2.B.9) over the integrand

in equation (2.B.7) is fine because the sum is restricted to values ℓ3 which make (ℓ1+ℓ2+ℓ3)

even, while the integral over k spans the entire allowed range for each (k1, k2) pair.

We now turn to the evaluation of the J function. Using the factorized form of the delta

function in plane polar coordinates, δ(r − r′) = δ(r − r′)δ(θ − θ′)/r , we can write,

J(k1, k2, k3) =
1

(2π)

∫

dθ2δ
2(k1 − |k3 + k2|)/k1. (2.B.11)

The integral over θ2 can be performed by using the following property of the delta function,

δ(g(x)) =
∑

i

δ(x− xi)

|g′(xi)|
(2.B.12)

where xi are the roots of g(x) = 0. In our case there are two roots and the integral finally

yields

J(k1, k2, k3) =
2

π

1
√

−K(K − 2k1)(K − 2k2)(K − 2k3)
(2.B.13)

for |k2 − k3| < k1 < k1 + k2, and zero outside the interval, where K = k1 + k2 + k3. As a

word of caution against using this form directly into the integral equation (2.B.7), we would

like to point out that due to the diverging nature of the integrand near the edges of the

allowed interval, numerical integration schemes that span the entire range will be unreliable.

Instead we find, drawing parallels with the spherical harmonic case, that approximating the
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integration in equation (2.B.7) by a sum over integral values of k, by interpolating W(k)

onto integers, provides a very stable and reliable way of computing the mode coupling

matrix. In fact, the boundaries of interval can be included in the sum by using the large ℓ

limit of the 3 − j functions at those points,





ℓ1 ℓ2 ℓ3

0 0 0





2

→















1
2
√

πℓ1ℓ2ℓ3
for ℓ3 → ℓ1 + ℓ2 or ℓ3 → |ℓ1 − ℓ2|

δℓ1ℓ2

2ℓ1
for ℓ3 = 0

. (2.B.14)

At the end of the exercise, we therefore generate the mode-coupling matrix at integer

subscripts, which by abusing notation a bit, we will denote by Mℓℓ′ .

Next, we consider the binning of the pseudo power spectrum. In order to construct the

mode-mode coupling kernel relevant to a binned power spectrum, we first define the binning

operator B, which performs the binning of the integral indexed quantities to binned values

and its reciprocal operation U . Given the lower and upper boundaries,ℓblow and ℓbhigh of a

bin b, a simple form of these operators can be written as,

Bbℓ =















ℓα

(ℓb
high

−ℓb
low

)
, if 2 ≤ ℓblow ≤ ℓ < ℓbhigh

0, otherwise,

(2.B.15)

and

Uℓb =















1
ℓα , if 2 ≤ ℓblow ≤ ℓ < ℓbhigh

0, otherwise.

(2.B.16)

Here, α is chosen to make the power spectrum “flatter” and for the damping tail of the

CMB, a suitable value is α = 4.

Note that the pseudo power spectrum realized on the two-dimensional k-space may be

directly binned into the bins b, by averaging the value in the pixels that fall inside the

annuli demarcated by the bin boundaries, without having to go through an intermediate

step of interpolating the power spectrum onto integers. The binned pseudo power spectrum
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is, therefore related to the binned true power spectrum as

〈

PW
b

〉

= BbℓMℓℓ′Pℓ′

= BbℓMℓℓ′Uℓ′b′Bb′ℓ′Pℓ′

= M̃bb′Pb′ , (2.B.17)

where we have defined the binned mode-mode coupling matrix as M̃ = B
T

MU.
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Chapter 3

Measuring Distance-ratios with

CMB-galaxy Lensing

Cross-Correlations

Abstract

We propose a method for cosmographic measurements by combining gravitational lensing

of the cosmic microwave background (CMB) with cosmic shear surveys. We cross-correlate

the galaxy counts in the lens plane with two different source planes: the CMB at z ∼ 1100

and galaxies at an intermediate redshift. The ratio of the galaxy count/CMB lensing cross-

correlation to the galaxy count/galaxy lensing cross correlation is shown to be a purely

geometric quantity, depending only on the distribution function of the source galaxies. By

combining Planck, ADEPT and LSST the ratio can be measured to ∼ 4% accuracy, whereas

a future polarization based experiment like CMBPOL can make a more precise (∼ 1%) mea-

surement. For cosmological models where the curvature and the equation of state parameter

are allowed to vary, the direction of degeneracy defined by the measurement of this ratio is

different from that traced out by Baryon Acoustic Oscillation (BAO) measurements. Com-

bining this method with the stacked cluster mass reconstruction cosmography technique as
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proposed by Hu, Holz and Vale (2007), the uncertainty in the ratio can be further reduced,

improving the constraints on cosmological parameters. We also study the implications of

the lensing-ratio measurement for early dark energy models, in context of the parametriza-

tion proposed by Doran and Robbers (2006). For models which are degenerate with respect

to the CMB, we find both BAO and lensing-ratio measurements to be insensitive to the

early component of the dark energy density.

3.1 Introduction

Weak gravitational lensing of the cosmic microwave background (CMB) (see Lewis & Challi-

nor (2006) for a review) provides us with a unique opportunity to study the large scale

distribution of dark matter in the universe out to much greater distances than accessible

through conventional galaxy-lensing studies. It has been shown (Jain & Taylor, 2003) that

by studying the gravitational lensing of galaxies in different redshift slices by the same

foreground structures, the geometry of the universe and eventually, dark energy evolution

may be constrained — a method known as cross-correlation cosmography. In this paper, we

propose a similar method in which we treat the CMB as one of the background slices. This

not only provides an extremely well standardized distance to compare other distances to,

but also incorporates the longest possible distance in the ratio of distances probed by this

method, making it a more sensitive probe of cosmological parameters than ratios involving

distances restricted to galaxy surveys. Recently, Hu et al. (2007) have proposed a method

for measuring the same lensing-ratio by comparing the convergence profile of the a cluster

reconstructed via background galaxy shear with that reconstructed via CMB lensing, and

then stacking several clusters to improve the precision of the measurement. The method

we propose here depend on cross-correlations rather than reconstruction of convergence of

individual objects, and will have different systematics. As such, this method is a powerful

complement to the cluster-lensing based method and the two may be combined to obtain

more precise measurements of the ratio.



101

3.2 Lensing Ratio: The key observable

Cosmological weak lensing effects are conveniently encoded in the effective convergence

field, which is defined as a weighted projection of the matter overdensities δ (Bartelmann

& Schneider, 2001),

κ(n̂) =
3

2
ΩmH

2
0

∫

dηd2
A(η)

g(η)

a(η)
δ(dA(η)n̂, η), (3.1)

with

g(η) =
1

dA(η)

∫ ∞

η
dη′Wb(η

′)
dA(η′ − η)

dA(η′)
(3.2)

where dA(η) is the comoving angular diameter distance corresponding to the comoving dis-

tance η. Here, a(η) is the scale factor, while Ωm and H0 represent the present values of

the matter density parameter and the Hubble parameter, respectively. The quantity g(η)

represents the fact that sources are distributed in comoving distance with a normalized dis-

tribution function Wb. Since the CMB photons all come from nearly the same cosmological

distance, we can approximate the source distribution function as, Wb(η) ≃ δ(η− η0), giving

gCMB(η) =
dA(η0 − η)

dA(η0)dA(η)
, (3.3)

where η0 is the comoving distance to the last scattering surface. We will denote the same

quantity for a background galaxy population with redshift distribution pg(z)dz = Wb(η)dη,

with the symbol ggal(η).

We also consider a suitable foreground population as a tracer of large-scale structure.

The projected fractional overdensity of the tracers can be written as,

Σ(n̂) =

∫

dηWf (η)δg(ηn̂, η), (3.4)

where δg represents the fractional tracer overdensity and Wf is the normalized tracer dis-

tribution function in comoving distance. We assume that the Fourier modes of the tracer

overdensity field are related to those of the underlying matter density field via a scale and

redshift dependent bias factor, so that δg(k, η) = b(k, η)δ(k, η). If we cross-correlate the

tracer overdensity map with the convergence field, we obtain the cross power spectrum,

CκΣ
ℓ =

3

2
ΩmH

2
0

∫

dηbℓ(η)Wf (η)
g(η)

a(η)
P (

ℓ

dA
, η), (3.5)
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where we have used the Limber approximation and the orthogonality of spherical harmonics.

We have also introduced the shorthand notation, bℓ(η) ≡ b( ℓ
dA
, η).

Now, we will introduce two separate cross-correlation measures involving the foreground

tracer population. First, we consider the case for the CMB as the background source. By

constructing estimators out of quadratic combinations of CMB fields (temperature and

polarization), it possible to obtain a noisy reconstruction of the convergence field (note that

the actual observable in this case is the deflection field) out to the last scattering surface (Hu

& Okamoto, 2002; Hirata & Seljak, 2003), which we denote as κCMB. The power spectrum

of the noise in the reconstruction, NκCMBκCMB

ℓ , can be estimated knowing the specifications

for the CMB experiment. The cross-correlation of the reconstructed convergence field from

the lensed CMB with the foreground tracer, gives the signal,

CκCMBΣ
ℓ =

3

2
ΩmH

2
0

∫

dηbℓ(η)Wf (η)
gCMB(η)

a(η)
P (

ℓ

dA
, η), (3.6)

where we have used the source distribution kernel gCMB appropriate for the CMB being the

background source.

Next, we consider the case for the weak lensing of background galaxies. The relevant

observable in this case is the traceless symmetric shear field on the sky, the measurement of

which allows a noisy reconstruction of the convergence field appropriate to the background

galaxy distribution, κgal. In this case, the noise is primarily due to intrinsic ellipticity of the

background galaxies and has the spectrum, N
κgalκgal

l =
〈

γ2
int

〉

/n̄ where
〈

γ2
int

〉1/2 ∼ 0.3 and

n̄ is the number of background galaxies per steradian (Kaiser, 1992). If we cross correlate

this convergence field with the foreground tracers, we find the signal,

C
κgalΣ
ℓ =

3

2
ΩmH

2
0

∫

dηbℓ(η)Wf (η)
ggal(η)

a(η)
P (

ℓ

dA
, η), (3.7)

where we have used the source distribution kernel, ggal appropriate for background galaxies.

If the foreground distribution is narrow in redshift so that it can be approximated by

a delta function, Wf (η) ≃ δ(η − ηf ), then the ratio of the above two cross-correlation

measures, which we call the lensing-ratio, reduces to,

r ≡ CκCMBΣ
ℓ

C
κgalΣ
ℓ

=
gCMB(ηf )

ggal(ηf )
(3.8)
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which is simply the geometrical ratio of the source distribution kernels. If the background

galaxy distribution, too, is sufficiently narrow in redshift around z = zgal, this becomes,

r =
dA(η0 − ηf )dA(ηgal)

dA(ηgal − ηf )dA(η0)
. (3.9)

Note that this is independent of the angular scale, tracer bias and the power spectrum.

Therefore, measurements at several multipoles can be combined to constrain the lensing-

ratio. Since the distance ratios depend on the cosmology and specifically on the dark energy

model, this can be used to constrain dark energy parameters.

3.3 Upcoming surveys and a new probe of dark energy and

curvature

Large scale structure surveys, together with precision measurements of the CMB anisotropies

have already provided us with a wealth of knowledge about the geometry, evolution and

composition of the Universe. In the coming decade, Cosmologists will carry out even larger

scale galaxy and lensing surveys and produce higher resolution CMB maps. We consider a

combination of three experiments in order to assess how well the lensing-ratio can be mea-

sured in such future surveys. We consider the redshift slice of foreground tracers (lenses) to

be drawn from an ADEPT-like 1 large scale structure survey and the background (source)

galaxies taken from an LSST-like 2 weak lensing experiment. For the CMB lensing measure-

ments, we consider the upcoming Planck mission as well as a prospective polarization-based

mission like CMBPOL.

The foreground galaxy slice is taken as a step function in the redshift range (0.8, 0.9)

with 350 galaxies per square degree. The source galaxies are also assumed to be distributed

uniformly in redshift, between z = 1.2 and 1.6 with a number density of 40 galaxies per

square arcmin. We model Planck to be a 7′ FWHM instrument with temperature and

polarization sensitivities of 28 and 57 µK-arcmin, respectively. For CMBPOL, we adopt

1Advanced Dark Energy Physics Telescope; http://universe.nasa.gov/program/probes/adept.html
2Large Synoptic Survey Telescope; http://www.lsst.org
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Figure 3.1: Cross power spectra, the ratio of which is being studied (cf. equation 3.8). Also
shown are predicted 1σ errors in uniform bins of size ∆ℓ = 30. For the CΣκCMB

ℓ case, the
outer (lighter) errors correspond to lensing reconstruction using temperature and polariza-
tion with Planck, while the inner (darker) ones correspond to the same for CMBPOL.
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a 3′ beam FWHM and temperature and polarization sensitivities of 1 and 1.4 µK-arcmin,

respectively. We assume that both CMB experiments cover 65% of the sky and all cross-

correlations are performed over the same area. For calculations performed here we assumed

a WMAP 5-year normalized ΛCDM cosmology with Ωbh
2 = 0.0227, ΩCDMh

2 = 0.1099,

ΩΛ = 0.742, τ = 0.087, ns = 0.963 and As = 2.41 × 10−9.

In Fig. 3.1, we display the two cross power spectra appearing in the defining equation

(3.8) of the lensing ratio along with binned uncertainties predicted from the experimental

specifications.

The error on the ratio can be obtained as follows. We begin by defining the log-likelihood,

χ2(r) =
∑

ℓ

Z2
ℓ

σ2(Zℓ)
(3.10)

where, Zℓ = CκCMBΣ
ℓ −rCκgalΣ

ℓ . We compute the variance of Zl at the value r0 of r computed

in the fiducial cosmology,

σ2(Zℓ) =
1

(2ℓ+ 1)fsky

[

C̃ℓ
κCMBκCMB

C̃ℓ
ΣΣ

+ (CκCMBΣ
ℓ )2

+ r2o

(

C̃ℓ
κgalκgalC̃ℓ

ΣΣ
+ (C

κgalΣ
ℓ )2

)

−2r0

(

C
κCMBκgal

ℓ C̃ℓ
ΣΣ

+ CκCMBΣ
ℓ C

κgalΣ
ℓ

)]

(3.11)

where,

C̃ℓ
XX

= CXX
ℓ +NXX

ℓ

include the noise power spectra. The Poisson noise for the foreground tracer is taken as

NΣΣ
ℓ = 1/n̄f . Then maximum likelihood estimate for the ratio is then obtained by solving

∂χ2(r)/∂r = 0 to be,

r̂ =

∑

ℓC
κCMBΣ
ℓ C

κgalΣ
ℓ /σ2(Zℓ)

∑

ℓ(C
κgalΣ
ℓ )2/σ2(Zℓ)

(3.12)

Now, we can estimate the error on r as,

1

σ2(r̂)
=

1

2

∂2χ2(r)

∂r2
=
∑

ℓ

(C
κgalΣ
ℓ )2

σ2(Zℓ)
. (3.13)

Various auto, cross and noise power spectra that enter the calculation of the error on r are

shown in Fig. 3.2. The above figures borne out the expected feature that the noise power
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Experiment Type (S/N)cross ∆r/r(%)

Planck POL 25.8 3.8
TT 23.3 4.2

CMBPOL POL 102.6 1.0
TT 84.5 1.2

Table 3.1: Predictions for the cross-correlation studies described in the text with foreground
galaxies from ADEPT, background galaxies from LSST and different CMB experiments.
The quantity (S/N)cross represents the signal-to-noise ratio in the estimation of the cross
correlation between the foreground tracer density with CMB lensing. The last column
shows percentage error in the lensing-ratio estimator, r of equation (3.8). We show the
prediction for both temperature based (TT) and polarization based (POL) reconstruction
of the deflection field from the lensed CMB.

spectrum in the lensing reconstruction is the largest source of uncertainty that propagates

into the error on r.

The estimated errors on r are shown in Table 3.1. For Planck, we find that the lensing-

ratio can be estimated to ∼ 4% while with CMBPOL a ∼ 1% measurement is possible.

3.4 Parameter constraints

For Planck priors, improvements on cosmological parameter constraints upon adding the

lensing-ratio to the primary CMB observables become appreciable when the error on the

ratio decreases below 10% (Hu et al., 2007). It is interesting to note here that the method

for estimating the lensing-ratio proposed by Hu et al. (2007), which relies on cluster mass

reconstruction can be further improved with the maximum likelihood based estimator pro-

posed by Yoo & Zaldarriaga (2008) and can complement the method proposed here. By

combining the two methods for the same redshift slices, it may be possible to reduce the

uncertainty in the lensing-ratio to percent or sub-percent levels.

In order to assess how a percent-level measurement of the ratio will help constrain a

set of cosmological parameters {pi} in conjunction with the CMB experiments, we define a
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Figure 3.2: Various power spectra that enter the calculation of the error on the lensing ratio
(cf. eq. 3.13). Each of the noise power spectra has been plotted with the same line style
as its corresponding signal power spectrum and labeled as Nℓ. The noise spectrum for the
CMB lensing reconstruction has been indicated both for Planck and CMBPOL.
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Figure 3.3: Left Panel : Improvements of constrains in the Ωk − ΩΛ plane for a vacuum
energy model with Planck by adding a 1% measurement of the lensing-ratio. The outer
solid contour is the 68% confidence interval from primary CMB alone while the inner solid
contour is the same after adding the lensing-ratio. The dotted contours have the same
interpretation but represent the case where information from lensing extraction has been
added to the CMB Fisher matrix. Right Panel: Same as left, but for the w − ΩΛ plane,
assuming flatness.

Fisher matrix for the lensing-ratio,

F r
ij =

∂ln r

∂pi

1

σ2(ln r)

∂ ln r

∂pj
. (3.14)

and add it to the Fisher matrix from a CMB experiment. The error in a parameter is then

estimated from the inverse of the combined Fisher matrix as σ(pi) =
√

[F−1]ii. We consider

two variants of the CMB Fisher Matrix, one with only the primordial power spectra and the

other with the power spectra involving the weak lensing deflection field extracted from CMB

lensing measurements (Lesgourgues et al., 2006; Perotto et al., 2006). We do not consider

any foreground contamination in any of these. Fig. 3.3 shows the constraints predicted with

Planck specifications and a 1% error on the lensing-ratio, for minimal extensions to the

standard 6-parameter model. These constrains are marginalized over all other parameters.

The constraints on curvature assuming w = −1 and on w assuming flatness, both improve

over the primary CMB case after adding in the ratio. For CMB with lensing extraction the
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improvement on w is still substantial while that on Ωk is marginal.

Following Lesgourgues et al. (2006), we also consider a more general 11-parameter model

with w, fraction of dark matter in massive neutrinos fν , the effective number of neutrino

species, the running of the spectral index and the primordial Helium fraction. We adopt

a fiducial value of 0.1 eV for the total neutrino mass. The constraints on the interesting

subspace of parameters are shown in Fig. 3.4. We find in this case that adding in the ratio

significantly improves the constraints on w and fν over the primary CMB case. In fact, for

w and ΩΛ the improvements surpass those from the lensed CMB Fisher matrix. This is

particularly interesting because the lensed-CMB-only constraints require an estimate of the

convergence field from the four point function in the lensed CMB itself and is more prone

to systematics than the cross-correlations that enter the ratio calculation. From Fig. 3.4, it

is apparent that for the CMB Fisher matrix with lensing extraction the constraint on the

neutrino mass is rather tight, so that no further gain is obtained by adding in the lensing-

ratio. It is important to keep in mind that Fisher matrix methods tend to overestimate the

error on neutrino mass due to non-Gaussianity in the associated likelihood (Perotto et al.,

2006). Therefore, the errors estimated here are somewhat higher than those predicted from

a full Monte-Carlo forecast.

We next consider models with curvature and a free dark energy parameter w. CMB

measurements allow for a large degenerate valley in the w − Ωk plane making Fisher Ma-

trix results deceptive. We treat this model by imposing a strong CMB prior in which

we explore the parameter space while keeping the high-redshift variables Ωbh
2, Ωmh

2 and

θA = rs(z0)/dA(η0) fixed. For each degenerate parameter set, we calculate the value of r as

well as the spherically averaged baryon acoustic oscillation (BAO) distance ratio (Percival

et al., 2007; Eisenstein et al., 2005), rs(zd)/Dv(z), where rs is the comoving sound horizon

scale at the drag epoch, zd and Dv is an effective distance measure to redshift z. We com-

pute it for z = 1.5, a typical median redshift for an ADEPT-like survey. The constraints in

the w−Ωk plane from each of these methods are shown in Fig 3.5 for a 0.4% measurement of

the BAO ratio with ADEPT (Seo & Eisenstein, 2007) combined with a 1% measurement of
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Figure 3.4: Improvements in the constraints on the interesting subset of parameters in the
eleven parameter model involving massive neutrinos and free dark-energy equation of state
(see text). The interpretations of the contours are same as in Fig. 3.3
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Figure 3.5: Constraints (68%) in the w-Ωk plane from BAO and lensing-ratio measurements.
The dashed line indicate constraints from the lensing-ratio while the dotted line represents
the same for the BAO ratio. The solid contour shows the joint constraint. Regions outside
the contours labeled “excluded” are not allowed due to the strong CMB prior (see text).
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the lensing-ratio. We find that the degeneracy direction for the BAO is quite different from

that for the lensing-ratio. Together they can put a ∼ 0.01% limit on Ωk and a simultaneous

∼ 10% limit on w, without adding in any other cosmological prior.

Next, we turn to scenarios with early dark energy. In particular, we choose the dark

energy parametrization proposed by Doran & Robbers (2006), namely,

Ωd(a) =
Ω0

d − Ωe
d(1 − a−3w0)

Ω0
d + Ω0

ma
3w0

+ Ωe
d(1 − a−3w0) (3.15)

where Ω0
d is the present value of the dark energy density function, Ωd(a), and Ωe

d is its

asymptotic value at high redshift. In this parametrization, the dark energy equation of

state w(a) has the value w0 at present, crosses over to w ≃ 0 during matter domination and

goes to w ≃ 1/3 in the radiation dominated era. Two relations of interest in this model

that follow from the definition of the Hubble parameter,

H2(a) = H2
0

(Ωma
−3 + Ωra

−4)

1 − Ωd(a)
(3.16)

are the scaling, with Ωe
d, of the comoving sound horizon at last scattering or the drag epoch,

namely,

rs(Ω
e
d) =

√

1 − Ωe
d rs(Ω

e
d = 0), (3.17)

and the behavior of the comoving angular diameter distance which, for flat cosmologies,

given by,

dA(z) =
c

H0

∫ z

0
dz

√

1 − Ωd(z)

[Ωm(1 + z)3 + Ωr(1 + z)4]1/2
. (3.18)

We consider the parameter space spanned by (w0,Ω
e
d) and study how well it can be con-

strained given measurements of the lensing ratio, the CMB and the BAO. We again impose

the strong CMB prior, and compute the observables for each point in the (w0,Ω
e
d) space

degenerate with respect to the CMB. Since early dark energy shifts the comoving sound

horizon according to equation (3.17), and we are fixing the values Ωmh
2 and Ωbh

2 (which

fixes the redshift of last scatter), equation (3.18) immediately implies that the only way to

keep the angular scale θA = rs(z0)/dA(η0) constant is by varying Ω0
d such that dA scales like

√

1 − Ωe
d. Thus, quite counter-intuitively, we find that the early value of the dark energy
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indirectly affects low redshift evolution. An unfortunate consequence of this is that both

BAO and lensing ratio measurements are rendered insensitive to the value of Ωe
d. As shown

by Linder & Robbers (2008), it is possible to have a set of cosmological models degenerate

with respect to the CMB without having Ωmh
2 strictly constant. For example, holding Ωm,

and therefore Ω0
d constant, it is still possible to have nearly indistinguishable CMB power

spectra. In this case, to preserve θa, one has to change h accordingly. This, again, leads to

the shift in low redshift distances and makes our observables insensitive to Ωe
d. These issues

are discussed in some detail in the Appendix.

3.5 Conclusions

We have proposed a way of measuring a ratio of comoving angular diameter distances that

appear in the lensing kernels for CMB and galaxy lensing. By combining Planck, ADEPT

and LSST, it is possible make a percent level measurement of this ratio. A polarization

based experiment like CMBPOL has the potential of making a more precise measurement.

The precision in the measurement can be potentially increased by combining it with cluster

mass reconstruction based measurement of the same quantity. The ratio is sensitive to late-

time geometry and composition of the Universe and a percent level measurement combined

with Planck data can provide interesting constraints and consistency checks, independently

of other cosmological probes. By choosing the CMB as one of the lens planes, this method

allows higher redshifts to be probed than galaxy-lensing cosmography.

While the distance ratio is sensitive to late time dark energy, we find it to be rather

insensitive to early dark energy, particularly for the parametrization proposed in Doran

& Robbers (2006). As discussed in the Appendix, when a strong CMB prior is imposed,

the values of low redshift parameters shift in conjunction with the asymptotic high redshift

value of early dark energy in such a manner as to render both the BAO ratio and the lensing

ratio rather insensitive probes. This behavior is most likely a specific feature of the said

parametrization. The effectiveness of the lensing ratio as a cosmological tool for a wider

class of quintessence models remains to be studied.
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3.A BAO and lensing ratios as probes of early dark energy

Figure 3.A.1: Left: Comoving angular diameter distance at the high redshift end for
various models. The solid curve corresponds to the fiducial early dark energy model with
Ω0

d = 0.742, w0 = −1 and Ωe
d = 0.03. The horizontal line indicates the value of dA(z0)

at the last scattering surface required by a wrong model with Ωe
d = 0, to keep the CMB

angular scale, θA, constant. The dotted line represents a model with all parameters kept
same as the fiducial model, except Ωe

d which is set to zero. This falls short of the required
dA(z0) and hence the only free parameter in the model, Ω0

d, has to be adjusted to achieve
the required dA(z0). The final model that would be wrongly inferred by matching the CMB
acoustic scale, has Ω0

d = 0.735 and is shown by the dashed line. Right: Fractional difference
in the comoving angular diameter distance dA(z) from the fiducial model. The dotted line
represents the fractional error for the same model as shown by the dotted line on the left
plot. As expected the difference in this case goes to zero at low redshift. The dashed line
shows fractional difference in the wrongly inferred model. Note that since this model had
its Ω0

d shifted low, it overestimates the true distances by ∼ 1.5% for z & 1 and by 1.3% for
z . 0.5.

Let us choose the fiducial dark energy model as one with Ω0
d = 0.742, w0 = −1 and

Ωe
d = 0.03 with the other cosmological parameters set at the values described in the body of

the paper. Now, if we had wrongly assumed Ωe
d = 0 i.e. a Λ model, then by fitting the CMB,

we would find a set of parameters that would keep the angle θA = rs(z0)/dA(z0) constant.

As rs ∝ (1 − Ωe
d)

1/2, we would find a model that overestimates the sound horizon and
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hence the comoving angular diameter distance to the last scattering surface by the factor

(1 − 0.03)−1/2 ≃ 1.015 i.e. by 1.5%. In particular, if we also impose the strong constraint

that Ωmh
2 is a constant, this model would have a value of Ω0

d that would be slightly lower

than the true value, namely ∼ 0.735. This would, in turn, make us overestimate the value

of dA(z) to all redshifts (see Fig. 3.A.1).

Now consider the BAO ratio at some redshift zBAO. For the sound horizon at the drag

epoch, we would again make an overestimate by the same factor, ∼ 1.5%. But at the same

time, we overestimate dA(zBAO) or c/H(zBAO) by an almost similar factor because Ω0
d has

shifted (see Figs. 3.A.1 & Figs. 3.A.2). Therefore, the transverse ratio rs(zD)/dA(zBAO) or

the line-of-sight ratio rs(zD)H(zBAO) estimated in the wrong model will be rather close to

the true values, thereby making it hard to detect the presence of early dark energy. In fact,

these figures show that deviations from the fiducial ratio occur only at the 0.2% level at z .

0.5. Because the angular scale of the CMB acoustic peak is a precisely measured quantity,

it is expected that even if the strong CMB prior is relaxed, a MCMC type exploration of

the parameter space would reveal a similar insensitivity of the BAO to Ωe
d (Doran et al.,

2007).

For the lensing ratio, the situation is even worse, as depicted in the right panel of

Fig. 3.A.2. Here, due to overall shift of all distance scales, the difference between the

inferred and the true model is less than 0.1% at all lens redshifts.
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Figure 3.A.2: Left: Fractional difference from the fiducial of the Hubble scale c/H(z) in
the wrongly inferred model of Fig. 3.A.1. Right: Same as left, for the lensing ratio as a
function of the lens redshift.
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Chapter 4

CMB Lensing and the WMAP

Cold Spot

Abstract

Cosmologists have suggested a number of intriguing hypotheses for the origin of the “WMAP

cold spot”, the coldest extended region seen in the CMB sky, including a very large void

and a collapsing texture. Either hypothesis predicts a distinctive CMB lensing signal. We

show that the upcoming generation of high resolution CMB experiments such as ACT and

SPT should be able to detect the signatures of either textures or large voids. If either signal

is detected, it would have profound implications for cosmology.

4.1 Introduction

One of the most intriguing features in the WMAP1 (Bennett et al., 2003) maps of the

microwave sky is the Cold Spot (Vielva et al., 2004; Cruz et al., 2005, 2006, 2007a). Under

the standard assumption of statistically homogenous Gaussian random fluctuations, the a

posteriori probability of finding such a feature on the last scattering surface is less than 2%

(Cruz et al., 2005, 2006). The Cold Spot also appears to have a flat frequency spectrum

1Wilkinson Microwave Anisotropy Probe; http://map.gsfc.nasa.gov/
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and is located in a region of low foreground emission, making it unlikely to be caused by

Galactic foregrounds or the Sunyaev-Zel’dovich effect (Sunyaev & Zeldovich, 1970). This has

led some theorists to speculate that the Cold Spot is a secondary effect, generated at some

intermediate distance between us and the last scattering surface. One such model proposes

that the Cold Spot may have been caused by the Rees-Sciama effect (Rees & Sciama, 1968)

due to an underdense void of comoving radius ∼ 200h−1Mpc and fractional density contrast

δ ∼ −0.3 at redshift of z . 1 (Inoue & Silk, 2006, 2007). Interestingly, Rudnick et al. (2007)

reported a detection of an underdense region with similar characteristics in the distribution

of extragalactic radio sources in the NRAO VLA Sky Survey in the direction of the Cold

Spot, a claim which has recently been challenged (Smith & Huterer, 2008). An alternative

view (Cruz et al., 2007b) proposes that the spot was caused by the interaction of the CMB

photons with a cosmic texture, a type of topological defect that can give rise to hot and cold

spots in the CMB (Turok & Spergel, 1990). Bayesian analysis by Cruz et al. (2008) claims

that the texture hypothesis seems to be favored over the void explanation, mainly because

such large voids as required by the latter is highly unlikely to form in a ΛCDM structure

formation scenario. Irrespective of whether the Cold Spot was caused by a void or a texture,

the CMB photons interacting with such an entity would have been gravitationally deflected.

The deflections would lead to a systematic remapping of the primordial CMB anisotropies

in and around the Cold Spot. In this brief report, we use simple analytic models for the void

and the texture to address the issue of detectability of the gravitational lensing signature

of either model, using upcoming high resolution CMB experiments.

For calculations presented in this paper, we assume a WMAP 5-year (Dunkley et al.,

2008) flat ΛCDM cosmology with a total matter density parameter Ωm = 0.258 and a

vacuum energy density ΩΛ = 0.742. The spectral index of the primordial power spectrum

is set to ns = 0.963 and the primordial amplitude for curvature perturbations is taken

as As = 2.41 × 10−9 at a pivot scale of 0.002h−1Mpc. The present value of the Hubble

parameter is taken as H0 = 72 km s−1 Mpc−1.
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4.2 Lensing by the Void

Gravitational redshift of photons passing through cosmic voids can produce decrements in

the observed CMB temperature. This so-called Rees-Sciama effect (Rees & Sciama, 1968)

has been proposed as a possible explanation for the existence of the Cold Spot by Inoue &

Silk (2006, 2007). They assume a compensated spherical underdense region with fractional

density contrast δ ∼ −0.3 at z ∼ 1, and their analysis suggest that the comoving radius

of the region required to explain the observed Cold Spot is ∼ 200h−1Mpc. An order of

magnitude estimate by Rudnick et al. (2007) for a completely empty void (δ = −1) at

z . 1 puts the comoving radius at ∼ 120h−1Mpc. To put these dimensions in perspective,

both observations (Hoyle & Vogeley, 2004; Patiri et al., 2006) and numerical simulations

(Colberg et al., 2005; Platen et al., 2008) suggest that for δ ∼ −0.8 the typical void size

tends to be around ∼ 10h−1Mpc. This means that a ∼ 100− 200h−1Mpc void is extremely

unlikely to form in the concordance cosmology. Nevertheless, if such a void does exist, its

presence should also be apparent through the gravitational deflection of the CMB photons

that pass through or near it.

Voids, especially the large ones, are seldom spherical and tend to show large axis ratios

(Shandarin et al., 2006; Platen et al., 2008). We use this property to our advantage and

model the void responsible for the Cold Spot as a homogeneous cylinder with its axis aligned

along the line of sight. We take its comoving radius to be rv = 150 Mpc and its comoving line

of sight depth to be L = 200 Mpc. The mean redshift of the cylinder is taken to be z̄ = 0.8.

Under the thin lens approximation (Bartelmann & Schneider, 2001), the simple geometry

allows us to approximate the cylinder as a disc of surface underdensity ∆Σ = δ 〈Σ〉 at

redshift z̄, where 〈Σ〉 = ρ̄L/(1+ z̄), ρ̄ being the physical background density of the universe

at that redshift and δ < 0 denotes the fractional density contrast. This places the cylinder

at a comoving distance DL = 2770.3 Mpc from us and makes its angular radius RV = 3.1◦.

To describe a point on the lens plane, we set up a polar coordinate system (r, θ) on the

lens plane, with the origin at the center of the disc. Here we treat r as an angular variable.

Using the Gauss’s Law for lensing and the circular symmetry of the problem, we can write
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the solution for the effective deflection for a CMB photon as αV = αV (r)r̂ where,

αV (r) =















AV r for r < RV .

AV
R2

V

r for r ≥ RV

(4.1)

with

AV =
4πG

c2
|δ| 〈Σ〉 DLS

Ds

DL

(1 + z̄)

=
3

2

(

H0

c

)2

|δ|ΩmL
DLS

Ds
DL(1 + z̄)

= 0.01785 |δ| (4.2)

where in the last step we have substituted the adopted values of the parameters. Here, DL

and DS are the comoving distances from the observer to the lens and the source plane (i.e.,

the last scattering surface). DLS represents the comoving distance between the lens and

the source.

Note that the void acts a diverging lens and the maximum deflection occurs at the

edge of the void. For a perfectly empty void δ = −1 the peak deflection has a value of

3.3′, while for a void with moderate underdensity, δ ∼ −0.3 the maximum deflection is

∼ 1′. We would like to point out here that the model of the void we have considered

is uncompensated because we have not surrounded it with an overdense shell as is often

done when modeling voids. Such a compensated void will have a similar deflection profile

inside the void but the deflection angles will rapidly fall to zero at the outer edge of the

compensating shell (Amendola et al., 1999). Since the void itself has a size of 6◦ and most

of the detection algorithms we will discuss will depend on mapping the CMB in a roughly

8◦ square patch around it, the details of the deflection field outside a few degrees of the

void will be unimportant for our order of magnitude estimate.

4.3 Lensing by the Texture

An alternate explanation for the anomalous Cold Spot entertains the possibility of a col-

lapsing cosmic texture at z ∼ 6 that interacted with the CMB photons (Cruz et al., 2007b).
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Textures are cosmic defects that form when a simple Lie group, like SU(2), is completely

broken (Turok, 1989). The formation and evolution of textures follow a scaling solution

in which they collapse and unwind on progressively larger scales. A texture modifies the

space-time metric around itself in such a manner that photons that cross it before collapse

are redshifted, while those crossing after collapse are blueshifted. Therefore, depending on

whether a texture that collapsed at some conformal time τ , was outside or inside the sphere

defined by the currently detected CMB photons at the same time τ , we would observe a

cold or a hot spot along the direction of the texture (Turok & Spergel, 1990). Incidentally,

the texture would also produce gravitational deflection of the CMB photons interacting

with it. Under the same spherically symmetric scaling approximation as adopted in Cruz

et al. (2007b), it can be shown (Durrer et al., 1992) that to lowest order in the symmetry

breaking energy scale, the deflection of a photon trajectory due to a texture can be written

as β = −β(r)r̂, where

β(r) = 2
√

2ǫ
r/RT

√

1 + 4( r
RT

)2
. (4.3)

Here RT is the characteristic angular scale of the texture, and is given by

RT =
2
√

2κ(1 + zT )

E(zT )
∫ zT

0 dz/E(z)
, (4.4)

where E(z) = (Ωm(1 + z)3 + ΩΛ)1/2, zT is the redshift of the texture and κ is a fraction

of unity. The amplitude of the deflection is set by ǫ = 8π2Gη2 where η is the symmetry-

breaking energy scale. Note that in writing the above equation, we have employed a similar

co-ordinate system (r, θ) as we did for the void, on the plane transverse to the line of sight

and having its origin at the texture center. The effective deflection angle αT = −αT (r)r̂,

by which the CMB photons are remapped on the sky, is then given by,

αT (r) =
DLS

DS
β(r)

= AT
r

√

1 + 4( r
RT

)2
, (4.5)

with

AT =
2
√

2ǫ

RT

DLS

DS
. (4.6)
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Unlike the void, the texture acts as a converging lens.

Bayesian template fitting for a collapsing texture was performed by Cruz et al. (2007b)

on the 3-year WMAP data around the Cold Spot using the analytic temperature decrement

profile given in Turok & Spergel (1990). Their fit suggests a value of ǫ ∼ 8 × 10−5 for the

amplitude and RT ∼ 5◦ for the scale parameter. The authors argue that their best fit value

for ǫ is biased high due to noise and by performing the same template fitting on several

simulated CMB maps with a cold texture spot in each, they find that the true amplitude is

close to 4× 10−5, consistent with the upper bound, 5× 10−5 inferred from the CMB power

spectrum (Bevis et al., 2004). For the lensing template equation (4.5), we therefore adopt

the values ǫ = 4 × 10−5 and RT = 5◦. Texture simulations put the value of κ appearing in

equation (4.4) at ∼ 0.1, which together with the adopted value of RT imply the redshift of

the texture to be z ∼ 6. This, in turn gives AT = 5.19× 10−4. Note that the scaling profile

in equation (4.5) is valid only for comoving distances r . RT and usually a Gaussian fall-off

is assumed beyond this radius. We neglect this detail as we will be interested in detecting

the signal on a patch of the order of the size of the Cold Spot. With the values of AT and

RT deduced above, the peak deflection near the edge of the Cold Spot will be ∼ 0.1′, more

than an order of magnitude smaller than the corresponding value for the void. This can

be understood with the following scaling argument. If M<r represents the mass or energy

density interior to some radius r in the void or the texture, then the temperature decrement

of the CMB photons will be of order the time rate of change of the potential, GM<r/(r t),

t being a characteristic time scale. For the void, t ∼ tH , the Hubble time, whereas for the

texture, the characteristic time scale is the light crossing time t ∼ r/c ≪ tH . Therefore,

to produce the same temperature decrement, the texture requires less energy density than

the void, i.e. M texture
<r << Mvoid

<r . Since the gravitational deflection α ∼ GM<r/r, the

deflection due to the texture is expected to be much smaller than that due to the void.
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4.4 Can CMB Observations Detect Voids and Textures?

Several ongoing and upcoming CMB experiments have been designed to survey smaller

sections of the CMB sky with much higher angular resolutions and sensitivities than ever

before. For example, the Atacama Cosmology Telescope (ACT) 2 and the South Pole

Telescope (SPT) 3 are designed to map roughly a tenth of the CMB sky at arcminute

angular resolution and sensitivities of around 10 µK per arcminute sky pixel. In this section,

we will estimate the significance with which the void or the texture hypothesis can be

confirmed by studying their lensing signatures with a high resolution CMB experiment like

ACT.

Gravitational lensing caused by massive objects on the line of sight between us and the

last scattering surface produces coherent distortions of the small scale features in the CMB,

much like the shape distortions of background galaxies due to the lensing by a cluster. The

deflection field couples to the large scale gradients in the CMB and correlates the gradients

with the small scale features. This property can be used to reconstruct the convergence

profile of the lens, a subject that has been studied in detail over recent years (Seljak &

Zaldarriaga, 2000; Hu & Okamoto, 2002; Hirata & Seljak, 2003; Dodelson, 2004; Vale et al.,

2004; Maturi et al., 2005; Lewis & King, 2006; Hu et al., 2007; Yoo & Zaldarriaga, 2008).

In our case, since the lensing template has been already defined by fitting the temperature

decrement of the Cold Spot, we can approach the problem in a simpler manner: given

a deflection template α(r) = α(r)r̂, we ask how likely is it to be detected by a CMB

experiment.

We begin by writing the lensed temperature field as,

T̃ (r) = T (r + α(r))

≃ T (r) +
∂T (r)

∂r
α(r). (4.7)

We formulate the problem of detecting the template by introducing a coefficient to the

template : α→ cα, and constructing the maximum likelihood estimator for c. The unlensed

2http://www.physics.princeton.edu/act/
3http://pole.uchicago.edu/spt/
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temperature field can be written as,

T̂ (r) ≃ T̃ (r) − c
∂T̃ (r)

∂r
α(r), (4.8)

in terms of which, we can write the likelihood function as,

2 lnL = T̂ T (r)C−1T̂ (r) (4.9)

where C(r, r′) = 〈T (r)T (r′)〉. This gives the following maximum likelihood estimator for c

:

ĉ =

[

∂T̃ (r)
∂r α(r)

]T
C−1T̃ (r)

[

∂T̃ (r)
∂r α(r)

]T
C−1

[

∂T̃ (r)
∂r α(r)

]

. (4.10)

By construction, 〈c〉 = 1; therefore, the signal to noise for detection can be written as,

(

S

N

)2

=
1

σ2
c

=
1

2

〈

∂2lnL
∂c2

〉

=

〈[

∂T̃ (r)

∂r
α(r)

]T

C−1

[

∂T̃ (r)

∂r
α(r)

]〉

. (4.11)

In the Fourier space ℓ conjugate to r, this becomes,

(

S

N

)2

=
∑

ℓ

fsky
(2ℓ+ 1)

2

Sℓ

Cℓ +Nℓ
, (4.12)

where we have replaced an integral by a sum and introduced the factor fsky, which is the

fraction of sky area observed, to correct for the fact that all Fourier modes cannot be realized

on a finite patch. Here,

Sℓ =

∫

d2ℓ′

(2π)2
[

α(ℓ′) · (ℓ − ℓ′)
]2
C̃˛

˛

˛
ℓ−ℓ

′
˛

˛

˛

(4.13)

and we have used the definition of the power spectrum,

〈

T ∗(ℓ)T (ℓ′)
〉

= (2π)2Cℓδ(ℓ − ℓ′). (4.14)

In equation (4.12), Nℓ is the instrumental noise for the CMB experiment, and is given by

Nℓ = 4πfsky
τ2

tobsNdet
exp

[

ℓ(ℓ+ 1)θ2
FWHM

8 ln 2

]

(4.15)
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Figure 4.1: Various terms that enter the calculation of the signal to noise equation (4.12).
The solid curve represents the CMB power spectrum Cℓ, while the dot-dashed curve repre-
sents the instrumental noise for the assumed experimental specifications (see text) and for
an exposure time of 16 minutes. The upper (lower) dotted curve represents Sℓ for the void
with δ = −1 (δ = −0.3). The dashed line represents Sℓ for the texture.
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where τ is noise-equivlent-temperature of each detector (usually expressed in µK
√
s), tobs

is the duration of observation, Ndet is the number of detectors and θFWHM is the full-width-

at-half-maximum of the beam, assuming it to be Gaussian.

In order to evaluate Sℓ, we compute the Fourier transforms of the deflection fields due

to the void equation (4.1) and the texture equation (4.5),

α(ℓ) =















−iℓ 4πAV RV J1(ℓR)/ℓ3 (Void)

iℓ π
2ATRT e−ℓRT /2(ℓRT + 2)/ℓ3 (Texture).

(4.16)

Various spectra that enter the calculation of the signal to noise are depicted in Fig. 4.1.

For the void we have considered two cases: a completely empty δ = −1 case, which is a

toy model suggested by (Rudnick et al., 2007) and the δ = −0.3 case as modeled in detail

by (Inoue & Silk, 2006). As expected, the signal variance Sℓ for the texture is about an

order of magnitude smaller than that of the void with δ = −0.3. To calculate the signal to

noise, we consider a CMB experiment with a 1′ beam and a detector array with Ndet = 800

detectors, each having a noise-equivalent-temperature, τ = 300 µK
√
s. We assume that the

instrument spends an amount of time tobs on a 8◦ square patch containing the Cold Spot,

so that fsky ∼ 1.55 × 10−3. Figure 4.2 displays the signal to noise ratio for the detection

of the deflection template as a function of exposure time. It is seen that the void should

be readily detectable (or ruled out) at high significance with exposure times of only a few

minutes. On the other hand, a significant detection of the texture would require several

hours of integration. The calculations above suggest that both the void and the texture

hypotheses can be easily tested by any of the ongoing and upcoming experiments, although

realistically, the texture case may need some dedicated allocation of time at the Cold Spot.

4.5 Conclusion

If either a texture or a void is responsible for the WMAP cold spot, then there should be

a distinctive lensing signature seen in the CMB. We have shown that a void would gravita-



129

Figure 4.2: Signal to noise for the detection of the lensing template by the experiment
described in the text, as a function of the time of exposure of an 8◦ square region centered
on the Cold Spot. The upper (lower) dotted line corresponds to the case for the void with
δ = −1 (δ = −0.3). The dashed line represent the case for the cosmic texture.
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tionally lens the CMB photons appreciably so that its presence should be detectable at high

significance with arcminute scale CMB experiments. For a cosmic texture that collapsed

at z ∼ 6, we find that the gravitational lensing effect on the CMB is more subtle than the

void, but should be detectable with longer integration. Together with other indicators, like

the power spectrum and the bispectrum (Masina & Notari, 2008) and measurements of the

temperature-polarization cross-correlation Cruz et al. (2007b), CMB lensing appears to be

a powerful aid in constraining the theories of the WMAP cold spot anomaly.
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Appendix A

Next Generation Redshift Surveys

and the Origin of Cosmic

Acceleration

Abstract

Cosmologists are exploring two possible sets of explanations for the remarkable observation

of cosmic acceleration: dark energy fills space or general relativity fails on cosmological

scales. We define a null test parameter ǫ(k, a) ≡ Ω−γ
m d lnD/d ln a− 1, where a is the scale

factor, D is the growth rate of structure, Ωm(a) is the matter density parameter, and γ is

a simple function of redshift. We show that it can be expressed entirely in terms of the

bias factor, b(a), (measured from cross-correlations with CMB lensing) and the amplitude

of redshift space distortions, β(k, a). Measurements of the CMB power spectrum determine

Ωm 0H
2
0 . If dark energy within GR is the solution to the cosmic acceleration problem, then

the logarithmic growth rate of structure d lnD/d ln a = Ωγ
m. Thus, ǫ(k, a) = 0 on linear

scales to better than 1%. We show that in the class of Modified Gravity models known

as f(R), the growth rate has a different dependence on scale and redshift. By combining

measurements of the amplitude of β and of the bias, b, redshift surveys will be able to
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determine the logarithmic growth rate as a function of scale and redshift. We estimate the

predicted sensitivity of the proposed SDSS III (BOSS) survey and the proposed ADEPT

mission and find that they will test structure growth in General Relativity to the percent

level.

A.1 Introduction

In General Relativity (GR), there are four variables characterizing linear cosmic perturba-

tions: the two gravitational potentials Ψ and Φ, the anisotropic stress, σ, and the pressure

perturbation, δp. All of these variables can depend on the wave number, k, and the expan-

sion factor a. We focus initially on models with no dark energy clustering or pressure and

discuss these effects later in the paper. We assume scalar linear perturbations around a flat

FRW background in the Newtonian gauge,

ds2 = −(1 + 2Ψ)dt2 + a2(1 + 2Φ)dx2 (A.1)

and work in the quasi-static, linear approximation, which is valid for sub-horizon modes

still in the linear regime.

The evolution of perturbations is described by the continuity, Euler and Poisson equations

(i.e. Jain & Zhang (2007)):

∆′
m = −kHVm, (A.2)

V ′
m + Vm =

k

aH
Ψ, (A.3)

k2Φ = −4πGa2ρm∆m. (A.4)

With the assumption of no anisotropic stress, Φ = −Ψ, these equations can be com-

bined to derive the equation of motion for the growth factor D, defined as D(k, z) =

δm(k, z)/δm(k, z = ∞):

D′′ + (2 +
H ′

H
)D′ − 4πG

H2
ρmD = 0; (A.5)
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where H = ȧ/a is the Hubble function, and a prime denotes derivative with respect to ln a.

From Eq. (A.5) one can infer the two key features of GR with smooth dark energy. First, the

growth factor is exactly determined once the Hubble function H(a) is known; and second,

since none of the coefficients is a function of scale, the growth factor is scale-independent.

Therefore, for a given expansion history, one can test GR in two ways: checking that the

theoretical solution of Eq. (A.5) agrees with observations, and testing the hypothesis of

scale-independence (Bertschinger & Zukin, 2008; Bertschinger, 2006; Ishak et al., 2006;

Daniel et al., 2008; Dore et al., 2007; Linder & Cahn, 2007; Zhang et al., 2007; Wang, 2007;

Sahni & Starobinsky, 2006; Yamamoto et al., 2008) . The growth rate of structure in GR

is well approximated by Ωγ
m, where the fitting function γ(z) ≃ 0.557 − 0.02z is accurate at

the 0.3% level (Polarski & Gannouji, 2007). We define a function that tests the growth rate

of structure and can be directly related to observables:

ǫ(k, a) = Ω−γ(a)
m

d lnD

d ln a
− 1 =

a3γH(a)2γ

(Ωm,0H
2
0 )γ

d lnD

d ln a
− 1. (A.6)

The combination Ωm,0H
2
0 can be constrained via CMB measurements; it is currently known

to within the 5% level fro the WMAP5 data (Dunkley et al., 2008), with an expected gain

of a factor ≃ 4 from the upcoming satellite CMB mission Planck. The solid line in Fig.

A.1 shows ǫ(a) in GR with dark energy: regardless of the details of the dark energy model,

ǫ(a) ≃ 0 in the linear regime. By measuring this quantity, we can characterize deviations

from General Relativity.

A.2 f(R) theories in the PPF formalism

To quantify the expected deviations, we study a class of modified gravity (MoG) models

known as f(R) theories, whose action is written as

S =
1

16πG

∫

d4x
√−g(R+ f(R)) + Sm; (A.7)

Sm is the action of standard matter fields. It has been noted long ago (Carroll et al., 2004;

Capozziello et al., 2003) that models where f(R) is an inverse power of the Ricci scalar can
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give rise to late-time acceleration; however, many of those models have been shown not to

be cosmologically viable due to gravitational instability (Dolgov & Kawasaki, 2003).

Recently, Song et al. (2007) introduced an effective parametrization for f(R) theories which

does not rely on any particular model and is able to discard models suffering from instabil-

ities. The cosmological evolution is obtained by fixing the expansion history to match that

of a dark energy model, for which we assume a constant equation of state w:

H2 = H2
0 (Ωma

−3 + (1 − Ωm)a−3(1+w)). (A.8)

Such requirement for H(a) translates into a second-order equation for f(R), which can

be solved numerically. Of the two initial conditions of this equation, one can be fixed

requiring that f(R)/R → 0 at early times (i.e. for large R) in order to recover GR; the

second defines a one-parameter family of curves which all generate the given H(a). Such

parameter is conveniently chosen as (also see Starobinsky (2007)):

B0 =

(

fRR

1 + fR
R′ H
H ′

)

0

. (A.9)

Here fR and fRR represent the first and second derivative of f with respect to R, respec-

tively. GR is represented by the special case B0 = 0, so that B0 effectively quantifies the

deviation from GR at the present time. Furthermore, the gravitational stability condition

is easily established as B0 > 0.

The additional degrees of freedom of the f(R) gravity introduce modifications in the Pois-

son equation and in the relation between the two gravitational potentials (Jain & Zhang,

2007), which now read:

k2(Φ − Ψ) = 4πGeff (k, a)a2ρm∆m (A.10)

and

Ψ = (g(k, a) − 1)
k

aH
(Φ − Ψ). (A.11)

The equation for the growth factor in MoG takes the form:

D′′ + (2 +
H ′

H
)D′ +

4πGeff (k, z)(g(k, z) − 1)

H2
ρmD = 0. (A.12)
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Given H(a), a MoG model is not completely defined unless Geff(k, a), the effective Newton’s

Constant, and the metric ratio g(k, a) = (Φ + Ψ)/(Φ − Ψ), are known, contrary to the GR

case. For the class of f(R) theories under study, and in the sub-horizon, linear regime, Hu

& Sawicki (2007a) have provided a fit to Geff and g as

Geff (k, a) = Geff(a) =
GN

1 + fR
, (A.13)

g(k, a) =
gSH(a) − 1

3(0.71
√
B(k/aH))2

1 + (0.71
√
B(k/aH))2

,

where B is the function appearing in Eq. (A.9), and gSH(a) is the super-horizon metric

ratio (see Song et al. (2007); Hu & Sawicki (2007a) for details).

The key result is that the f(R) models all predict an enhancement in the growth rate of

structure. In fact, any positive value of B0 gives rise to a negative fR, so that the effective

Newton constant is larger with respect to GR. Moreover, both terms in g(k, a) have a

negative sign, which induce further enhancement of matter clustering, as can be seen from

Eq. (A.12). Since Geff(k, z) = GN/(1 + fR) does not depend on k, the scale dependence of

the growth factor can only arise from the second term of Eq. (A.13). On large scales, the

dominant term in the metric ratio is gSH(a), while for increasing values of k, the second

term in the expression for g(k, a) becomes important and tends to the constant value of

−1/3 for large k. The scale of the transition from scale-free to scale-dependent growth factor

is k/aH ≃ B−1/2; due to the asymptotic behavior of g(k, a), the growth differs significantly

from GR even for models with very small values of B0, on sufficiently small scales. A

mechanism to restore GR on scales of the galaxy and smaller is discussed in (Hu & Sawicki,

2007b,a). Fig. A.1 shows d ln(D)/d ln(a)Ωm(a)γ − 1 for a few different values of B0 and

k/aH0. For the GR case, B0 = 0, ǫ(k, a) − 1 ≃ 0 with no scale dependence.

A.3 Measuring the growth of structure

Peculiar velocities displace galaxies along the line of sight in redshift space and distort

the power spectrum of galaxies observed in redshift space. This effect is known as linear

redshift space distortion and was first derived by Kaiser (1987). In redshift-space, the power
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Figure A.1: The behavior of ǫ(k, a) = Ω−γ
m d lnD/d ln a− 1 in GR (solid line) and in f(R)

models, as a function of B0 and k. Growth is enhanced for B0 6= 0 and at smaller scales in
alternative theories. In GR, ǫ(a) = 0.
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spectrum is amplified by a factor (1 + βµ2
k
)2 over its real-space counterpart,

P s(k) = (1 + βµ2
k)2P (k), (A.14)

where P s(k) and P (k) are redshift and real space power spectra, respectively, µk = ẑ · k̂ is

the cosine of the angle between the wavevector k̂ and the line of sight ẑ, and β is the linear

redshift-space distortion parameter defined as

β(a) =
1

b

d lnD

d ln a
; (A.15)

b is the linear bias, which we assume to be independent of scale.

Galaxy redshift surveys can be used to directly measure β, and, if the bias is known, the

growth rate of perturbations. In fact, the redshift space power spectrum can be decomposed

into harmonics, whose relative amplitude depend on the growth rate of structure through

β. The possibility of using such dependence in order to constrain dark energy properties

has been explored in Guzzo et al. (2008); here we focus on the measurements of the scale

dependence of β as a smoking gun of Modified Gravity.

We assume that β is obtained through the ratio of quadrupole to monopole moments of the

redshift power spectrum (Hamilton, 1997)

P2(k)

P0(k)
=

4
3β + 4

7β
2

1 + 2
3β + 1

5β
2
, (A.16)

and use the prescription in Feldman et al. (1994) to get the errors in the above quantities:

σ(Pi(k))

Pi(k)
=

(

(2π)3
∫

d3rn̄4(r)ψ4(r)[1 + 1
n̄(r)Pi(k) ]

2

Vk

[∫

d3rn̄2(r)ψ2(r)
]2

)1/2

(A.17)

where n̄(r) is the mean galaxy density, ψ is the weight function, Vk is the volume of the

shell in k-space, and the index ”i” assumes the values 0 and 2 for monopole and quadrupole,

respectively.

The linear bias for a population of large-scale structure tracers can be estimated by

cross-correlating the line-of-sight projected density of the tracer with a convergence map

reconstructed by CMB lensing techniques, and comparing the resulting signal with theory.
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The weak lensing potential responsible for lensing the CMB can be written as the line-of-

sight integral (Bartelmann & Schneider, 2001),

φ(n̂) = −
∫

dη
dA(η0 − η)

dA(η0)dA(η)
[Φ − Ψ](dA(η)n̂, η), (A.18)

where dA(η) is the comoving angular diameter distance corresponding to the comoving

distance η, and η0 is the comoving distance to the last scattering surface. A quadratic

combination of the measured CMB temperature and polarization (Hu & Okamoto, 2002;

Okamoto & Hu, 2003; Hirata & Seljak, 2003) provides an estimator of the convergence field,

κ = 1
2∇2φ. In this study, we have used the prescription of Hu & Okamoto (2002) to compute

the expected noise power spectrum, Nκκ
ℓ , corresponding to the reconstructed convergence

field by cross-correlating κ with the projected fractional overdensity of the tracer,

Σ(n̂) =

∫

dηW (η)b δm(ηn̂, η) (A.19)

where W is the normalized tracer distribution function in comoving distance. We measure

the cross-correlation spectrum:

Cκ−Σ
ℓ =

3

2
b ΩmH

2
0

∫

dη
W (η)

a(η)
P (

ℓ

dA
, η)

dA(η0 − η)

dA(η)dA(η0)
(A.20)

where P (k, η) is the matter power spectrum at the comoving distance η and we have related

the wavenumber k to the multipole ℓ via the Limber approximation (Limber, 1954). The

signal-to-noise ratio for such a cross-correlation can be estimated as (Peiris & Spergel, 2000),

(

S

N

)2

= fsky

∑

(2ℓ+ 1)

(

Cκ−Σ
ℓ

)2

(

Cκκ
ℓ +Nκκ

l

) (

CΣΣ
ℓ +NΣΣ

ℓ

) (A.21)

where fsky is the fraction of sky over which the cross-correlation is performed. For tracer

counts the noise is Poisson, and the power spectrum is given by, NΣΣ
ℓ = 1/n̂ where n̂ is the

number of tracer objects per steradian.

Since the signal is proportional to the bias, b, the expected error on b can be written as

∆b/b ≃ 1/(S/N). (A.22)
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Figure A.2: Errors on P (k), normalized to the SDSS-LRG median redshift (z=0.31) for all
surveys.

We consider three present and forthcoming redshift galaxy surveys: the SDSS LRG sample

(Tegmark et al., 2006), its extension BOSS-LRG 1 , which we divide in two redshift bins,

labeled as BOSS1 and BOSS2, and the proposed survey ADEPT 2 . Specifics of each experi-

ment are listed in Table A.1. In all cases we assume that β and b do not change significantly

with redshift within a survey, so that the observed quantity is β(k, zc), where zc is roughly

the central redshift of the survey. As a direct comparison the capabilities of the three galaxy

surveys under examination, we show the real space matter power spectrum, normalized to

the SDSS LRGs median redshift, with its errorbars in Fig. A.2. We also consider three

possible CMB experiments: a PLANCK-like CMB experiment with 65% sky coverage and

temperature and polarization sensitivities of 28 µK-arcmin and 57 µK-arcmin, respectively;

1www.sdss3.org
2www7.nationalacademies.org/ssb/be nov 2006 bennett.pdf
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Galaxy n̂ A/103 zc b CMB Expt. (S/N) ∆b/b(%)
Survey

PLANCK 5.8 17.3
SDSSLRG 12.4 3.8 0.31 2 PACT 11.4 8.8

IDEAL 20.4 4.9

PLANCK 10.8 9.3
BOSS1 40. 10 0.3 2 PACT 25.5 3.9

IDEAL 52.5 1.9

PLANCK 17.0 5.9
BOSS2 110. 10 0.6 2 PACT 39.4 2.5

IDEAL 78.2 1.3

PLANCK 52.8 1.9
ADEPT 3500 27 1.35 1 PACT 107.5 0.9

IDEAL 228.3 0.4

Table A.1: Predictions for the errors on bias from the cross-correlation studies described in
the text. For each combination of experiments, we display the number of galaxies per square
degree (n̄); the area of overlap (A), the signal-to-noise with which the cross correlation of
tracer surface density with CMB-lensing can be extracted, (S/N), and the percentage error
in the bias, b, for the tracer.

a next generation CMB survey based on using a camera similar to that on ACT or SPT

with a polarimeter and a ∼ 3 years observing program (labeled PACT) with 65% sky cover-

age and temperature and polarization sensitivities of 13 µK-arcmin and 18 µK-arcmin and

an ideal polarization experiment (labeled IDEAL), with 65% sky coverage and temperature

and polarization sensitivities of 1 µK-arcmin and 1.4 µK-arcmin, respectively. The expected

results from cross-correlation with the ADEPT and BOSS surveys, and the SDSS LRG are

displayed in Table A.1.

A.4 Results

We show our main results in Fig. A.3. Errorbars are computed using Planck as the com-

plementary CMB lensing survey for SDSS LRG and BOSS, and PACT for ADEPT. We

summarize the current status of β and bias measurements in Table A.2, and add the ex-

pected errorbars on ǫ at two different scales, k/h = 0.05 Mpc−1 and k/h = 0.2 Mpc−1, from

our analysis, for comparison.
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Figure A.3: ǫ(k, z) for the four surveys, as a factor of B0 and k. Total errorbars around the
ΛCDM case are shown in black; the smaller red errorbars are from bias only.
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The errors on bias are scale-independent and vary from 17% for SDSS LRG to ∼ 1 % for

ADEPT. Errors on β depend on scale; we bin our simulated data in bins in k space of width

∆ ln k = 1/e, and see that for all surveys errorbars decrease as we go to smaller scales. The

corresponding constraints on ǫ are as strong as a few percent for BOSS, and of the order of

1% for ADEPT.

The combined effect of smaller errors and of the asymptotic behavior of the growth

factor, which induces a large deviation of ǫ(k, a) from its GR value on small scales, is that

redshift galaxy surveys are more sensitive to the small-scale modification of gravity than to

the large-scale one. Ultimately, the smallest observable value of B0 will not be set by the

capabilities of the survey, but by the breakdown of the linear regime assumption. Assuming

k ≃ 0.05 Mpc−1 as an upper limit, and for values of aH corresponding to redshifts between

0 and 2, the smallest B0 inducing scale-dependent growth is B0 ≃ 10−4. Such value is

within reach of ADEPT; future experiments that detect redshifted 21 centimeter emission

could probe even larger values of k/aH in the linear regime.

A.5 Conclusions and discussion

We have built a null test parameter for General Relativity, ǫ(k, a), based on the consistency

between expansion history and structure growth expected in GR. Such parameter can be

expressed in terms of the combination Ω0mh
2, probed by the CMB experiments, the linear

matter perturbations growth factor, probed by redshift galaxy surveys, and the linear bias,

probed by cross-correlation of the two.

We have predicted the achievable precision in the measurement of ǫ(k, a) for three redshift

galaxy surveys, SDSS LRG, BOSS and ADEPT, together with Planck and a possible future

CMB experiment, PACT. We have interpreted such result in the context of a one-parameter

family of modified gravity theories, known as f(R), which can give rise to cosmic acceler-

ation. In such models, the matter clustering is enhanced on all scales with respect to the

GR case, and the enhancement is largest on small scales. We concluded that the peculiar

signatures of the f(R) theories will be definitely detectable with a survey like ADEPT.
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Table A.2: Currently available data for measurements of ǫ through β and b (from Nesseris
& Perivolaropoulos (2008), with the addition of the measurement reported in Guzzo et al.
(2008)), and comparison with our predictions. Only the error coming from uncertainties in
β and b is considered.

z β b ∆ǫ/ǫ(%) Ref. z ∆ǫ/ǫ(%) ∆ǫ/ǫ(%) COMBINATION
k = 0.05h/Mpc k = 0.2h/Mpc OF SURVEYS

0.15 0.49 ± 0.09 1.04 ± 0.11 21.5 Hawkins et al. (2003),Verde et al. (2002) 0.3 22.0 10.1 BOSS1 + Planck
0.35 0.31 ± 0.04 2.25 ± 0.08 25.7 Tegmark et al. (2006) 0.31 39.5 21.0 SDSS LRG + Planck
0.55 0.45 ± 0.05 1.66 ± 0.35 24.0 Ross et al. (2006) 0.5 9.3 5.5 BOSS + Planck
0.77 0.70 ± 0.26 1.3 ± 0.1 39.6 Guzzo et al. (2008) 0.6 10.6 6.5 BOSS2 + Planck

1.4 0.60+0.14
−0.11 1.5 ± 0.20 27.7 da Angela et al. (2006) 1.35 2.1 1.1 ADEPT + PACT

3.0 − − 19.9 McDonald et al. (2005)

More generally, any detection of deviation of ǫ from zero that was not due to some ob-

servational systematic would be a signature of truly novel physics with enhanced growth,

pointing either to non-GR physics or to unexpected properties of dark energy: dark energy

models with a non-zero sound speed are characterized by an oscillatory behavior of the

growth (DeDeo et al., 2003), and scalar field dark energy suppresses growth on large scales

(Unnikrishnan et al., 2008). Similarly, massive neutrinos suppress ǫ(k, a) on scales below

the neutrino free streaming scale (see Lesgourgues & Pastor (2006) for review).

We warmly thank E. Aubourg, C. Hirata, W. Hu, R. H. Lupton, M. A. Strauss and L.

Verde for useful suggestions. DNS thanks the APC in Paris for its hospitality. This work

was supported by NSF grant AST-0707731, the NSF PIRE program and the NASA LTSA

program.
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