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Abstract

The Atacama Cosmology Telescope (ACT) aims to measure the Cosmic Microwave Back-

ground (CMB) temperature anisotropies on arcminute scales. The ACT project is producing

high-resolution millimeter-wave maps of the sky, which can be analyzed to provide measure-

ments of the CMB angular power spectrum at large multipoles to augment the extant data

to improve estimation of such cosmological parameters as the scalar spectral index and its

running, the density of baryons, and the scalar-to-tensor ratio. When combined with X-ray

and optical observations, the millimeter-wave maps will help to determine the equation of

state of dark energy, probe the neutrino masses, constrain the time of the formation of

the first stars, and reveal details of the growth of gravitationally bound structures in the

universe.

This thesis discusses the characterization of the detectors in the primary receiver for

ACT, the Millimeter Bolometer Array Camera (MBAC). The MBAC is comprised of three

32 by 32 transition edge sensor (TES) bolometer arrays, each observing the sky with an

independent set of band-defining filters. The MBAC arrays are the largest pop-up detector

arrays fielded, and among the largest TES arrays built. Prior to its assembly into an array

and installation into the MBAC, a column of 32 bolometers is tested at approximately

0.4 K in a cryostat called the Super Rapid Dip Probe (SRDP). The purpose of this paper

is twofold. First, we will describe the SRDP measurements that supply important TES

operating properties. Second, we will expand upon the ideal TES bolometer theory to

develop an extended thermal architecture to model non-ideal behaviors of the ACT TES

bolometers, emphasizing a characterization that accounts for both the complex impedance

and the noise as a function of frequency.
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model. The noise data and predictions are for TES A at a bath temperature

of 0.325 K and at a operating resistance of 50% of RN, which is the same

operating condition as Figure 4.6. (The complex impedance data and model

fits at this operating condition are included in Figures 4.5 and 4.7.) The noise

figure shows the smoothed data (solid black curve), the prediction of the

total noise under the extended model described by Figure 4.1(b) (solid curve

with dot marks), and the prediction of the total noise under the alternative

model described by Figure 4.1(c) (solid curve with plus marks). We also

show the contributions from the individual noise sources. In particular, for

the alternative model the individual noise sources include the TES Johnson

noise (solid green with plus marks), the load resistor Johnson noise (solid

red with plus marks), the TES-silicon substrate decoupling (solid cyan with

plus marks), the silicon substrate-heat capacity on the leg decoupling (solid

magenta with plus marks), and the heat capacity on the leg-thermal bath

decoupling (solid black with plus marks). The predictions under the extended

model are the same as those plotted in Figure 4.6. Note that the first three

of the above noise sources and the total noise predictions are the same under

the two models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
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TES noise and the TES responsivity, with various degrees of improvements
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lines with plus marks show the predictions based on the parameters derived
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Chapter 1

Introduction

In this chapter we describe the general formalism that governs the dynamics of the universe

on cosmological scales. We introduce the cosmic microwave background (CMB), its cosmo-

logical significance, and the specific CMB research that we are aiming at in our ongoing

experimental effort, the Atacama Cosmology Telescope (ACT).

1.1 Dynamics of the universe

On cosmological scales the dynamics of the universe are described by the Einstein field

equations (see for example, Reference [19]), which can be put in the form

Gµν = −8πGTµν , (1.1)

where Gµν is the Einstein tensor describing the geometry of spacetime, G is Newton’s

constant, and Tµν is the energy-momentum tensor.

We can reasonably assume that our universe is spatially homogeneous and isotropic[88,

89]. Then, the geometry of our universe is encoded in the Friedmann-Lemâıtre-Robertson-

Walker metric gµν(x)[86, 84], written here in spherical polar coordinates as

dτ2 = −gµν(x)dx
µdxν = dt2 − a2(t)

[

dr2

1 −Kr2
+ r2dΩ

]

,

where a(t) is the Robertson-Walker scale factor, and the constant K is the curvature of

space. We shall normalize the scale factor a(t) so that K is −1, 0 or 1, corresponding to

1



2 Introduction

hyperspherical, Euclidean, and spherical space respectively. At time t, the proper distance

from the origin to an co-moving object at radial coordinate r is

d(r, t) = a(t)

∫ r

0

dr√
1 −Kr2

= a(t) ×



















sin−1 r K = +1,

sinh−1 r K = −1,

r K = 0.

Thus the proper distance between the origin and any co-moving object (and therefore the

proper distance between any two co-moving objects) scales with a(t).

Applying the Einstein field equations for the above metric, we can derive the Friedmann

equation governing the expansion of the universe,

ȧ2 +K =
8πGρa2

3
(1.2)

and

3ä

a
= −4πG (3p+ ρ) , (1.3)

where ρ and p are the (time-dependent) proper energy density and pressure respectively.

The above equations relate the evolution of the scale factor to the energy content of the

universe.

Independent of the Einstein field equations, it can be shown that the wavelength of a

photon emitted when the scale factor is a(t1) and received when the scale factor is a(t0),

where t0 is the present time1 , is increased by a factor

1 + z = a(t0)/a(t1),

where z is called the redshift (or blueshift). We define the Hubble parameter H ≡ ȧ/a

and its value today as the Hubble constant H0 ≡ H(t0). That is, the Hubble constant is a

measure of the change of the scale factor today.

For a nearby source at proper distance d, it can be shown that its redshift is approx-

imately z = H0d. In the early twentieth century, Edwin Hubble found a linear relation

between redshift and distance for nearby galaxies, showing that the universe is expanding.

1In this chapter we shall follow the convention that a subscript 0 denotes the present-day value of the
associated quantity.
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In the Big Bang theory, if we extrapolate back in time, we then expect that the universe

was denser and hotter, though the competing Steady State theory, in which matter is con-

tinuously created to keep the matter density constant as the universe expands, also existed.

The subsequent discovery of the cosmic microwave background (CMB), particularly

its nearly isotropic blackbody spectrum, among other observations, definitively invalidated

the Steady State theory. The CMB is now attributed to be the relic radiation from the

early universe. In the Big Bang theory, according to the fundamental Friedmann equation

(Equation 1.2), as long as the energy density ρ is positive, it is possible for the expansion

of the universe to stop only when K = 1. Ignoring this possibility, the scale factor a(t)

increases monotonically with time. The temperature of the CMB is related to the scale

factor by

T (t) =
a(t0)

a(t)
T0. (1.4)

At sufficiently early times (when a(t) was sufficiently small), the temperature was too

hot for electrons to be bound in atoms. The rapid collisions between electrons and pho-

tons through Thomson scattering, and between electrons and protons through Coulomb

scattering kept the photons, electrons and baryons in thermal equilibrium; together they

formed a photon-electron-baryon plasma. Thus at sufficiently early times the photons had

a blackbody spectrum (note that it is difficult to identify a distant source with a blackbody

spectrum in the Steady State theory). Later, as the temperature dropped, electrons started

combining with protons to form neutral hydrogen atoms, the free electron fraction dropped,

and photons decoupled from matter. The photon blackbody spectrum is preserved through

the brief era during which photons decoupled from matter and the subsequent photon free-

streaming2 . The era during which photons decoupled from matter at z ∼ 1100 is termed

“decoupling,” “recombination,” (i.e., electrons and protons combined to form atoms) or

“time of last scattering.”

2Hence, when we refer to the temperature of the CMB (as we did in Equation 1.4), we mean the T (t)
that explicitly enters the photon blackbody spectrum.
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1.2 Constituents of the universe and distance measures

In the context of the Lambda-Cold Dark Matter (ΛCDM) model, the universe consists of

radiation (e.g., photons and relativistic neutrinos), matter (e.g., baryons and dark matter),

and a cosmological constant. Each has a different equation of state and thus dominates the

expansion of the universe at different times. The equation of state for a single constituent

is p = wρ, where p is pressure and ρ is density.

Matter consists of ordinary baryonic matter and dark matter[14]. The matter energy

density varies according to ρ = ρ0(a/a0)
−3. For matter, w = 0.

Radiation consists of photons and relativistic neutrinos, with its energy density varying

according ρ = ρ0(a/a0)
−4 (in addition to the dilution of photon density, the photon wave-

length is also stretched by the expanding universe, therefore reducing its energy). Therefore,

very early on (but after inflation, as we will explain later), radiation energy density domi-

nated over matter energy density. The epoch when the two energy densities were equal is

termed the “epoch of equality,” and it happened before decoupling. For radiation, w = 1/3

(i.e., p = ρ/3).

The cosmological constant Λ, or vacuum energy, has a constant energy density, and has

w = −1. Alternatively, the cosmological constant can be substituted by dark energy[20, 46]

(which we will describe in more detail later), which has w 6= −1 and possibly varying with

time.

We define the critical present density as

ρ0,crit ≡
3H0

2

8πG
.

Now, we let present-day radiation, matter, vacuum energy make up a fraction ΩR, ΩM ,

ΩΛ of the critical present density respectively, and define

ΩK ≡ − K

a0
2H0

2 .

so that (from the fundamental Friedmann equation)

ΩR + ΩM + ΩΛ + ΩK = 1. (1.5)
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Then, the fundamental Friedmann equation becomes

H2 = H0
2

[

ΩR

(a0

a

)4
+ ΩM

(a0

a

)3
+ ΩK

(a0

a

)2
+ ΩΛ

]

. (1.6)

The radial coordinate r(z) from us (at t0) to an object at redshift z is

r(z) = S

[

∫ t0

t(z)

dt

a(t)

]

= S

[

1

a0H0

∫ 1

1/(1+z)

dx

x2
√

ΩRx−4 + ΩMx−3 + ΩKx−2 + ΩΛ

]

, (1.7)

where

S[y] =



















sin y K = +1

sinh y K = −1

y K = 0.

and for convenience we have replaced a/a0 by x. If it is desirable to substitute the cosmo-

logical constant by dark energy with equation of state p = wρ with w possibly time-varying,

a suitable substitution of the term ΩΛ can be made in the above equations: we replace ΩΛ

in Equation 1.6 by

ΩDE exp

(

3

∫ a0

a′

da′

a′
(

1 + w(a′)
)

)

, (1.8)

where ΩDE is present fraction of the critical present density in the form of dark energy. A

similar substitution can be made for Equation 1.7.

Similarly, we can derive the (total) horizon that is the proper distance light could have

traveled since t = 0:

η(t) = a(t)

∫ t

0

dt

a(t)
. (1.9)

Objects separated at time t by a proper distance η(t) could not have had causal connection

before t. Note that we have not expressed η(t) in terms of the densities as in Equation 1.7

because as we will explain below, we believe the very early universe was dominated by some

energy other than matter, radiation or vacuum energy, which contributed significantly to

the horizon during that period.
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Now we describe two important distance measures in astronomy. The first of these is

the angular diameter distance. In non-expanding Euclidean geometry, an object of size l

perpendicular to the line of sight at distance d subtends an angle θ = l/d. For a general

universe (i.e., an expanding universe with possibly non-Euclidean geometry), we define the

angular diameter distance dA(z) so that the same relation holds for an object at redshift z

subtending an proper distance l perpendicular to the line of sight, i.e., θ = l/dA. Then it

can be derived that

dA(z) = a(tz)r(z) (1.10)

where tz is the time at redshift z.

Another distance measure is the luminosity distance dL. In non-expanding Euclidean

geometry, the observed flux F at a distance d from a source with luminosity L is F =

L/(4πd2). For a general universe, we define the luminosity distance dL so that the observed

flux of an object with luminosity L at redshift z is again F = L/(4πd2
L). Then it can be

derived that

dL(z) = a(t0)(1 + z)r(z). (1.11)

Thus, by measuring angles subtended by objects with known sizes and fluxes of ob-

jects with known luminosities, we can infer their angular diameter distances and luminosity

distances. From Equations 1.7, 1.8, 1.10 and 1.11, it is clear that both the angular di-

ameter distance and the luminosity distance as a function of redshift strongly depend on

the constituents of the universe, and in particular the equation of state of dark energy. In

Section 1.4 we will explore the cosmological impacts of these measurements.

1.3 Inflation

The nearly isotropic blackbody CMB spectrum also raised a “horizon problem” at first.

After decoupling, no physics could have influenced the (an)isotropy of the free-streaming

photons. Therefore the CMB must have been nearly isotropic at decoupling. However,

assuming that the universe has always been matter- or radiation-dominated, it can be

shown that the horizon at the time of last scattering now subtends an angle on the order
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of a degree. Beyond this scale no physical mechanism could have smoothed out initial

inhomogeneities, in contradiction with the observed isotropy of the CMB on large scales.

The most viable solution put forth to address the above problem is the inflationary

paradigm. Assuming that the very early universe is radiation-dominated (radiation certainly

dominates over matter, curvature and vacuum energy in the very early universe), then the

scale factor varies according to a(t) ∝ t1/2. Looking at Equation 1.9, that the horizon

at decoupling was not large enough in a matter- or radiation-dominated universe can be

attributed to that the scale factor was not small enough in the early universe. Inflation

solves this problem by postulating a period of accelerating expansion, i.e., ä > 0, in the very

early universe before the radiation-dominated era. The acceleration is typically modeled as

nearly exponential, i.e., a(t) ∝ exp(Ht) with H nearly constant. Typically, more than 60

e-foldings are necessary to solve the horizon problem (for example, see References [21] and

[86]). So going backward in time, the scale factor indeed approaches zero much faster than

in a radiation-dominated universe. Then, the horizon obtains most of its contribution from

the inflation era. If we use the comoving Hubble horizon (∼ (aH)−1) to denote the size

of the universe that can currently communicate (i.e., can communicate in one expansion

time, during which the scale factor doubles), then physically, all of our observable universe

today was once within the comoving Hubble horizon. Later, during inflation, the comoving

Hubble horizon decreased (but the total horizon increased), patches of the originally causally

connected universe were pushed out of contact, and only at late times did they come back

to within the comoving Hubble horizon again.

Inflation is commonly modeled as being driven by a scalar field slowly rolling toward

its ground state. In the standard scenario, fluctuations in gravitational potential, radiation

and matter are driven by fluctuations of the scalar field. A standard slow-roll single field

inflation model predicts adiabatic (different particle species are correlated), nearly scale-

free and Gaussian fluctuations[6]. Deviations from these properties test the inflationary

paradigm and discriminate among different inflation models. In particular, inflation pre-

dicts the generation of tensor perturbations, or gravity waves, whose amplitude is a direct

measure of the potential of the scalar field that drives inflation. The power-law frequency

dependences of the power spectra of the scalar and tensor perturbations are typically de-
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fined as spectral indices nS and nT respectively, with nS = 1 and nT = 0 corresponding to

scale-free spectrum. Deviations from power-law frequency dependence of the power spectra

are further termed the “running” of spectral indices.

From Equation 1.3, it can be seen that accelerating expansion requires p < −ρ/3, i.e., a

negative pressure. We will encounter negative pressure again when we discuss the current

acceleration of the universe.

1.4 Accelerated expansion and dark energy

As we have mentioned at the end of Section 1.2, both the angular diameter distance and

the luminosity distance as a function of redshift strongly depend on the constituents of the

universe, and in particular the equation of state of dark energy. In order for such distance

measures to be useful as cosmological probes, objects with known sizes or luminosities are

needed. One kind of “standard candles” for measuring the luminosity distance at large

redshifts is the Type Ia supernovae[30]. A Type Ia supernova typically results from a

white dwarf accreting enough mass from a binary companion to exceed the Chandrasekhar

limit. Because the masses of these white dwarves that result in the Type Ia supernovae

are nearly all the same, we expect that the luminosities of these supernovae do not depend

on the history of the universe and are relatively uniform[49]. Indeed the variation of the

luminosities of these supernovae appears to be correctable through distance-independent

features of the events. The luminosity distances of the Type Ia supernovae can then be

determined relatively accurately[76]. The redshifts of these supernovae can be measured,

for example, by their spectral lines.

In the 1990s two groups of astrophysicists studied the Type Ia supernovae at large red-

shifts (up to z ∼ 1)[65, 72]. In the context of a ΛCDM model, assuming a flat cosmology

with negligible radiation (ΩK = ΩR = 0), their data revealed that ΩM ∼ 0.28 and (remem-

ber Equation 1.5) ΩΛ = 1 − ΩM . That is, the energy content of the current universe is

dominated by the cosmological constant or dark energy. Then, we can derive that currently

our universe is accelerating (ä > 0), for example from Equation 1.3.
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The nature of the cosmological constant and dark energy, and in general the acceleration

of the current universe is one of the greatest unsolved problems in physics. Looking at

Equation 1.1, we see that the acceleration of the current universe can be accommodated

either by the inclusion of the cosmological constant (as in the standard ΛCDM model) or

dark energy in the energy-momentum tensor or by a modification of the field equations of

Einstein’s general relativity[20, 46].

We have already discussed the cosmological constant (which was proposed by Einstein,

although for a different purpose). Arguably the strongest objection to the legitimacy of

the cosmological constant is that it is some 10100 orders of magnitude smaller than simple

calculations from quantum field theory[85], although the “anthropic principle” could be

invoked as a rescue3 . Alternatively, as we have mentioned before, dark energy has w 6= −1

and possibly time-varying if it is a dynamic field, and necessarily has negative pressure.

The acceleration of the universe can be equally well obtained by modifying Einstein’s

field equations that describe gravity. Gravity not only governs the expansion of the universe,

but also the evolution of the large-scale structures of the universe. Given an expansion

history H(z) of the universe, for example as given by the redshift-dependent luminosity

distance dL(z), the growth rate f(z) describing how the amplitude of the density field has

grown with time, or its integral the growth factor G(z), can be predicted in the context

of general relativity. Deviation of observed growth from the predicted growth factor then

indicates that general relativity is incomplete.

We now turn back to the subject of the cosmic microwave background, which has not

only confirmed the Big Bang theory of the universe, but also (in conjunction with the

supernovae results) determined the basic parameters of the ΛCDM model to extraordinary

precision, and promises to remain a goldmine for precision cosmology.

3Roughly speaking, the “anthropic principle” states that a master theory (for example, the string theory)
can produce a vast number of possible universes, each with its own cosmological constant; only the universes
with small cosmological constants can support life growth; that we observe a small cosmological constant
just means that we live in one of the universes that support life growth. See for example Reference [18].
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1.5 Primary anisotropies of the CMB

The anisotropies of the CMB can be divided into two categories: the primary CMB anisotropies

are due to effects before decoupling such as those related to the primordial photon-electron-

baryon plasma, and the secondary CMB anisotropies are due to effects after decoupling such

as the scattering of CMB photons by reionized electrons as they travel from the surface of

last scattering to us.

As we have discussed earlier, in the standard scenario fluctuations in the scalar field

that drives inflation are imprinted in the primordial plasma, which in turn translates into

temperature variations of the CMB across space after decoupling. The only handle on the

CMB we have is the spatial distribution on the celestial sphere of the incoming photons

that we observe here (but by the homogeneity assumption, our location is not statistically

different from anywhere else in the universe) and now. Then, to describe the CMB, we

decompose the CMB temperature field into spherical harmonics:

∆T (n̂) =
∞
∑

l=1

l
∑

m=−l

almYlm(n̂),

where ∆T (n̂) is the deviation of the CMB temperature from the mean in the direction

specified by n̂, and the Ylm’s are the spherical harmonics. The Fourier coefficients alm are

given by

alm =

∫

dΩY ∗
lm(n̂)∆T (n̂).

If ∆T (n̂) is Gaussian (recall that the standard inflation scenario predicts nearly Gaussian

fluctuations), then the coefficients alm are also Gaussian with zero mean and variance

〈alma
∗
l′m′〉 = δll′δmm′Cl, (1.12)

where the average is taken over different cosmological realizations. The coefficients Cl are

assumed to be independent of m because of isotropy.

The coefficients Cl represent the CMB temperature (angular) power spectrum, or the

variance of the CMB at an angular scale of ∼ 180◦/l. In practice, for a given multipole l,

we estimate Cl from the corresponding 2l + 1 observed Fourier coefficients:

Cmeasured
l =

1

2l + 1

l
∑

m=−l

ameasured
lm .



1.5 Primary anisotropies of the CMB 11

At large angular scales, the estimate of Cl has large variance because of the small number

of alm available, which is known as the “cosmic variance” problem.

Figure 1.1 shows the theoretical temperature power spectrum up to l ∼ 1500. At large

angular scales (l . 3000), the temperature power spectrum Cl probes the primordial plasma

and the geometry of the universe, with small corrections due to processes after decoupling.

At the largest angular scales (l . 20), the temperature power spectrum is mainly due to the

sum of variations in the temperature and the gravitational potential (photons have to climb

out of potential wells) at the time of decoupling, and is termed the Sachs-Wolfe effect[74].

The contribution of the Sachs-Wolfe effect to Cl when multiplied by l(l + 1) is expected to

be flat. Hence historically it is l(l + 1)Cl/(2π) that is plotted as the temperature power

spectrum (the 1/(2π) factor converts the angular power spectrum into intensity (power per

steradian)).

Probably the most prominent feature of the temperature power spectrum at large an-

gular scales is the series of peaks and troughs. The primordial plasma oscillates with a

frequency characteristic of the sound speed of the plasma and the scale (wavevector) of the

mode in consideration. The CMB provides a snapshot of the primordial plasma at decou-

pling. If the amplitude of a mode reached a maximum at the time of decoupling, we will

observe a peak in the temperature power spectrum corresponding to the scale of that mode.

On the other hand, if the amplitude of a mode reached a minimum at decoupling, i.e., the

velocity of the mode was at a maximum, we will observe a trough in the temperature power

spectrum corresponding to that mode.

Another feature of the temperature power spectrum is that it is damped toward smaller

angular scales. This is due to multiple effects including the finite distance that photons can

travel in the primordial plasma, which washes out the anisotropy smaller than that scale.

This damping scale increased during decoupling as the free electron fraction dropped, so it

is representative of the thickness of the last scattering surface.

The shape of the primordial temperature power spectrum is sensitive to the geometry

of the universe and the properties of the primordial plasma. For example, the location in
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Figure 1.1: Various CMB power spectra from theoretical prediction: the tempera-
ture power spectrum (TT, in blue), the EE polarization power spectrum (magenta),
the BB polarization spectra at two different tensor-to-scalar ratios (r = 0.01 and
r = 0.10, in black), and the contribution to BB polarization from lensing-converted
EE polarization (red). The XX power spectrum refers to the correlation of the field X
with itself, such as that defined in Equation 1.12, where the field X can be the temper-
ature field, the E-mode polarization field, or the B-mode polarization field here (see
Section 1.6.2). More generally, the XY power spectrum refers to the correlation of the
field X with the field Y. The cosmic variance for the temperature power spectrum is
also shown (dashed blue). The data plotted assumes τ(the optical depth) = 0.1 and
nS(the scalar spectral index) = 0.96. Figure courtesy of Thomas Essinger-Hileman.
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angular space of the first peak is roughly expected to be at[39]

lp ≈ π
dA(zrec)

rs
,

where rs is the sound horizon, or the total distance that sound can travel in the primordial

plasma between the Big Bang and recombination, zrec ≈ 1091[47] is the redshift at recombi-

nation, and dA(zrec) represents the angular diameter distance to recombination. Therefore,

the location of the first peak is a strong indicator of the geometry of the universe.

The above discussion also reveals one difficulty in extracting cosmological parameters

from the temperature power spectrum alone: varying certain cosmological parameters can

keep the shape of the temperature power spectrum relatively constant due to parameter

degeneracy. In the above example, the location of the first peak in angular space is sensitive

to the angular diameter distance from decoupling. However, we can keep this distance fixed

by changing together the set of “late universe” parameters ΩΛ, ΩK , Ωνh
2, wX [77], where

Ωνh
2 is the neutrino energy density, h ≈ 0.719[47] parameterizes the Hubble constant such

that H0 = 100h km sec−1Mpc−1, and wX represents the equation of state of dark energy.

(In reality, such a change does induce some variation in the temperature power spectrum,

particularly at large angular scales, but there the confidence of our power spectrum esti-

mate is limited by cosmic variance.) Another degeneracy is the overall amplitude of the

temperature power spectrum, which is proportional to Ase
−2τ , where As is the primordial

fluctuation amplitude and τ is the optical depth from decoupling4 . As we will discuss later,

such degeneracies can be largely broken using polarization and lensing data.

The primary anisotropies of the CMB were first detected by the Differential Microwave

Radiometer (DMR) aboard the Cosmic Background Explorer (COBE) satellite[11]. With

the ongoing Wilkinson Microwave Anisotropy Probe (WMAP)[47] and Planck satellite

missions[24], the characterization of the primary CMB temperature anisotropies will be

largely complete. The study of the CMB, such as that represented by the ACT project, is

moving toward polarization, as well as higher angular resolution (l & 3000), where nonlin-

ear effects after decoupling begin to dominate the contribution to the CMB temperature

4Only a fraction e−τ of all the photons we observe have not been scattered by the reionized electrons and
thus retain the original temperature anisotropies. The scattered photons have the equilibrated temperature.
Hence the overall temperature anisotropies are reduced. See Reference [21] or [86] for derivations.
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anisotropies. In the next section we will discuss a few such secondary CMB anisotropies

that bring qualitatively new dimensions into CMB research.

1.6 Sunyaev-Zel’dovich effect, CMB polarization, lensing

In this section we discuss two major sources of CMB secondary anisotropies, the Sunyaev-

Zel’dovich effect and gravitational lensing. We also discuss CMB polarization.

1.6.1 The Sunyaev-Zel’dovich effect

It appears that the radiation energy from the first generation of stars and possibly supernova

explosions have completely reionized the universe[75]. The thermal Sunyaev-Zel’dovich

effect (SZE)[79, 80] is the spectral distortion of the cosmic microwave background caused

by the scattering of the CMB photons off high energy electrons provided by the intra-cluster

medium (ICM). We define the dimensionless frequency as x = hv/kBTCMB, where h is the

Planck constant, v is the physical frequency, kB is the Boltzmann constant, and TCMB is

the undistorted CMB temperature. The fractional change of the CMB spectrum due to the

thermal SZE as a function of frequency is given by[16]

∆TSZE

TCMB
= f(x)y = f(x)

∫

ne
kBTe

mec2
σTdl,

where y is the Compton y-parameter, ne is the (ionized) electron number density, Te is the

electron temperature (assumed here to be independent of redshift), mec
2 is the electron rest

mass energy, σT is the Thomson cross-section, and the integral is along the line of sight.

The frequency dependence of the thermal SZE is

f(x) =

(

x
ex + 1

ex − 1
− 4

)

(1 + δSZE(x, Te)) , (1.13)

where δSZE(x, Te) is a relativistic correction to the frequency dependence.

One prominent feature of the thermal SZE effect is that it is relatively independent of

redshift: the source of the radiation is the surface of last scattering that has a fixed redshift.

It can be shown, for example as in Reference [16], that the thermal SZE signal integrated

over the solid angle of a cluster is proportional to M 〈Te〉 /d2
A, where M is the cluster mass,

〈Te〉 is the mean electron temperature, and dA is the cluster angular diameter distance. At
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high redshifts, the angular diameter distance is fairly flat, the matter density is greater and

thus the cluster temperature is hotter. Therefore the thermal SZE can potentially probe

all clusters above a mass limit with little redshift dependence up to redshifts of z = 2 ∼ 3;

that is, the thermal SZE has a simple selection function. The spectral signature of the

thermal SZE is readily distinguished from the primary CMB: the thermal SZE causes a

decrease in the CMB intensity below ∼ 218 GHz and an increase above that frequency

(the hot electrons preferentially boost the photons to higher energy), as can be seen from

Equation 1.13.

By adding cluster masses and redshifts determined from X-ray and optical spectroscopy

observations to SZE selected clusters, we can generate a catalog of clusters with mass

and redshift information5 . The “standard” Press-Schechter mass function[67] gives the

comoving number density n(M, z) between masses M and M + dM as

dn(M, z)

dM
∝ − ρδc

M2σ(M, z)

d log σ(M, z)

d logM
exp

[ −δc2
2σ(M, z)2

]

,

where ρ is the mean background density of the universe today, δc is the critical overdensity

for collapse into a spherical cluster, σ(M, z)2 is the variance of the density field in a radius

enclosing massM . The simple selection function of the SZE makes it a powerful cosmological

tool. For an SZE cluster survey, the quantity of interest is the number density per solid

angle on the sky. The conversion of the above equation to these units involves factors of the

angular diameter distance, which as we have seen depends on the underlying cosmology.

Furthermore, the function σ(M, z) is proportional to the growth factor; thus n(M, z) as

a function of mass and redshift is extremely sensitive to the matter density and the dark

energy equation of state. Because the free-streaming of massive neutrinos suppresses the

growth of density fluctuation, the number density of clusters also depends on the neutrino

mass[68]. Last but not least, an excess of high mass clusters would point to non-Gaussianity

in the primordial fluctuations[12].

In addition to the thermal SZE, the bulk velocity of the clusters with respect to the rest

frame of the CMB will Doppler shift the spectrum of the scattered CMB photons. This

5Cluster mass is typically converted from cluster temperature obtained from X-ray observations, which
is a non-trivial process. This is in contrast to gravitational lensing that is directly sensitive to mass. Thus
mass measurements from lensing is desirable.
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effect is called the kinetic SZE. The kinetic SZE is an order of magnitude smaller than

the thermal SZE, and without relativistic correction its spectrum has the same frequency

dependence as the blackbody CMB. Together with contamination from other sources, this

makes the extraction of the kinetic SZE more difficult. However, if the kinetic SZE can be

detected, the derived cluster peculiar velocities can again be used constrain the equation of

state of dark energy[13, 36].

1.6.2 Weak lensing and CMB polarization

Although they refer to quite different physical concepts, CMB polarization and weak lens-

ing are nevertheless closely related. This is because of the contribution of lensing to the

polarization power spectrum and the lensing potential reconstruction using polarization

observations.

CMB polarization is generated by the scattering of photon quadruple anisotropies by

electrons. We first consider the photon quadruple anisotropies from density fluctuations.

The tightly-coupled primordial plasma can be essentially characterized by a monopole (den-

sity) term and a dipole (velocity) term, and the photon quadruple moment is severely sup-

pressed by the large scattering rate. It is only during decoupling, when the photon-electron

scattering rate drops, that the photon quadruple moment gives rise to polarization. There-

fore the amplitude of the CMB polarization is very small compared to the temperature

fluctuations (see Figure 1.1). CMB polarization is produced by scattering, which is pro-

portional to the velocity of the primordial plasma. Thus CMB polarization is proportional

to the dipole moment the plasma, and is exactly out-of-phase with respect to the tem-

perature fluctuations (velocity is the largest when density fluctuation is at a minimum).

Therefore, this polarization power spectrum, when available, is maximally complementary

to the information we gain from the temperature power spectrum about the primordial

plasma[21].

Tensor fluctuations, or gravity waves, also give raise to photon quadruple anisotropies

and thus CMB polarization, and it is this mode of polarization we are particularly interested

in. CMB polarization can be decomposed into an “E-mode” gradient-like polarization and

a “B-mode” curl-like polarization; the latter is only produced by gravity waves. Thus, the
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B-mode polarization, if detectable, directly probes the primordial tensor fluctuation and

hence the energy scale of inflation, as we mentioned in Section 1.3.

After decoupling, the reionized electrons provided another source for scattering, enhanc-

ing the polarization power spectra at large angular scales for l . 10 (again see Figure 1.1).

This enhancement is interesting for two reasons. First, it measures the reionization epoch,

which breaks the degeneracy between the primordial fluctuation amplitude and the optical

depth from using the temperature power spectrum alone, as we mentioned before. Second,

the peak of the B-mode polarization from this “late universe” effect at l ∼ 4 is comparable

to the peak from the early universe at l ∼ 90, enabling the detection of the B-mode polar-

ization at another angular scale. At large angular scales, galactic foregrounds and cosmic

variance are more severe, but at small angular scales the B-mode polarization is contami-

nated by the lensing-induced contribution from the E-mode polarization, an effect that we

will describe below. Thus when designing polarization experiments it is important to weigh

the benefits and limitations of observations at large and small angular scales.

As a photon travels from the surface of last scattering to us, it is deflected by the

changing gravitational potential along its path. Here we consider the case that the deflection

angel is small, i.e., the case of weak lensing[51]. We also assume that the potential is

constant in time — the effect of time-varying potential is termed the integrated Sachs-

Wolfe effect[69] that mainly affects the large scale temperature power spectrum. Lensing

then corresponds to remapping the directions of arriving photons in the sky, and does not

change the CMB blackbody spectrum. The deflection angle can be written as the gradient

of a lensing potential ψ: Tobs(n̂) = T (n̂ + α), where α = ∇n̂ψ. The lensing potential ψ is

a distance-weighted integral of the gravitational potential along the photon path. On large

scales, lensing smoothes the acoustic peaks of the temperature power spectrum (it changes

the size distribution of the hot and cold spots in the sky), although this effect is at the

percent level. On small scales, where the primary anisotropy has little power, the lensing

effect is more significant: it transfers the power from large to small scales. Lensing also

induces non-Gaussianity in the temperature field on the sky.

The lensing potential is a powerful cosmological probe. The power spectrum of the

lensing potential is sensitive to curvature, neutrino mass and the dark energy equation of
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state[77]. It breaks the angular diameter distance degeneracy in the CMB. As an integral

of the gravitational potential from decoupling, the lensing potential is also sensitive to dark

energy at early times. Correlation of the lensing potential with other effects such as the

integrated Sachs-Wolfe effect probes the growth rate of structure[38]. The lensing potential

can be reconstructed using the CMB polarization field (using both the E- and B-polarization

fields) or from non-Gaussian signatures in the temperature field, with the polarization field

reconstruction expected to give much better signal-to-noise ratio[51].

Equally importantly, gravitational lensing turns the E-mode polarization into B-mode

polarization at small angular scales; this contribution may dominate the recombination

peak of the B-mode power spectrum at l ∼ 60 (see Figure 1.1). It is possible to “de-lense”

the polarization field, that is, to subtract lensing-induced signal from the observed field[51].

Again, de-lensing is expected to be the most effective using high-resolution observations

of both the E- and B-polarization fields than using, for instance, E-mode observation and

an estimate of the lensing potential from the CMB temperature power spectrum alone.

Therefore, again, the studies of the CMB polarization and of the gravitational lensing are

inherently correlated.

1.7 The Atacama Cosmology Telescope

The Atacama Cosmology Telescope is a 6-meter off-axis Gregorian telescope for measur-

ing the CMB at arcminute resolutions [28]. The ACT project is producing high-resolution

millimeter-wave maps of the sky. The primary receiver for ACT, the Millimeter Bolometer

Array Camera, comprises three transition edge sensor (TES) bolometer arrays centered at

145 GHz, 220 GHz, and 280 GHz respectively [29]. The three frequency bands of ACT

span the null of the Sunyaev-Zel’dovich effect, allowing separation of the primary CMB

fluctuations from the SZE, and generation of an unbiased galaxy cluster catalog. ACT

probes an angular scale that spans the transition from linear regime (dominated by pri-

mary anisotropies) to nonlinear regime (dominated by secondary anisotropies), allowing

the extraction of the spectral index nS of the primordial density fluctuations and its run-

ning. The science goals of the ACT project include, but are not limited to, measurements
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of the equation of state of dark energy, the neutrino masses, and the details of the growth

of gravitationally bound structures in the universe [48]. Though CMB polarization is not

included in the basic ACT science program, ACT is designed with polarization in mind, and

a polarization capability upgrade of ACT is being proposed. ACT started its first observa-

tion season (2007) with the 145 GHz array. Since the second observation season (2008), all

three arrays have been incorporated.

Each of the three MBAC arrays consists of 32 TES column assemblies each containing 32

transition edge sensor (TES) bolometers. The ACT TES bolometers are based on the NASA

Goddard Space Flight Center (GSFC) pop-up-detector architecture[10, 9]. The MBAC ar-

rays are the largest pop-up detector arrays fielded, and among the largest TES arrays

built. The TES technology is a rapidly developing field. The introduction of voltage-biased

TES operation[40] and superconducting quantum interference device (SQUID) multiplexed

readout[23] in the last decade have enabled deployment of large format TES arrays, and

a significant portion of current and future CMB experiments are based on TES detectors.

One of the major current TES research directions is the study of the mechanisms of “ex-

cess noise,” in order to improve the sensitivities of TES detectors and understand their

theoretical limits[8].

1.8 Overview

The focus of this thesis is with the characterizations of the ACT TES bolometers.

In Chapter 2, we review the ideal TES bolometer theory and in particular present the

derivations of the responsivity, the noise spectrum, and the complex impedance of the ideal

TES bolometers.

In Chapter 3, we describe the characterization measurements that supply important

operating properties of the ACT TES bolometers. For example, one such measurement is

the I-V curve acquisitions, which determine the TES operating current, resistance, power,

etc., as a function of the bias voltage. Such measurements are important for calibrating the

detector readouts and also ensure that only the appropriate TES column assemblies (e.g.,

with enough saturation powers) were selected for deployment into the MBAC.
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In Chapter 4, we build upon the ideal TES bolometer theory to construct an extended

thermal model of the ACT TES bolometers. Such an extended model is necessary to explain

the observed complex impedance and noise spectrum of the ACT TES bolometers. As in the

case of the ideal TES bolometer, we derive the complex impedance and the noise spectrum

under the extended model. To ensure that the extended model represents the physical reality

of the ACT TES bolometers, we have fabricated TES bolometers with different designs to

test the model. We explain the fit of the model to the observed complex impedance data,

and present the results of the complex impedance fits and the noise predictions using the

parameters extracted from the complex impedance fits.

In Chapter 5, we review the essential TES parameters extracted from fitting the extended

model to the complex impedance data. We show that the extended thermal model correctly

identifies the different TES designs, but also investigate the possible limitations of the model.

We shall speculate about why the ACT TES bolometers deviate from the ideal model and

make a few suggestions for future TES designs.
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Ideal TES bolometer theory

In this chapter we describe the ideal TES bolometer theory. We begin with a brief overview

of thermal detectors and superconductivity, and introduce the TES as a superconductor

biased within its superconducting-normal transition, which then acts as a thermal detector.

Next we give the differential equations governing the dynamics of an ideal TES detector,

and derive the corresponding small-signal limits in the Fourier space. We conclude the

chapter with predications of the responsivity spectrum, the noise spectrum, and the complex

impedance of an ideal TES detector.

2.1 Superconductors as thermal detectors

The transition edge sensor bolometers we employ in the ACT experiment are equilibrium

thermal detectors. A thermal detector, or phonon-mediated detector, collects the phonons

converted from an energy deposition. An athermal detector, in contrast, collects athermal

excitations (for example, free charges as in the case of ionization detectors) created from an

energy deposition before these excitations are converted to phonons.

An ideal (or simple) thermal detector consists of a tightly coupled absorber/thermometer

unit that is weakly thermally connected to a thermal bath (i.e., heat sink)[60]. An equi-

librium thermal detector measures the temperature increase resulting from the energy de-

position, after athermal excitations have been converted to thermal equilibrium around a

higher mean energy in the absorber/thermometer unit. The time scale to achieve thermal

21
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equilibrium within the absorber/thermometer unit should be much smaller than the time

constant of the weak thermal link to the thermal bath. The thermal detector can also

operate out of equilibrium, collecting only quasi-ballistic phonons or using sensors sensitive

only to excitation energies much greater than kBT . Thermal detectors can also be divided

into calorimeters and bolometers; the former measure the energy deposition of a single par-

ticle, while the latter measure an input power (the energy deposition of a larger number of

particles).

Superconductivity is the phenomena that the resistance of a material completely dis-

appears below a critical temperature Tc[82]. A (type-I, as will be explained later) super-

conductor exhibits the Meissner effect. That is, as a superconductor is cooled through its

critical temperature Tc, a magnetic field previously penetrating the sample is exponentially

screened from the interior of the sample with a temperature-dependent penetration depth

λ. In reverse, a strong magnetic field will create a coexistence of superconducting and

normal states (the “intermediate state”), and eventually destroy superconductivity if the

field is sufficiently strong. Well below the critical temperature Tc, superconductivity is well

described by the BCS theory[5]1 . Close to the critical temperature Tc, superconductivity is

more conveniently described by the Ginzburg-Laudau (GL) theory[34], in which a complex

wavefunction (or order parameter) ψ describes the superconducting electrons. The square

of the magnitude of ψ is the density of superconducting electrons, i.e., |ψ|2 = ns. The GL

theory introduces the temperature-dependent GL coherence length, ξ, over which ψ can

vary without excessive energy increase.

The characteristics of a superconductor strongly depend on the dimensionless Ginzburg-

Landau parameter, κ = λ/ξ. If κ < 1/2, the superconductor is type-I. If κ > 1/2, the

superconductor is type-II. In a type-I superconductor, the surface energy associated with

a penetrating magnetic field is positive; therefore to minimize free energy, the penetrating

magnetic field clumps together. The reverse holds for a type-II superconductor (the surface

energy associated with a penetrating magnetic field is negative), and a penetrating magnetic

field subdivides into vortices each containing a flux quantum Φ0 = h/2e, where h is the

1Here we refer to conventional superconductors, not high-temperature superconductors.
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Planck constant, and e is the elementary charge. The TES detectors we employ in ACT

belong to the type-II superconductors.

The transition width of a superconductor is nonzero. In particular, with near-zero ap-

plied current and no external magnetic field, a uniform film has a finite transition width. In

a type-II superconductor, this is because of the creation of thermally excited vortices[7, 22].

In a practical TES, the transition width is broadened by ununiformities in critical temper-

ature, by applied current, and by external magnetic field. In a type-II superconductor, the

applied current moves the vortices against pinning forces, leading to a voltage drop across

the superconductor. For our purpose, it suffices to treat the resistance of the superconduc-

tor within the transition as both temperature- and current-dependent, i.e., R = R(T, I),

where T is the temperature of the TES and I is the current through the TES. The super-

conductor that is the bolometer in our experiment has Tc around 0.5 K, and most of our

measurements are carried out below 1 K. Within this temperature range, and above Tc, the

normal resistance of the superconductor is only a weakly increasing function of temperature,

as the temperature-independent mechanisms such as impurity scattering dominate over the

temperature-dependent electron-phonon scattering in determining the normal resistance.

A transition edge sensor is a superconductor operating within its superconducting-

normal transition. What makes the TES attractive as a thermal detector is its extreme

temperature sensitivity within the transition, typically characterized by the logarithmic

derivative of the TES resistance with respect to temperature (or equivalently, the ratio of

the percentage change in R to the percentage change in T ) α:

α =
∂ logR

∂ log T
=
T

R

∂R

∂T
. (2.1)

The temperature sensitivity α is naturally positive for a TES and can typically be made

into the hundreds[41]2 . Such temperature sensitivity is enough to offset the unavoidable

Johnson noise associated with the TES resistance (in fact as we will show later, at low

frequencies, fluctuations in the current through the TES due to Johnson noise can be

significantly reduced by electrothermal feedback).

2As a ratio of fractional changes, α strongly depends on the point at which the TES operates within its
transition: typically, α increases as the TES operating point moves toward the superconducting state with
lower TES resistance.
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The resistance variation of the TES in response to an energy deposition is read out by

a current through the TES or a voltage across the TES. Because α is positive, the TES is

typically voltage-biased in transition and read out with a superconducting quantum inter-

ference device (SQUID) current amplifier. When voltage-biased with a constant voltage V ,

the TES operation benefits from negative electrothermal feedback (NETF): when the input

power from radiation increases, the TES temperature T tends to increase, its resistance

R tends to increase (because α is positive), and thus the bias power (the Joule heating)

PJ = V 2/R tends to decrease. Therefore the TES self-cools within its transition. In con-

trast, a negative α, typically associated with semiconductor bolometers, requires current

bias to benefit from the NETF. Biasing with the wrong method will lead to instability due

to thermal runaway. In addition, because the bias power can respond to an input power

change much more quickly than the thermal link to the thermal bath, the effective time

constant associated with the NETF can be much faster than the intrinsic thermal time

constant. In other words, the NETF increases the device bandwidth.

When observing, ACT scans the sky at constant speed. The scan speed should be large

enough to reduce the effect of atmosphere noise on CMB signals. As the result of the scan,

the different angular scales of the temperature variations on the sky translate into inputs

at different frequencies observed by the TES bolometers in the MBAC, with the smaller

angular scales appearing as more rapidly varying signals. The response spectrum of the

TES bolometers decreases at high frequencies, limiting the scan speed of the telescope if

small scale anisotropies are to be observed. The intrinsic noise of the TES bolometers

limits the signal to noise ratio. In the following sections we will quantify these ideas for

ideal TES detectors. We will also introduce the TES complex impedance, a powerful tool

for characterizing the TES electrical and thermal properties. In Chapter 4, we will come

back to modeling the TES detectors with more complicated thermal architectures.
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2.2 Small signal theory for the ideal TES; responsivity cal-

culation

In the remaining sections of this chapter, we largely follow the derivations of Irwin and Hilton

presented in Reference [43]. A typical TES electrical circuit is shown in Figure 2.1(a). The

bias current is divided into two branches. In one branch, a load (or shunt) resistor, whose

fixed resistance RL is assumed to be much smaller than the TES resistance for most of the

TES transition, voltage-biases the TES detector. In the other branch, which we refer to as

the TES branch, a TES with resistance R = R(T, I) (where as before T is the temperature

of the TES and I is the current through the TES) is in series with an inductor of inductance

L; the latter couples the current through the TES into a SQUID amplifier. We shall assume

that the parasitic resistance (any resistance that remains in the TES branch when the TES

is superconducting) is zero.

R(T,I)

L

RL

SQUID

Ibias

R(T,I)

L

RL

IV

Noise

TES

G

C

Heat Sink

PJoule

Pbath

P

Noise

TTES

(a) (b) (c)

Figure 2.1: The electrothermal circuit of an ideal TES. A typical electrical circuit
with readout is shown on the left, and its Thevenin equivalent circuit is shown in the
middle. The thermal circuit is shown on the right.

We analyze the Thevenin equivalent of the above electrical circuit, as shown in Fig-

ure 2.1(b). The thermal circuit of an ideal TES is shown in Figure 2.1(c), which includes

the TES with heat capacity C (at temperature T ), and a thermal link with thermal con-

ductance G (to be defined shortly) that connects the TES to the thermal bath. We further

let the Thevenin equivalent voltage be V , the bias (Joule) power on the TES be PJ = I2R,

the additional input power on TES be P (which includes the input radiation power), the
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temperature of the thermal bath be Tbath, and the power flow from the TES to the thermal

bath be Pbath. We shall use a subscript 0 to denote the steady-state value of a fluctuating

quantity (e.g., we use V0 to denote the steady-state Thevenin equivalent voltage). We use δx

to denote the difference between the fluctuating quantity x and the corresponding steady-

state value x0 (e.g., we use δV to denote the fluctuating part of the Thevenin equivalent

voltage around the corresponding steady-state value V0).

We expand the TES resistance R around R0, T0 and I0 to first order as

R(T, I) ≈ R0 + α
R0

T0
δT + β

R0

I0
δI,

where α is defined as in Equation 2.1 and is evaluated at T0 and I0, and β is the logarithmic

current sensitivity

β =
∂ logR

∂ log I
T=T0,I=I0 =

I0
R0

∂R

∂I
T=T0,I=I0 . (2.2)

We define the complex impedance of a TES as its current response to an applied bias

voltage fluctuation (but without input power fluctuation) as a function of frequency (see

Section 2.4). We also define the constant-temperature (i.e., δT = 0) dynamic resistance of

the TES as

Rdyn ≡ ∂V

∂I
T=T0,I=I0 = R0(1 + β).

This is the value that the complex impedance of the TES approaches at high frequencies,

even for TESes with more complex thermal architectures, because at high frequencies the

ability of the thermal link to transport heat away from the TES becomes increasingly small

(i.e., δT = 0 at high frequencies).

We assume a power-law dependence for the power flow from the TES to the thermal

bath3 :

Pbath = K (Tn − Tn
bath) . (2.3)

3In the diffuse transfer limit, the power transported from the TES to the thermal bath is proportional to
the temperature integral of the thermal conductivity from the bath temperature to the TES temperature[60].
The thermal conductivity can in turn be approximated as proportional to the specific heat of the thermal path
(see Section 4.1). The specific heat of solid at low temperatures is proportional to a power in temperature.
Thus we can deduce the above form of the power transfer from the TES to the thermal bath.
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We again expand for temperature fluctuations around T0:

Pbath ≈ Pbath0 +G0δT

where

G0 =
∂Pbath

∂T
T=T0

= nKTn−1
0

is the thermal conductance evaluated at the steady-state value T0.

Ignoring the noise terms for the present, the electrical equation describing our system

follows from Kirchhoff’s voltage law:

L
dI

dt
= V − IRL − IR(T, I),

and the thermal equation follows from conservation of energy:

C
dT

dt
= −Pbath + PJ + P.

We define the low-frequency loop gain4 under constant current as

L ≡ PJ0α

G0T0
,

and the intrinsic thermal time constant as τ ≡ C0/G0.

We expand the electrical and thermal equations around their steady-state values. The

DC terms cancel and we obtain the linearized differential equations:

dδI

dt
= −RL +R0(1 + β)

L
δI − LG0

I0L
δT +

δV

L
, (2.4a)

dδT

dt
=
I0R0 (2 + β)

C0
δI − (1 − L)

τ
δT +

δP

C0
. (2.4b)

In the limit L = 0, Equation 2.4a is independent of δT , and can be integrated to give

an exponential decrease of the current to its steady-state value with an electrical constant

τel =
L

RL +R0(1 + β)
.

4Here the loop gain refers to the change in the bias power by the electrothermal feedback in response to
the input radiation power. See Reference [58] for a discussion.
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Similarly, in the case of hard current bias (δI = 0), Equation 2.4b can be integrated to

give an exponential decrease of the temperature to its steady-state value with a thermal

constant

τI =
τ

1 − L .

Note that when L > 1, the thermal time constant is negative, indicating thermal insta-

bility due to thermal runaway. This is just the statement that with electrothermal feedback

and α > 0, current biasing should be avoided.

Writing in matrix form, the linearized electrothermal equations (Equations 2.4a and

2.4b) are

d

dt





δI

δT



 =







− 1

τel
−LG0

I0L
I0R0(2 + β)

C0
− 1

τI











δI

δT



+







δV

L
δP

C0






.

This coupled differential equations can be solved in the time domain using the change

of variables approach, as is done in Reference [52], and important physical insights can be

obtained. For example, by solving the above equations for a delta energy input, stability

conditions can be obtained. We again refer reader to the excellent reference by Kent and

Irwin[43] for a set of stability conditions (such as those on the inductance and the loop gain).

Here we shall use harmonic expansion, which is necessary to evaluate the noise spectrum,

and which is easily generalized to more complicated thermal architectures. We shall use

the same symbol to denote a quantity in both the time and the frequency domains when

no confusion arises. In frequency space, the electrothermal equations read:

M





δI

δT



 =





δV

δP



 ,

where

M =









(

1

τel
+ i2πf

)

L
LG0

I0

−(2 + β)I0R0

(

1

τI
+ i2πf

)

C0









.

We have an “impedance” matrix M that relates the vector of state variables (in this

case T and I) to the driving forces (in this case δV and δP ). To solve for the temperature
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and current responses to the driving forces, we simply invert M to get:




δI

δT



 = M−1





δV

δP



 . (2.5)

We now calculate the current responsivity spectrum, which is the TES current response

to power fluctuations as a function of frequency. The power fluctuations can be from a

radiation signal, or from thermal noise, among other possibilities. Formally, the current

responsivity spectrum is

sI(f) ≡ δI

δP
.

It is easily seen that sI(f) is the 1-2th element of M−1, the inverse impedance matrix:

sI(f) =
(

M−1
)

1,2

= − 1

I0R0

(

L

τelR0L
+

(

1 − RL

R0

)

+ i2πf
Lτ

R0L

(

1

τI
+

1

τel

)

− 4π2f2τ

L
L

R0

)−1

.

2.3 Noise calculation

The sensitivity of our detectors is greatly affected by the various noise sources in our system.

Of the noise sources within the TES itself, some are intrinsic to any thermal detector

employing a resistive element as the thermometer, some are introduced by the deviation of

the thermal architectures of the TES from the simple model, while some are explained by

neither of the above and may be related to the details of superconductivity or nonlinearity.

We consider only the first class of the above sources here, and leave the discussion of

other potential noise sources to Chapter 4. We will also consider how the load resistor

Johnson noise is coupled into the system. Before doing that, we will first introduce some

mathematical definitions that we will use in our discussion.

2.3.1 Some mathematical definitions; Gaussian and white noise

We define the covariance function rt,s where t, s ∈ Z (and Z is the set of integer numbers)

of a discrete-time stochastic process {yr, r ∈ Z}, with µr being the expectation value of yr,

as

rt,s = E [(yt − µt) (ys − µs)] ,
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where E is the expectation value operator. If the process {yr} satisfies weak-sense stationarity[66]

(that is, the first and second moments of the process do not vary with respect to time),

then the covariance function depends only on the difference between t and s and we shall

write k = s− t so that

rk = E [(yt − µ) (yt+k − µ)]

where µ is the constant mean of the process. We call rk the covariance of lag k, or simply

the kth covariance. We call {rk, k ∈ Z} the covariance sequence of the process. It is easy

to see that the covariance function is even (i.e., rk = r−k). Because most of the noise

processes we shall encounter are Gaussian, and so satisfy weak-sense stationarity (in fact a

Gaussian process satisfies strong stationarity), we shall assume this property in our following

analysis. From now on we shall also assume µ = 0. Most of the results we will derive also

approximately hold in the case of µ 6= 0 if we approximate µ by the sample mean and

subtract it from the process.

Assume that we have N consecutive measurements y0,...,yN−1 from a discrete-time

stochastic process {yr}. The two standard estimates of the covariance function rk are

r̃k =
1

N − |k|

N−|k|−1
∑

t=0

y|k|+tyt,

r̂k =
1

N

N−|k|−1
∑

t=0

yk+tyt.

The {r̃k} are called the unbiased sample covariances and {r̂k} are the biased sample

covariances. It is easy to check that E[r̃k] = rk and E[r̂k] =

(

1 − |k|
N

)

rk. These two forms

of covariance estimates will be convenient at different times.

The spectral density S(f) of a discrete-time stochastic process {yr} is defined5 as the

Fourier transform of its covariance function rk:

S(f) ≡
∞
∑

k=−∞

rke
−i2πfk. (2.6)

5A natural candidate of the spectral density of a stochastic process {yt} is the Fourier transform of the
stochastic process itself, i.e., Y (w) =

∑

∞

t=−∞
yte

−i2πft. However, because a signal with nonzero average
power is not square summable, this Fourier transform does not exist. We instead settle for the definition that
the spectral density of a wide-sense-stationary random process is the Fourier transform of the corresponding
covariance sequence, as provided by the Wiener-Khinchin theorem.
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The spectral density is periodic with period 1 and is an even function of f . Thus the

values of the spectral density on the interval [0, 1/2] define it for all f .

In the above paragraphs we have given the definition of the covariance function and

the spectral density in the context of a discrete-time stochastic process. The corresponding

quantities for a continuous-time stochastic process {y(r)}, r ∈ R (where R is the set of real

numbers), for example a Johnson noise process, are defined analogously. The covariance

function is still

r(k) = E [y(t)y(t+ k)] ,

although k can now be any real numbers. The spectral density is

S(f) =

∫ ∞

k=−∞
r(k)e−i2πfkdk. (2.7)

One important class of stochastic process is Gaussian process. A stochastic process

{yr} or {y(r)} is Gaussian if every finite subset of {yr} or {y(r)} forms a vector of Gaussian

random variables. Gaussian noise frequently arises as the aggregate of nearly independent

random motions of individual particles, such as the individual transport phonons in the

thermal fluctuation noise, or the electrons in the Johnson noise. Then, by the Central Limit

Theorem[71], the sum of their individual contributions approaches a Gaussian distribution.

Another important class of stochastic process is white noise that has a constant (flat)

spectral density. Because the Fourier transform of a delta function is a constant, the co-

variance function of a white noise process must also be a delta function, i.e.,

r(k) = vδ(k),

where v is the constant spectral density. So equivalently, white noise is the process in which

the noise amplitude at any one time is totally uncorrelated with the noise amplitude at any

other time.

We note that neither being white nor being Gaussian implies the other property. Also,

if a Gaussian noise process is white, then the noise amplitudes at different times are not

only uncorrelated, but also independent.
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2.3.2 Thermal fluctuation noise

The thermodynamic fluctuations associated with the energy exchange between the ther-

mometer/absorber unit and the thermal bath are often referred to as the phonon noise or

the thermal fluctuation noise. It can be derived from elementary statistical mechanics (such

as that done in Reference [57]) that the energy fluctuation of a detector with heat capacity

C at temperature T (for simplicity we omit for a little while the subscript 0 denoting the

steady-state values) in equilibrium with the thermal bath is

〈

δE2
〉

= kBT
2C. (2.8)

The energy exchange between the thermometer/absorber unit and the thermal bath is

due to the random exchange of energy carriers (phonons), and hence the spectral density of

the thermal fluctuation noise is flat. If the thermal link has thermal conductance G, then

the precise value of the spectral density of the power fluctuation is given by6

SPTFN
= 4kBT

2G.

The above results hold only in thermal equilibrium (when the detector shares the same

steady-state temperature with the thermal bath). In general, the detector will be at a tem-

perature T higher than the bath temperature Tbath, for example because of Joule heating.

In these cases, a modification factor that we call FLink should be included to determine

the correct spectral density of the fluctuating power. FLink depends on the nature of the

thermal link, and can be thought of as the thermal fluctuation noise “averaged” at different

temperatures on the link[15, 60]. We quote FLink in two limiting cases here[61], following

the convention that G is evaluated at T , the temperature of the detector end (as G is defined

earlier). When the mean free path of the energy carriers is large compared to the length of

6We let the power of the thermal fluctuation noise be δP . We use the thermal equation (Equa-
tion 2.4b) with no electrothermal feedback, which then becomes δT = δP/ (G + i2πfC) in frequency
space. This gives the spectral density ST of the fluctuating temperature in terms of the spectral den-
sity SP of the thermal fluctuation noise: ST = SP /

(

G2 + 4π2f2C2
)

. The spectral density is defined
as the Fourier transform of the covariance function, and thus the covariance function is given by the in-
verse Fourier transform of the spectral density. Then, the variance of the temperature T is given by
〈

δT 2
〉

= r(0) =
∫

∞

−∞
ST df =

∫

∞

−∞
SP /

(

G2 + 4π2f2C2
)

df = SP / (2CG), where r(0) is the zero-lag co-

variance function. From Equation 2.8, we know that
〈

δT 2
〉

=
〈

δE2
〉

/C2 = kBT 2/C. Together, these yield
SP = 2kBT 2G. For the spectral density defined on positive frequencies, we multiply this expression by two
to get the desired result.
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the thermal link, we have

FLink =
1

2

tn+1 + 1

tn+1
,

and when the mean free path of the energy carriers is small compared to the length of the

thermal link,

FLink =
n

2n+ 1

t2n+1 − 1

t2n+1 − tn+1
,

where t = T0/Tbath and n is defined as in Equation 2.3. Then, the spectral density of the

thermal fluctuation noise can be written as

SPTFN
= 4kBT

2
0G0FLink.

Now we calculate the noise current spectral density caused by thermal fluctuation noise.

Because the thermal fluctuation noise enters at the same place where δP enters in Equa-

tion 2.5, the noise current is obtained from the current responsivity:

δITFN = sI(f)δPTFN,

and the associated spectral density is

SITFN
= |sI(f)|2 SPTFN

.

2.3.3 TES Johnson noise

Johnson noise is the random electromotive force caused by thermal agitation of the charge

carriers (electrons) in any resistive element[45, 64]. Johnson noise is Gaussian and is ap-

proximately white7 , with a voltage spectral density in thermal equilibrium

SVJohnson
= 4kBR0T0,

7The covariance function of a Johnson noise process is not exactly a delta function: the Johnson noise
process is correlated on a time scale of ∼ 10−14 second, roughly the time an electron travels between
collisions[70]. However this time scale is several orders of magnitude smaller than what we can observe in
our measurements (i.e., those that will be described in Chapters 3 and 4). The precise expression for the

spectral density of the Johnson noise is 4R0hf/
(

ehf/kBT0 − 1
)

[64], where R0 and T0 are the equilibrium

resistance and temperature respectively, h is the Planck constant, f is the frequency, and kB is the Boltzmann
constant.
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where R0 and T0 are respectively the steady-state resistance and temperature of the resistive

element responsible for the noise. The TES Johnson noise and the load (shunt) resistor

Johnson noise that we will describe shortly act as a voltage source in series with the TES,

such as that shown by Figure 2.1.

Again we need to modify the above expression when the TES temperature is higher than

the bath temperature. Using rigorous nonequilibrium theory for a nonlinear bolometer

(whose resistance depends on temperature and current)[42], and dropping second-order

terms in the dependence of the resistance on temperature and current, we have

SVJohnson
= 4kBR0T0(1 + 2β),

where β is the logarithmic derivative of the TES resistance with respect to current, as we

defined in Equation 2.2.

To calculate the noise current spectral density due to TES Johnson noise, we need to

consider both the fluctuating Johnson noise voltage, and the extra power dissipated on the

TES due to the work done by the fluctuating voltage on the charge carriers of the bias

current. That is, we need to solve for:





δIJohnson

δTJohnson



 = M−1





VJohnson

−I0VJohnson



 .

Note the negative sign in the fluctuation power: a positive Johnson noise voltage across

the TES reduces the electrical power dissipated onto the TES and vice versa. The solution

for the noise current due to the TES Johnson noise is:

δIJohnson =

(

1

I0

(

M−1
)

1,1
−
(

M−1
)

1,2

)

I0VJohnson.

Note that
(

M−1
)

1,2
is the current responsivity sI(f) and that

(

M−1
)

1,1
= −M2,2

M1,2

(

M−1
)

1,2

by simply inverting a 2 × 2 matrix. Then,

δIJohnson =

(

− 1

I0

M2,2

M1,2
− 1

)

sI(f)I0VJohnson.
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Therefore, the contribution to the spectral density of the noise current from the TES

Johnson noise is

SIJohnson
=

∣

∣

∣

∣

1

I0

M2,2

M1,2
+ 1

∣

∣

∣

∣

2

|sI(f)|2I02SVJohnson
.

Electrothermal feedback reduces the noise current due to TES Johnson noise at low

frequencies. We assume strong electrothermal feedback, which is the condition that L ≫ 1.

In this limit τI < 0. The factor multiplying the product of (the squared amplitude of) the

responsivity and the TES Johnson noise power spectral density can be simplified as follows

in the low frequency limit f ≪ −1/τI. Plugging in the corresponding entries of M , we have

(

− 1

I0

M2,2

M1,2
− 1

)

=









−

(

1

τI
+ 2πif

)

C0

LG − 1









≈ − 1

L .

As we can see, in the strong electrothermal feedback limit (L ≫ 1), the reduction in noise

current at low frequencies due to the TES Johnson noise is nearly complete. If we further

assume that the bath temperature is much lower than the TES operating temperature, then

PJ0 ≈ kT0
n = G0T0/n, so that L ≈ α/n. For typical TES operations, α≫ n (the ACT TES

bolometers typically have n ≈ 4 and operate at α & 100), thus τI ≈ −τ (n/α). We then

have significant reduction in the Johnson noise current so long as f ≪ (α/n) τ−1, which

is a much larger frequency range than the intrinsic time constant τ−1 associated with the

thermal link itself.

2.3.4 Load (shunt) resistor Johnson noise

The load resistor also generates a Johnson noise. For ACT TES bolometers, the load

resistors are located on a silicon circuit board that acts as the thermal bath for the TES

bolometers. Thus, the Joule power on the load resistors is dissipated external to the TES.

The noise current due to the Johnson noise of the load resistor is

δILoad =
(

M−1
)

1,1
VLoad.

Hence, the contribution to the spectral density of the noise current from the load resistor

Johnson noise is

SILoad
=
∣

∣

∣

(

M−1
)

1,1

∣

∣

∣

2
SVLoad
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where

SVLoad
= 4kBRLTL

is the spectral density of the load resistor Johnson noise.

2.4 Complex impedance

The complex impedance of a TES is the response of the current through the TES to the

voltage across the TES as a function of frequency. To obtain the TES complex impedance,

we solve for the current response δI to a change in the Thevenin voltage δV = δVbias:





δI

δT



 = M−1





δVbias

0



 .

The total complex impedance of our system is

Z =
δVbias

δI

=
1

(M−1)1,1

= RL + i2πfL+ ZTES,

where the TES complex impedance is

ZTES(f) = R0(1 + β) +
R0L
1 − L

2 + β

1 + i2πfτI
.

The complex impedances of the load resistor and the inductor naturally appear as RL and

i2πfL in the total complex impedance.

As the frequency increases, the complex impedance of the TES approaches the dynamic

resistance Rdyn = R0(1 + β), as we have observed before. Also note that

2

1 + i2πfτI
= 1 +

1 − i2πfτI
1 + i2πfτI

= 1 +
e−i arctan(2πfτI)

ei arctan(2πfτI)

= 1 + e−2i arctan(2πfτI),
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which, starting from the point (2, 0), traces a counterclockwise (clockwise) half circle of unit

radius centered at (1, 0) in the upper (lower) half complex plane as f increases from zero,

if L > 1 (L < 1). Thus the complex impedance of the TES also traces a half circle in the

complex plane. If L > 1 (the usual case), ZTES traces a clockwise half circle in the lower

half complex plane.

The TES complex impedance is a powerful tool for characterizing TES electrical and

thermal properties. At a fixed operating point in the TES transition, with the thermal

conductivity G0, the TES bias power PJ0, the TES temperature T0 and the TES resistance

R0 known (typically from TES current-voltage characteristics), the only unknown param-

eters in characterizing the TES properties are the temperature sensitivity α, the current

sensitivity β, and the TES heat capacity C0, at that operating point. The high frequency

TES complex impedance determines β, the radius of the complex impedance determines L
and hence α, and the rate at which the half circle is traversed as a function of frequency

determines τI and (with the knowledge of L) hence C0. With complex impedance taken at

multiple operating points, the behavior of the TES within the transition can be mapped

out[54, 56]. In Chapters 4 and 5, we will expand the complex impedance approach to model

the ACT TES bolometers using more complicated thermal architectures.



Chapter 3

Dark measurements of ACT TES

bolometers

In this chapter we describe the dark (i.e., no optical power loading) measurements of the

ACT TES column assemblies to extract the TES parameters such as the saturation powers

that are essential to the observations of ACT. We start with an overview of the ACT

TES column assemblies, in particular the TES bolometers. Then we introduce the dark

measurements and their calibrations. Finally we describe two dark measurements that are

applied for all ACT TES column assemblies: the load resistor Johnson noise measurements

and the current-voltage characteristic measurements.

3.1 TES column assemblies and dark measurements

As is described in the first chapter, the primary receiver for ACT, the Millimeter Bolometer

Array Camera, comprises three TES bolometer arrays centered at 145 GHz, 220 GHz, and

280 GHz respectively [29]. Each of the three MBAC arrays consists of 32 column assemblies

each containing 32 TES bolometers. We will refer to the 145 GHz, 220 GHz, and 280 GHz

arrays as AR1, AR2 and AR3 respectively.

Four separate silicon chips are mounted on a silicon circuit board for each column

assembly (see Figure 3.1): a TES bolometer chip with 32 TES bolometer units, a load

resistor chip with 32 resistor units each having typical resistance of ∼ 0.7 mΩ to voltage

38 Dark measurements of ACT TES bolometers
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bias the TES1 , an inductor chip of 33 inductor units to bandlimit the TES response, and a

multiplexing chip based on 33 SQUID device units to read out the TES current. The units

in each of the four chips are designed to be identical. Together, they form

(1) 32 regular TES units, each likes the one shown in Figure 2.1(a), and

(2) a dark TES unit, which only has an inductor unit and a SQUID unit, to verify the

calibration of current readout (see Section 3.2.1).

Figure 3.1: An ACT TES column assembly sitting in a (partial) copper carrier. The
different components of the column assembly are labeled in the figure. The copper
carrier is used in the SRDP testing and is not installed in the MBAC, where the
column assemblies are closely stacked together. The ROX1, not shown in this figure,
is attached to the copper carrier. The ROX2 is glued onto the silicon circuit board.

All the 32 TES units and the dark TES unit on a column assembly are biased in

series2 . ACT TES bolometers are pop-up devices[10, 9] fabricated in the NASA Goddard

Detector Development Laboratory. The inductor chips and the multiplexing chips[23] were

developed at NIST. The load resistor chips (also from Goddard) and the multiplexing chips

are screened in a 4K dip probe, enabling us to select the best components for the column

assemblies[27].

1In AR3, a subset of column assemblies uses load resistances of ∼ 2 mΩ instead.
2In fact, each of the three MBAC arrays has only three bias lines. Hence, in each array, up to three

groups of column assemblies are biased together, with column assemblies in each group requiring similar
bias currents to drive their TES units into transition. The column assemblies in each group are also biased
in series.
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Each ACT TES bolometer has a 75 µm × 75 µm thin-film Molybdenum-Gold (MoAu)

bilayer deposited on a 1 mm square of 1 µm (for AR1) or 1.4 µm (for AR2 and AR3)

thick silicon substrate. The MoAu bilayer acts as a proximity effect superconductor: by

depositing one layer of superconductor (Mo, with a critical temperature of 0.95 K) over

one layer of normal metal (Au) with the appropriate thicknesses, we can reduce the critical

temperature of the composite film to lower than that of the superconducting film[62]3 .

The MoAu bilayer is tuned to have a critical temperature around 500 mK and a typical

normal resistance between 20 and 30 mΩ. The MoAu bilayer has a thickness of roughly

0.3 µm. Gold bars are placed on the MoAu bilayer to reduce excess noise. The silicon

substrate is implanted with ions to absorb radiation power. Each bolometer is heat sunk

through four legs (each approximately 0.5 mm in length) made from the 1 µm or 1.4 µm

thick silicon substrate. The three arrays for ACT have different saturation power and noise

requirements; thus ACT uses bolometers with a variety of leg widths, from 5 to 20 µm. The

silicon circuit board of the column assembly serves as the thermal bath of the TESes. A

Mo-Nb-Mo superconducting trilayer comprises the wiring to each TES. The silicon legs and

the wiring of each TES are folded into a plane perpendicular to the silicon substrate (hence

the name “pop-up detector”). Detailed fabrication process of the ACT TES bolometers is

described in Reference [58].

To evaluate the functionality and sensitivity of the bolometers, each column assembly

is tested in a cryostat called the Super Rapid Dip Probe (SRDP) prior to assembly into

an array and installation into the MBAC. The SRDP is a Helium-3 dip probe refrigera-

tion system capable of cooling the thermal bath of a single column assembly from room

temperature to ∼ 0.3 K in three hours [59]. The SRDP measurements are made in the

dark, with negligible photon power reaching the bolometers. During the SRDP testing, the

column assembly is installed in a copper carrier (again see Figure 3.1). The temperature of

the copper carrier is monitored by an attached Ruthenium Oxide thermometer that we call

ROX1, and is controlled by an attached heater. By monitoring the ROX1 and adjusting

the heater, we indirectly control the temperature of the silicon circuit board of the column

assembly, although a temperature differential often exists between the copper carrier and

3The proximity effect superconductors may not be simple BCS superconductors due to the more compli-
cated phonon distributions involved.
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the column assembly (see Section 3.6.1). We use the SRDP to collect data for each of the

approximately 100 column assemblies needed for the three ACT arrays. For each regular

TES unit on a column assembly, we acquire[58, 63]:

(1) SQUID V-φ curves, to evaluate the multiplexing chip’s performance, and to calibrate

the current readout (Section 3.2);

(2) the Johnson noise spectrum of the load resistor when the TES is superconducting,

to extract the load resistance RL and the inductance L in the TES loop from the observed

Johnson noise level and its lowpassed filter response (Section 3.4, 3.5 and 3.6);

(3) the TES current-voltage characteristics (I-V curves), to determine the TES operat-

ing current, voltage, resistance, etc., as a function of applied bias voltage (Section 3.7);

(4) the TES noise spectra at multiple operating conditions, to check the TES sensitivi-

ties.

In addition, for a subset of the TES bolometers, we measure their I-V curves at multiple

bath temperatures to obtain the thermal conductance of the thermal link from the TES to

the thermal bath. For some of these TES bolometers, we also measure the transfer function

(the amplitude and phase response of the TES readout to bias voltage when the TES is

superconducting or normal, i.e., when the TES acts as a simple resistor), the TES complex

impedance and the TES noise spectrum at different operating resistances and different bath

temperatures. The transfer function measurements are the most important for calibrating

the TES complex impedance, but can also be used to improve the accuracy of the estimations

of the noise spectra. We will describe the transfer function measurements in Section 3.3.

We will describe the extraction of the thermal conductance from the I-V curves, and the

complex impedance and noise measurements, which are necessary for modeling the TES

bolometers, in the next chapter.

3.2 Current readout calibration; open and closed loop mea-

surements

Figure 3.2 shows a simplified drawing of the SRDP testing setup. The simplifications

include, but are not limited to: only one TES loop is shown, and resistances associated with
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the SRDP wiring from the room temperature to the column assemblies and the electrical

switches are ignored. A more detailed SRDP testing setup is depicted by Figure 4.4.

Rbias
~700 Ohm

Rparasitic
(assumed to
be zero)

R(TES)(T,I)
RN>=20 mOhm

L
~0.7 µH

RL
~0.7 mOhm 

or 2 mOhm

~0.4 K

G1

G

Vset

Rfeedback
~5.0 kOhm

Vbias

300 K

Vfeedback

Min

Mfeedback

SA SQUID

SQ1 Ifeedback
I(TES)

GNDGND GND

- +

300 K

~0.4 K

Voffset

Roffset
~5.1 kOhm

SQ2

VSQ

voltage we set

voltage we read out

TES and 

bias circuit

Readout 

circuit

bias switch feedback switch offset
switch

Figure 3.2: Simplified SRDP testing setup. Please refer to the text for detailed
descriptions.

The bias voltage Vbias provides the current to bias the TES. The current through the

TES branch, or the input current, ITES, generates an input flux by means of an input coil

that we denote by L (Lnyquist in Figure 3.2). The input coil is the inductor unit we described

earlier. The input flux is coupled into the stage 1 SQUID (S1 SQUID or simply SQ1). The
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mutual inductance of this input coil to the S1 SQUID, the input inductance, is a constant

Min. That is, δφ = MinδITES, where here δφ is the change in the flux in the S1 SQUID

solely due to the change in the input current. The signal from the S1 SQUID is further

coupled into the stage 2 SQUID (SQ2), the series array (SA) SQUID, and is amplified by

the amplifier G1. The output of this series of SQUIDs and amplifier is a voltage that we

call VSQ. We can read out VSQ directly, so we shall also refer to it as the SQUID readout.

The SQUID readout VSQ is approximately a sinusoidal function of the amount of the

total flux coupled into the S1 SQUID. The period of the S1 SQUID output, and hence (by

design) the period of the SQUID readout, as a function of the amount of flux in the S1

SQUID is the magnetic flux quantum Φ0 = h/2e as defined earlier, where h is the Planck

constant and e is the elementary charge. Without feedback in the readout circuit, large

variations in the current through the TES will cause the SQUID readout to trace out the

sinusoidal function, and calibration of the input current is made difficult by the need to

consider the input-dependent gain of the series of SQUIDs and amplifier in our readout

circuit. All of the SRDP measurements described in this thesis, with the exception of those

presented in Section 3.2.1, are made in the “closed loop” configuration, in which we apply

an input-dependent feedback flux back into the S1 SQUID to minimize the overall flux

change in the S1 SQUID and hence stabilize the SQUID readout. A differential amplifier

G generates the feedback voltage and hence current, which further produces the feedback

flux through a feedback coil. The mutual inductance of the feedback coil to the S1 SQUID,

the feedback inductance, is a constant Mfeedback. That is, δφ = MfeedbackδIfeedback, where

here δφ is the change in the flux in the S1 SQUID solely due to the change in the feedback

current. When only a proportionality term is implemented, the feedback voltage is simply

calculated as the product of an adjustable factor P and the difference between the SQUID

readout VSQ and an adjustable SQUID locking point Vset. In the SRDP setup, the feedback

operation is stable when the SQUID readout is on the positive slope of the SQUID readout:

an increase in the input flux in the S1 SQUID causes the SQUID readout to rise, resulting

in a reduction of the quantity Vset−VSQ, and hence a reduction in the feedback voltage and

the feedback flux, so in the end we reduce the change in the overall flux in the S1 SQUID.

Normally, we would like the SQUID readout to operate close to the middle of the sinusoidal
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response, where the response of the SQUID readout is more linear. To choose a specific

operating point VSQ on the sinusoidal response, we adjust Vset: if VSQ is above/below the

desired value, we decrease/increase Vset to decrease/increase the feedback current and hence

the flux in the S1 SQUID, resulting in a decrease/increase in VSQ, until the desired VSQ has

been achieved. A more detailed description of the SQUID readout and feedback system is

presented in Reference [63].

In all of the SRDP measurements (again, except those in Section 3.2.1), then, the change

in the current through the TES, which is not directly observable, is directly reflected in the

change in the feedback voltage, which we can directly measure. The relationship between

the change in feedback current Ifeedback and the change in TES current ITES when only

a proportionality constant P is used in calculating Ifeedback, assuming all the SQUID and

amplifier responses are instantaneous, linear and frequency-independent, can be shown to

be

δIfeedback = −Mratio

1 + δ
δITES (3.1)

where

Mratio =
Min

Mfeedback

is the ratio of the input inductance to the feedback inductance,

δ =
Rfeedback

P ·Rbias · S′
(3.2)

is a correction factor much less than unity, and

S′ =
dVSQ

dVbias
(3.3)

is the slope of the SQUID readout with respect to a change in only the bias voltage (which

changes the input flux) and with the feedback voltage fixed, and when the TES is supercon-

ducting (so all bias current goes through the TES branch). Note that S′ is a variable and

depends on at which point the SQUID readout is operating on the sinusoidal response. S′

is directly measurable, using the open loop measurements described in Section 3.2.1. When

an infinite-gain amplifier is used, δ becomes zero. In this case, the feedback flux completely
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cancels the flux change in the S1 SQUID and hence the change in the SQUID readout, and

the relationship between the change in the feedback current and the change in the input

current is reduced to simply

δIfeedback = −MratioδITES. (3.4)

However, naturally, some delay must exist when the SRDP applies the feedback voltage. At

sufficiently high frequencies, this delay can be significant enough that the applied feedback

reinforces rather than cancels the change in input, making the SQUID operation unstable.

Thus, the infinite-gain amplifier cannot be used. On the other hand, by transfer function

measurements, empirically δ is measured to be at ∼ 0.02 level for frequencies less than

∼ 100 Hz. Hence in practice Equation 3.4 approximately holds, at least at low frequencies.

To summarize, the relationship between the feedback voltage and the current through

the TES is simple and is almost entirely determined by Mratio, which is readily measur-

able (see Section 3.2.1). Therefore, we record the feedback voltage in most of the SRDP

measurements as representatives of the current through the TES.

As we have just discussed, with only the proportionality term implemented, the feedback

flux does not completely cancel the change in the input flux. Hence, to further improve

the accuracy of the conversion from the feedback voltage to the current through the TES,

we still need to record the SQUID output VSQ (in addition to the feedback voltage), and

to determine the shape of the sinusoidal SQUID response, so that we can calculate S′ and

hence evaluate Equation 3.2. Another complication arises in the I-V curve measurements.

Because the change in the current through the TES is large in I-V acquisitions, small

changes in VSQ accumulate, until VSQ drifts past the top of the sinusoidal SQUID response,

and the SQUID readout no longer operates on the positive slope of the sinusoidal response.

SQUID operation on the negative slope, however, is unstable, which results in a large jump

in the feedback voltage before the SQUID again operates on the positive slope and stabilizes.

Such jumps in the feedback voltage will have to be corrected.

Therefore, to further simplify the conversion from the feedback voltage to the current

through the TES, and to simplify the I-V curve measurements and analysis, an integration

term in calculating the feedback current can be enabled in the SRDP to further cancel the

flux change in the S1 SQUID. Then, in the limit of zero frequency measurements, such as I-V
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curve acquisitions, the SQUID operating point remains constant on the sinusoidal response,

and the relationship between the change in input current and the change in feedback current

reduces to Equation 3.4. Choosing a desired operating point VSQ on the sinusoidal response

is also simplier with the integration term: the feedback current will adjust automatically so

that VSQ reaches the desired value.

The circuit calibration at nonzero frequencies is described in Section 3.3.1.

As implied in the above paragraphs, the determination of Mratio is of prime importance

in determining the input current as a function of feedback voltage. Now we describe the

determination of Mratio in Section 3.2.1.

3.2.1 Determintion of Mratio and parasitic resistance

In open loop measurements, the feedback voltage is not applied. The flux in the S1 SQUID

and hence the SQUID readout are intentionally allowed to float in response to either a

change in the current on the input side or a change in the current on the feedback side. To

simplify analysis, we servo the bath temperature to below the critical temperature of the

TES. Then, if the bias current is small enough, the TES remains in the superconducting

state and (in the absence of parasitic resistance that remains in the TES branch) all the

bias current goes through the TES branch. To measure the input inductance, we sweep

only the bias current (the sweep is small enough such that the TES is superconducting),

so that the flux change in the S1 SQUID is solely due to this particular sweep. Then, we

determine the period of the sinusoidal response of the SQUID readout as a function of the

input current. We assume this period is ∆ITES. That is, Φ0 = Min∆ITES, where Φ0 is the

magnetic flux quantum.

The determination of the feedback inductance is slightly more complicated. We would

like to sweep the feedback voltage, but this is intentionally turned off for open loop measure-

ments. Instead, we sweep an offset voltage (keeping the bias voltage fixed so that the flux

change in the S1 SQUID is solely due to the sweep of the offset voltage), which acts as an

substitute for the sweep of feedback voltage (see Figure 3.2). Then, we determine the period

of the sinusoidal response of the SQUID readout with respect to the change in the current

on the feedback side. We assume this period is ∆Ifeedback, that is, Φ0 = Mfeedback∆Ifeedback.
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Then, using Min∆ITES = Φ0 = Mfeedback∆Ifeedback, we determine Mratio as

Mratio =
∆Ifeedback

∆ITES
.

Figure 3.3 shows an example of the sweeps of the currents in the bias line and in the

feedback line to determine Mratio.
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Figure 3.3: SRDP open loop measurements to determine Mratio, the ratio of the
input inductance to the feedback inductance. In this figure, the SQUID readout VSQ

as we sweep the current through the TES is drawn in blue, and the readout as we
sweep the current through the feedback line is drawn in red. To make the two sweeps
more comparable on the figure, we have divided the current in the feedback line by
a factor 8.5. Mratio is determined as the ratio of the period of the SQUID readout
as a function of the current through the feedback line to the period of the SQUID
readout as a function of the current through the TES.

To check whether the parasitic resistance exists, we use the dark TES unit. As described

before, the dark TES unit is the same as a regular TES unit except that the load resistance

branch is replaced by an open circuit and that the TES is replaced by a short circuit. In

other words, we ensure that the bias current only goes through the TES branch. In addition,

the bias current for the dark TES unit is provided by a separate voltage source through a

dark bias resistor. A separate Mratio is taken for the dark TES unit and is compared to the

Mratio’s for the 32 regular TES units. Assuming that the parasitic resistance is a fraction

δ of the load resistance for a regular TES unit, the Mratio from the dark TES unit will be

larger than the Mratio from the regular TES unit by the same fraction.

Figure 3.4 shows the Mratio’s obtained for the regular TES units and the dark TES units

for the first quarter of the AR3 array. The figure indicates a negative parasitic resistance
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Figure 3.4: Mratio’s from regular TES units (blue dots) and dark TES units (red
circles) for the first quarter of the AR3 array. This figure indicates the level of
parasitic resistance in the TES branch is negligible, and the Mratio’s in the ACT TES
column assemblies are quite uniform.

at a level of half percent of the load resistance. A negative parasitic resistance is of course

unexpected. One possible explanation is the error in calibrating the relevant resistances,

such as Rbias or Rdark, the dark bias resistance, necessary for the calculations of Mratio: a

half percent error in the calibration of the ∼ 700 Ω bias resistance or in the calibration of

the ∼ 24 kΩ dark bias resistance is enough to cause this error. Because no evidence of its

existence has been found, our assumption that no parasitic resistance exists holds.

3.3 Calibration of frequency domain measurements

The calibration of the current readout described in the previous section, as well as the I-V

measurements that will be described later, are essentially zero-frequency processes. Often we

are interested in the various properties of the TES as functions of frequency: the TES noise

spectrum is the TES response to the various noise sources, and the TES complex impedance

is the TES response to a stimulating bias voltage. Stray capacitances and inductances not

presented in Figure 3.2, variable gain and phase shift of the readout circuit, among other

possibilities, can contaminate the true TES behavior and in particular cause deviations from

Equation 3.4 at either very low (but non-zero) or very high frequencies. In this section we

discuss the calibrations of the SRDP frequency-domain (AC) measurements.
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Figure 3.5 shows the ideal (i.e., no stray inductances and capacitances, etc.) electrical

circuits for the three kinds of frequency domain SRDP measurements that we perform: the

load resistor Johnson noise measurements, the TES noise spectrum measurements, and the

TES complex impedance measurements.

The load resistor Johnson noise measurements, depicted by Figure 3.5(a), aim primar-

ily at extracting the load resistance from the measured amplitude of the Johnson noise

spectrum, and to a lesser degree, the inductance in the TES loop from the roll off of the

spectrum4 . To eliminate potential contamination from the bias line, such as the John-

son noise of the bias resistor and the electrical noise associated with the bias switch (see

Figure 3.2), the bias switch is turned off for these measurements. We also make sure the

TES is superconducting so it does not contribute to the noise current in the TES loop.

The circuit for load resistor Johnson noise measurements is simple, and we are concerned

most about the amplitudes of the noise spectra at low frequencies, where (in the absence of

stray capacitance) the deviation from the ideal circuit should be minimal. Hence, the load

resistor Johnson noise is relatively easy to calibrate.

The TES noise spectrum measurements, depicted by Figure 3.5(b), aim at extracting

the noise spectra of the current through the TES when the TES is biased into its transition,

and hence the bias voltage needs to be provided. The electrical noise sources include the

Johnson noise of the TES and the load resistor, and the electrical noise associated with the

bias line, such as the Johnson noise of the bias resistor and the electrical noise of the bias

switch. Hence, the circuit for the TES noise spectrum measurements is more complicated.

However, the noise in the bias line is suppressed by the large bias resistance in comparison

to the small load resistance, and hence the deviation of the bias line from the ideal circuit is

more tolerable. In any case, we will estimate the deviations of the real circuit for the TES

noise spectrum measurements from the ideal one.

Finally, in the TES transfer function/complex impedance measurements, depicted by

Figure 3.5(c), we artificially generate an AC voltage in the bias line, and extract the response

4The reason the load resistance is more important than the inductance is that the load resistance affects
both the I-V curve and the complex impedance calibrations, as well as the noise spectrum predictions, while
the inductance is only important for the noise spectrum predictions, because the I-V curve measurements
are DC operations where the inductance plays no role and the effects of the inductance on the complex
impedance measurements can be taken out, as we shall describe.



50 Dark measurements of ACT TES bolometers

R(T,I)

L

RL

I

TES

Vbias(DC)

Vbias(AC)

Rbias

(c) transfer function/ 

complex impedance

R(T,I)

ZeqI

TES

VTh 

(DC)

Transform

(d) Thevenin equivalent

VTh 

(AC)

R(T,I)

L

RL

I

TES

VDC

Rbias

VN,Load 
(Load John-

son noise)

L

RL

IVN,Load 
(Load John-

son noise)

(a) Load resistor 

Johnson noise

(b) TES noise

VN,bias 
(Bias noise)

VN,Johnon 
(TES Johnson 

noise)

Figure 3.5: Simplified electrical circuits for the frequency domain measurements, in-
cluding (a) the load resistor Johnson noise measurements, (b) the TES noise spectrum
measurements, (c) the TES transfer function/complex impedance measurements, and
(d) the Thevenin equivalent circuit for the TES transfer function/complex impedance
measurements.
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of the current through the TES to the voltage across the TES. This AC voltage, applied in

series with the DC bias voltage, is large enough so that it dominates all other noise sources

(but is small enough so that the TES response is linear). Unlike the noise measurements,

in the complex impedance measurements we are concerned with both the amplitude and

the phase shift of the voltage across and the current through the TES. As it turns out, we

will be able to empirically calibrate the complex impedance measurements by constructing

a Thevenin equivalent circuit, depicted by Figure 3.5(d).

3.3.1 Transfer functions

Our calibrations of the frequency domain measurements are carried out with transfer func-

tions. The transfer function is the magnitude and phase response of the feedback voltage

(the output voltage) with respect to an infinitesimal bias voltage as a function of frequency.

Specifically, we define the transfer function at nonzero frequencies as

T (f) = −Vfeedback(f)

Vbias(f)
,

and at zero frequency as

T (0) = −δVfeedback

δVbias
.

The negative sign in the above expression accounts for the fact that the feedback voltage

opposes the change in the overall flux in the S1 SQUID. In practice, the bias voltage at

nonzero frequencies (the AC bias voltage) is provided by a spectrum analyzer and generates

the AC bias current through an external bias resistor (see Figure 4.4). However, to simplify

the presentation we will pretend that the bias voltage at nonzero frequencies is provided by

the same voltage source that generates the DC bias voltage.

The transfer function is a complex quantity, and it depends on the TES operating

condition. We will refer to the transfer function taken with the TES in the superconducting

state as the superconducting transfer function, or TS(f), and the transfer function taken

with the TES in the normal state as the normal transfer function, or TN(f). In reality, the

normal transfer function is weakly dependent on the temperature through the temperature

dependence of the TES normal resistance. We will assume that the normal transfer function

is taken at a fixed temperature, and the TES normal resistance is RN at that temperature.
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Figure 3.6 shows the magnitudes and phases of the superconducting and the normal

transfer functions measured in the SRDP on a particular TES bolometer (TES A in Chap-

ter 4). As expected from the ideal circuit, the amplitudes of the transfer functions are

rolled off at high frequencies due to the inductance in the TES loop, and the phases at low

frequencies are close to zero. The superconducting and the normal transfer functions are

particularly useful. The TES acts as a short circuit in the superconducting state and as

a simple resistor in the normal state. Hence, at least in the absence of stray inductances

and capacitances, the current through the TES in response to a bias voltage is easily calcu-

lated. Then, transfer functions establish a direct relationship between the feedback voltage

and the current through the TES. With the knowledge of the measured transfer functions,

we can empirically determine the current through the TES from the feedback voltage, as

an alternative to the relationship δIfeedback = −MratioδITES that may not hold exactly at

nonzero frequencies and with the integration term off (see Section 3.2). The superconduct-

ing and the normal transfer functions will be even more useful for the complex impedance

measurements: they enable us to construct a Thevenin equivalent circuit to calibrate the

TES complex impedance from the transfer function taken at an arbitrary TES operating

condition.

3.3.2 Calibration of the load resistor Johnson noise spectrum

To a good approximation, in the absence of stray capacitances, at frequencies close to

zero and with the TES superconducting, Vbias(f) = RbiasITES(f) (at higher frequencies

this expression has to be modified to reflect at least the inductor in the TES loop), and

Vfeedback(f) = RfeedbackIfeedback(f). From Equation 3.4 we can deduce the ideal, i.e., with

no change in the S1 SQUID flux, low-frequency superconducting transfer function:

Tideal(f) = Mratio
Rfeedback

Rbias
. (3.5)

Figure 3.7 shows the measured superconducting transfer functions with and without the

integration term implemented, and the ideal transfer function. We first focus on frequen-

cies lower than 100 Hz, where the current through the TES is not yet appreciably rolled

off by the inductance in the TES loop. The comparison between the measured and ideal
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Figure 3.6: The magnitudes and phases of the superconducting and normal transfer
functions measured in the SRDP. The transfer functions are taken with the integration
term on. The figure on the left shows the magnitudes of the superconducting transfer
function (blue) and the normal transfer function (red). The figure on the right shows
the phases of the superconducting transfer function (blue) and the normal transfer
function (red). The effects of the integration term on the transfer functions are
described in the text and in Figure 3.7. We have artificially multiplied the magnitude
of the normal transfer function by ten in the figure. When the TES is normal, most
of the bias current goes through the load resistor branch, whereas when the TES is
superconducting, all the bias current goes through the TES branch. The magnitudes
of the transfer functions reflect this fact. The phases of the transfer functions are the
results of a combination of the inductor in the TES branch, the stray inductances
and capacitances, and the readout system. Compared to the superconducting transfer
function, the magnitude of the normal transfer function rolls off at a higher frequency,
and the phase of the normal transfer function is flatter, because when the TES is
normal the R/L time constant in the TES loop is higher (where R here is the sum
of the TES and the load resistances).

transfer functions shows that, if we use only the relationship Ifeedback = −MratioITES to

estimate the current through the TES from the feedback current, then without the integra-

tion term implemented we underestimate the amplitude of the current through the TES at

low frequencies by ∼ 2%. On the other hand, with the integration term, and using only the

relationship Ifeedback = −MratioITES, we overestimate the amplitude of the current through

the TES below ∼20 Hz by ∼ 1%. The deviation between the transfer functions taken with

and without the integration term below ∼ 50 Hz is natural: the effect of the integration

term diminishes for higher frequencies. This deviation, caused purely by the integration
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term, also shows that the underestimation in the case without the integration term is due

to the incomplete cancelling of the flux change in the S1 SQUID.
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Figure 3.7: Amplitudes of the measured superconducting transfer functions taken
with the integration term on (blue) and off (red), as well as the ideal low-frequency
transfer function (magenta), i.e., Equation 3.5. The inset shows a zoom-in view at
low frequencies. The transfer function is defined as the ratio of the feedback voltage
(the output voltage) to the bias voltage (the input voltage). In practice, when taking
the transfer functions, a spectrum analyzer provides the AC bias voltage, which
then generates the bias current through an external bias resistor. The ideal transfer
function shown here is also calculated with respect to the bias voltage provided by the
spectrum analyzer, using the ideal relationship Ifeedback = −MratioITES to calculate
the output voltage from the bias voltage. The relationship between the measured and
the ideal transfer functions is discussed in the text.

With the integration term or not, with the measured superconducting transfer function

informing us of the amplitude response of the feedback voltage to a known current through

the TES at low frequencies, we can empirically deduce the spectrum of the current through

the TES due to the load resistor Johnson noise, from the spectrum of the measured feedback

voltage, at least at low frequencies. The amplitude of the superconducting transfer function

is largely flat for frequencies below ∼ 100 Hz, before it is rolled off by the inductor. We

let the ratio of the amplitude of the ideal transfer function to the (flat) amplitude of the

low-frequency superconducting transfer function without the integration term be 1 + δ. As

we have discussed earlier, this factor reflects the incomplete cancelling of the flux change

in the S1 SQUID, and hence exactly corresponds to the term 1 + δ in Equation 3.1. We

assume that the same underestimation due to the incomplete cancelling of the flux in the
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S1 SQUID extends to higher frequencies. We will revisit this assumption later. Then, for

the noise spectra taken without the integration term, we calculate the current through the

TES from the feedback current through the relationship ITES = −((1 + δ)/Mratio)Ifeedback

uniformly at all frequencies. The ratio of the amplitude of the transfer function taken with

the integration term to the amplitude of the transfer function taken without the integration

term is adequately modeled by an exponential decay. For the noise spectra taken with the

integration term on, we use this model to further correct the overestimation introduced by

the integration term, in addition to the factor 1 + δ that accounts for the underestimation

as a result of the incomplete flux cancelling in the S1 SQUID when no integration term is

present.

3.3.3 Calibration of the TES complex impedance

At higher frequencies the conversion from the feedback voltage to the current through the

TES is less simple, because stray inductances may come into play. The gain and phase shift

of the feedback voltage may also become frequency-dependent. The complex impedance

measurements are particularly affected by these factors because both the amplitude and

the phase responses of the current through the TES to the voltage across the TES have to

be extracted. With the knowledge of the transfer function, we can empirically construct a

Thevenin equivalent circuit to extract the true TES complex impedance. Our derivation

follows Reference [55].

The circuit to be converted is the circuit for the transfer function measurement (Fig-

ure 3.5(c)) with respect to the two ends of the TES. The Thevenin equivalent circuit, de-

picted by Figure 3.5(d), includes the Thevenin voltage VTh(f) (which has both AC and DC

components), the equivalent impedance Zeq(f), and the TES complex impedance ZTES(f),

all in series, and all as functions of frequency. We further define the Norton current as

IN(f) = VTh(f)/Zeq(f).

Now we empirically construct the Thevenin equivalent circuit from the measured transfer

functions. We let the current in the equivalent circuit be I(f). Then, from the simple
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relation I(f) = VTh(f)/(Zeq(f) + ZTES(f)), we can deduce

I−1(f) = IN
−1(f) + ZTES(f)VTh

−1(f).

Then, it is clear that to solve for the (complex values of the) Thevenin voltage VTh and the

Norton current IN (and hence the equivalent impedance Zeq) at each frequency from the

above expression, we need two sets of (the complex values of) the corresponding I and ZTES

at that frequency. We will use the values of I and ZTES when the TES is superconducting,

and when the TES is normal. When the TES is superconducting, ZTES = 0, and when it is

normal, ZTES = RN, the TES normal resistance. The TES normal resistance is calculated

based on the extracted load resistance RL (to be described in Section 3.6), which we assume

is a constant, the (very close to real) zero-frequency superconducting and normal transfer

functions, the fact that when the TES is normal, at zero frequency a fraction RL/(RL +

RN) of the bias current goes through the TES branch, and that the transfer functions

are proportional to the current through the TES (see Equation 3.6) and hence the ratio

TS(0)/TN(0) is exactly the ratio of the current going through the TES in the superconducting

state to the current going through the TES in the normal state:

RN =

(∣

∣

∣

∣

TS(0)

TN(0)

∣

∣

∣

∣

− 1

)

RL.

To obtain the currents through the TES corresponding to the superconducting and the

normal transfer functions, we will use the transfer function T (f) as a proxy for the current

I(f). Recall that T (f) = −Vfeedback(f)

Vbias(f)
. We can reasonably assume that at each frequency,

the feedback voltage is a linear function of the current through the TES, i.e., Vfeedback(f) =

C(f)I(f), for some frequency-dependent and possibly complex factor C(f). Note that

C(f) takes into account the gain and phase shift of the readout circuit (which may be

caused by the stray inductances and capacitances). Then we will have the relationship

T (f) = −C(f)I(f)/Vbias(f), or

I(f) = −Vbias(f)

C(f)
T (f). (3.6)

We do not assume a specific form for C(f) as a function as frequency, but as a property of

the readout circuit, it is reasonable to assume that it is independent of whether the TES is

superconducting or normal. Then, if we apply the same bias voltage Vbias(f) when the TES
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is superconducting and normal at the frequency f , we can regard Vbias(f)/C(f) merely as

a constant (for frequency f). As it will turn out, the value of this constant is irrelevant for

the extraction of the TES complex impedance.

With the two sets of (C(f)/Vbias(f))I(f) and ZTES(f), we can solve for (C(f)/Vbias(f))VTh(f)

and (C(f)/Vbias(f))IN(f). The equivalent impedance, however, is independent of the con-

stant C(f)/Vbias(f), because it is the ratio of the Thevenin voltage to the Norton current.

Figure 3.8 shows the constructed Thevenin voltage (up to the factor C(f)/Vbias(f)) and the

derived equivalent impedance, corresponding to the transfer functions shown in Figure 3.6.

Also plotted are the load resistance RL and the impedance of the inductor L extracted from

the load resistance Johnson noise measurements.

Then, it is easy to extract ZTES(f) at any other TES working condition that corresponds

to a current I(f) and a tranfer function T (f). We multiply − C(f)

Vbias(f)
on both sides of the

simple relationship

I(f) =
VTh(f)

Zeq(f) + ZTES(f)

to obtain

T (f) =

− C(f)

Vbias(f)
VTh(f)

Zeq(f) + ZTES(f)
.

Therefore, at an arbitrary TES operating condition (i.e., not necessarily superconducting or

normal), because the transfer function T (f) is what we measure, and (C(f)/Vbias(f))VTh(f)

and Zeq(f) are what we have solved for, we can extract ZTES(f) from the above equation.

3.3.4 Calibration of the TES noise spectrum

After the Thevenin equivalent circuit for the complex impedance measurements has been

completed, we can go back to check how accurately the ideal circuits, depicted in Figure 3.5,

represent the actual circuits. The expected Thevenin voltage and the equivalent impedance

for the ideal circuit for the transfer function measurements can be shown to be

VTh =
RL

RL +Rbias
Vbias,

Zeq =
RLRbias

RL +Rbias

(

1 +
i2πfL

RL
+
i2πfL

Rbias

)

.
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Figure 3.8: The Thevenin voltage and the equivalent impedance constructed from
the transfer function measurements. The figure on the left shows both the real part
(blue), the imaginary part (red), and the amplitude (dashed blue) of the Thevenin
voltage, up to the factor C(f)/Vbias(f) described in the text. The figure on the right
shows the real part (blue) and the imaginary part (red) of the equivalent impedance,
as well as the load resistance RL (dashed blue) and the impedance of the inductor L
(dashed red). The inset shows an enlarged view of the comparison between the real
part of the equivalent impedance and the load resistance RL at low frequencies. The
load resistance and the inductance are extracted from the load resistor Johnson noise
measurements. These figures show that the constructed Thevenin voltage and the
equivalent impedance do not deviate greatly from their expected values using an ideal
(without stray inductances and capacitances, etc.) representation of the circuit for
transfer function measurements: the Thevenin voltage is nearly real and constant up
to ∼ 10 kHz, the load resistance agrees to within 1% of the real part of the equivalent
impedance up to ∼ 1 kHz and the impedance of the inductor agrees to within 2% of
the imaginary part of the equivalent impedance up to ∼ 100 kHz.
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In practice, because the load resistance is orders of magnitude lower than the bias resistance

(∼ 1 mΩ verses ∼ 700 Ω), the above expressions reduce to simply

VTh =
RL

Rbias
Vbias,

Zeq = RL + i2πfL.

Figure 3.8 shows that the Thevenin voltage, or more precisely (C(f)/Vbias(f))VTh(f),

largely remains real and constant up to ∼ 10 kHz, as expected. The equivalent impedance

agrees well with the expected value from the ideal circuit for approximately the same fre-

quency range. Even at above 10 kHz, the amplitudes of the Thevenin voltage and the

equivalent impedance, which (instead of their phases) are what affect the noise spectra,

agree reasonably with the expectations. Because the equivalent impedance can be regarded

as the impedance looking back into the circuit (replacing the bias voltage with a short cir-

cuit) from the two ends of the TES, the similarity between the equivalent impedance that

is empirically constructed and the expectation from the ideal circuit suggests that stray

inductances and capacitances are not significant. (In particular, if a large enough stray

inductance were to exist in the load resistor branch, which the load resistor Johnson noise

measurement alone would not distinguish since it measures only the total inductance in the

TES loop, then it is easy to see that the equivalent impedance could not resemble what is

empirically constructed.) Then, the actual Thevenin voltage VTh(f) should be a constant

independent of frequency. That the constructed (C(f)/Vbias(f))VTh(f) stays relatively con-

stant (with Vbias(f) of the same amplitude at different frequencies) suggests that the factor

C(f), or correspondingly the term 1 + δ in Equation 3.1, is not strongly dependent on the

frequency. (In fact, it is easy to see that the small increase in (C(f)/Vbias(f))VTh(f) toward

low frequencies (see the left panel of Figure 3.8) is precisely due to the integration term

enhancing the feedback voltage.) This justifies our earlier method of applying the same

correction factor 1 + δ uniformly in frequency to the load resistor Johnson noise spectra

taken without the integration term. We will correct any measured noise spectra, e.g., the

TES noise spectra taken when the TES is biased into its transition, with the same method

(with the adjustment at low frequencies if the integration term is implemented).
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3.3.5 Asymmetry between the calibration of the complex impedance and

the noise spectrum

We have constructed a Thevenin equivalent circuit for the complex impedance measure-

ments, but not for the load resistor Johnson noise and the TES noise spectrum mea-

surements. The reason for this asymmetry is twofold. First, in the complex impedance

measurement, we have a well-defined single frequency source provided by the bias voltage,

which enables us to infer the current through the TES from Equation 3.6. For the load

resistor Johnson noise and the TES noise spectrum measurements, the noise sources are the

random white noise generated by the load resistor and the TES, and the current through

the TES at a particular frequency is not directly calculable. Second, for the TES noise

spectra, the spectral densities of the noise sources (in particular, the Johnson noise of the

bias resistor, the load resistor, and the TES) are temperature-dependent. We could still

construct a Thevenin equivalent circuit, but we need to start directly from ideal circuit de-

picted by Figure 3.5(b). The empirically constructed equivalent circuit, with the equivalent

impedance at a single temperature, is not adequate.

3.4 Periodogram analysis of Johnson noise

The Johnson noise is a continuous-time stochastic process. In practice it is of course im-

possible for us to observe the process continuously, but only at certain timestamps. From

now on, when we speak of a sequence {yk, k ∈ Z} of a continuous-time stochastic process,

it is understood that {yk} are taken from the continuous-time stochastic process at a fixed

time interval ∆ and that the timestamp for yk is k∆. The covariance function rk of lag k

then represents the covariance a time k∆ apart; i.e.,

rk = r(k∆).

The spectral density defined for discrete-time stochastic process is then used as a substitute

for the corresponding spectral density for the continuous-time stochastic process; i.e., we

approximate the integral in Equation 2.7 by a sum:

S(f) ≈ Ŝ(f) =
∞
∑

k=−∞

rke
−i2πf∆k∆.
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In practice it is again impossible for us to observe the process for an infinite duration, as is

needed to calculate the Ŝ(f) above. The aim of this and the next section is to describe in

reality how we can approximate the true spectral density.

Note that ∆ should be small enough so that Ŝ(f) does not deviate much from the true

spectral density S(f); i.e., the substitute does not suffer much from aliasing because of the

finite sampling rate. The condition on the magnitude of ∆ can be derived explicitly as

follows. Note that r(k) is given by the inverse Fourier transform of S(f):

r(k) =

∫ ∞

−∞
S(f ′)ei2πf ′kdf ′.

Then, noting that rk = r(k∆), and using the following properties of the delta function

δ(ax) =
1

a
δ(x),

k=∞
∑

k=−∞

eikx = 2π
∞
∑

n=−∞

δ(x+ 2nπ),

we have

Ŝ(f) =
∞
∑

k=−∞

(∫ ∞

−∞
S(f ′)ei2πf ′∆kdf ′

)

e−i2πf∆k∆

=

∫ ∞

−∞
S(f ′)

(

∞
∑

k=−∞

ei2π∆k(f ′−f)

)

df ′∆

=

∫ ∞

−∞
S(f ′)

∞
∑

n=−∞

2πδ
(

2π∆(f ′ − f) + 2nπ
)

df ′∆

=

∫ ∞

−∞
S(f ′)

∞
∑

n=−∞

δ
(

f ′ − f +
n

∆

)

df ′

=
∞
∑

n=−∞

∫ ∞

−∞
S(f ′)δ

(

f ′ − f +
n

∆

)

df ′

=
∞
∑

n=−∞

S
(

f − n

∆

)

.

Therefore Ŝ(f) not only gets a contribution from S(f), but also from undesirable frequencies

f+n/∆, n 6= 0. Assuming that S(f) decreases for increasing |f |, then for f <
1

2∆
, the most

significant error contribution to Ŝ(f) is the term S

(

f − 1

∆

)

= S

(

1

∆
− f

)

(remember that

S(f) is even). Therefore, in order for Ŝ(f) to not deviate much from S(f) for f <
1

2∆
,
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it is necessary that S(f) approaches zero as f approaches
1

2∆
, which is the usual critical

sampling condition. From now on we shall assume that the critical sampling condition is

satisfied.

For simplicity, when we discuss spectral estimation later we shall go back to Equation 2.6

as the definition for spectral density, in effect setting ∆ = 1. We shall also omit the hat

in Ŝ(f), with the understanding that we are approximating a continuous-time process with

discrete sampling.

Johnson noise, like all other noise in our system, degrades the system performance. On

the other hand, it also provides a principle means to calibrate the SRDP measurements.

Specifically, we measure the Johnson noise in the TES loop when the TES is superconduct-

ing, which is the load resistor Johnson noise measurements we described earlier. In this

case, the Johnson noise is generated by the load resistor alone, is inversely proportional to

the load resistance, and is rolled off at high frequencies by the inductor in the TES loop.

Fitting the Johnson noise model to the observed noise spectrum thus gives us the load

resistance and the inductance.

We let V (t) be the amplitude of the Johnson noise in the TES loop at time t and let

Ṽ (f) be its Fourier transform. That is,

Ṽ (f) =

∫ ∞

−∞
V (t)e−i2πftdt.

We let I(t) and Ĩ(f) be the resulting fluctuating noise current that we observe in the time

and frequency domains respectively. Let R and L be the total resistance and inductance in

the TES loop respectively5 . Then6 ,

Ĩ(f) =
1

R+ i2πfL

∫ ∞

−∞
V (t)e−i2πftdt

and

I(t) =

∫ ∞

−∞

(

1

R+ i2πfL

∫ ∞

−∞
V (t′)e−i2πft′dt′

)

ei2πftdf

=

∫ ∞

−∞
V (t′)

∫ ∞

−∞

1

R+ i2πfL
ei2πf(t−t′)dfdt′.

5For this and the next section, R no longer represents the TES resistance, but instead represents any
resistance responsible for the Johnson noise. When the TES is superconducting, R is then resistance of the
load resistor.

6Note that choosing the sign in the impedance value i2πfL amounts to choosing the convention for the
sign in the exponent in the Fourier transforms.
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The inner integral can be evaluated by extending into the complex plane. The result is
1

L
e−

R
L

(t−t′) for t > t′ and 0 for t < t′. Thus

I(t) =

∫ t

−∞

1

L
e−

R
L

(t−t′)V (t′)dt′.

It is clear that I(t) is just the convolution of the input noise voltage with the response

function of an RL circuit. It is also clear that the covariance function for I(t) is no longer

proportional to δ(τ) (where τ is the time difference), because I(t) depends explicitly on all

earlier times (or equivalently, because the noise current spectrum, being rolled off at high

frequencies, is no longer white). It can be shown that the covariance function of I(t) is

proportional to e−
R
L

τ (as expected) and that I(t) is still Gaussian7 .

A natural candidate for estimating the spectral density of a stochastic process is the

discrete Fourier transform of the N values of the observed sequence {yt, 0 ≤ t ≤ N − 1}:

Y (f) =

N−1
∑

t=0

yte
−i2πft =

√
N (A(f) + iB(f))

where A,B are real functions. The normalization factor
√
N is intuitive from the Central

Limit Theorem: the sum of independent and identically distributed random variables, when

scaled by a factor 1/
√
N , should approach a normal distribution (although for us, the yt’s

are not necessarily independent); we will give an explicit justification shortly.

We further define the periodogram of {yt, 0 ≤ t ≤ N − 1} as

P (f) =
1

N

∣

∣

∣

∣

∣

N−1
∑

t=0

yte
−2iπft

∣

∣

∣

∣

∣

2

= A(f)2 +B(f)2.

By rearranging the summation indices in the above expression we can write the peri-

odogram in another way:

P (f) =
1

N

N−1
∑

n=−(N−1)

N−1−|n|
∑

t=0

yt+|n|yte
−i2πfn

=
N−1
∑

n=−(N−1)

r̂ne
−i2πfn. (3.7)

7The sum of two (and thus an arbitrary number of) independent Gaussian random variables is again
Gaussian. The multiple of a Gaussian random variable with a constant is obviously Gaussian. Thus intu-
itively, I(t), being a weighted integral of Gaussian random variables V (t), is also Gaussian.
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Thus, the periodogram can be interpreted as the Fourier transform of the biased sample

covariance taken up to the maximum order allowed by the number of measurements (note

that for an observation consisting of N points we can only estimate the sample covariance

up to rN−1). Compared to the definition of spectral density as the Fourier transform of the

covariance sequence (Equation 2.6), this expression of the periodogram is one justification

that the periodogram serves as an estimate of the spectral density. The normalization factor

(1/
√
N)2 = 1/N , on which we commented earlier, makes this comparison explicit.

We are interested in how well the periodogram approximates the true spectral density.

The expectation of the periodogram is (remembering that E[r̂k] = (1 − |k|/N) rk)

E [P (f)] =

N−1
∑

n=−(N−1)

(

1 − |n|
N

)

rne
−i2πfn.

The right hand side is in the form of a Cesàro sum[17] of the rne
−i2πfn’s. Then in the

limit N → ∞, we have

lim
N→∞

E [P (f)] =
∞
∑

n=−∞

rne
−i2πfn = S(f).

So at least the expectation value of the periodogram in the limit of a large number of

observations approaches the true value of the spectral density. It can be shown that, under

suitable conditions (which our noise current process satisfies), the A(f1), B(f1), A(f2),

B(f2), ..., where 0 < fi < 1/2 and fi 6= fj for i 6= j, all have an asymptotic (i.e., as

N → ∞) normal distribution and are pairwise uncorrelated and thus independent. Hence,

asymptotically

P (f) = A(f)2 +B(f)2

⇒ S(f)

2
χ2

2,
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where ⇒ denotes convergence in distribution and χ2
2 is the chi-square distribution with two

degrees of freedom8 . The asymptotic variance of P (f) is thus9

lim
N→∞

var (P (f)) =

(

S(f)

2

)2

× var
(

χ2
2

)

= S(f)2.

(To be precise, the asymptotic variance of P (f) at f = 0 and f = 1/2 can be shown to be

2S(f). In the discussion below we shall not explicitly single out the cases for f = 0 and

f = 1/2, although these special cases should be kept in mind.)

Thus, although P (f) has an asymptotic mean that is equal to the true spectral density,

its asymptotic variance is the square of its mean. Therefore P (f) is not a satisfactory

estimate of S(f).

3.5 Improved periodogram analysis of Johnson noise

That the variance of P (f) does not approach zero no matter how long an observation we take

can be qualitatively seen as follows. Remember Equation 3.7 shows that the periodogram

is the discrete Fourier transform of the biased sample covariance taken up to the maximum

order allowed by the number of measurements. As we increase the number of measurements,

for each fixed lag k the variance of the biased sample covariance r̂k decreases. However,

at the same time we also introduce long-lag (i.e., large k) sample covariances that we have

to estimate with only a few observations, which contribute significantly to the variance of

P (f).

Although taking longer observation does not decrease the variance of the periodogram,

it provides us with increased frequency resolution. It also allows us to employ variance-

reduction procedures to make the periodogram a useful estimate of the spectral density.

We now briefly describe two such procedures, periodogram averaging and periodogram

windowing.

8The factor
S(f)

2
can be seen as follows. A χ2 distribution of k degrees of freedom has mean k; for χ2

2

this mean is 2. We know that P (f) has asymptotic mean S(f). So the constant factor multiplying χ2
2 is

S(f)

2
.

9Note that the variance of the χ2
2 distribution is 4.
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3.5.1 Periodogram averaging

Periodogram averaging in its basic form is very intuitive. Suppose we take an observation

of length N = N1 ×N2. We sequentially divide these N samples into N1 sections with N2

samples in each section. We produce a periodogram for each of the N1 sections, and take

the average of these N1 periodograms at each frequency. It can be shown that the individual

periodograms are approximately independent and identically distributed for large N2. The

variance of the averaged periodogram is then reduced by a factor of about N1. The obvious

drawback of this method is the decreased resolution of the periodogram: the averaged

periodogram has only N2 approximately independent points instead of N1 × N2. A more

sophisticated averaging method is to allow the N1 sections to overlap and to weight the

different samples in each section by a window function. We shall not discuss in detail

this improved method of periodogram averaging because periodogram windowing, to be

discussed next, typically yields better spectral estimates.

3.5.2 Periodogram windowing

Equation 3.7 shows that the periodogram is the Fourier transform of the biased sample

covariance. In looking for a better estimate Ŝ(f) of spectral density, we still consider a

weighted sum of the sample covariance:

Ŝ(f) =
N−1
∑

n=−(N−1)

wnr̃ne
−i2πfn =

N−1
∑

n=−(N−1)

w∗
nr̂ne

−i2πfn, (3.8)

where wn and w∗
n are some weighing factors that we call the window functions. Note that

from the definitions of r̃n and r̂n,

w∗
n =

N

N − |n|wn.

Because the r̃n’s are even and real, and we would like Ŝ(f) to be real, we can require

wn be even without loss of generality.

The expectation value for the (unbiased) sample covariance is the covariance function

(i.e., E [r̃n] = rn), which is the inverse Fourier transform of the spectral density. Thus the
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expectation value of Ŝ(f) can be written as:

E
[

Ŝ(f)
]

=
N−1
∑

n=−(N−1)

wnrne
−i2πfn

=
N−1
∑

n=−(N−1)

wn

∫ 1
2

f ′=− 1
2

ei2πf ′nS(f ′)e−i2πfndf ′

=

∫ 1
2

f ′=− 1
2

N−1
∑

n=−(N−1)

wne
i2π(f ′−f)nS(f ′)df ′

=

∫ 1
2

f ′=− 1
2

W (f ′ − f)S(f ′)df ′ (3.9)

where W (x) =
∑N−1

n=−(N−1)wne
i2πxn; that is, W (x) is the discrete Fourier transform of the

window function. Thus the expectation value of Ŝ(f) is a weighted integral of the spectral

density, and the weighing function W (f ′ − f) is centered at the desired frequency f . In

the ideal case, this expectation value would equal S(f), the spectral density itself, meaning

W (x) must be δ(x), but that cannot be achieved with only a finite number of terms in a

summation.

For the periodogram estimate, we have w∗
n = 1, wn = 1− |n|

N
, so W (x) =

1

N

sin2 (πxN)

sin2 (πx)
.

In this case W (x) is the Fejér kernel, and hence limN→∞ E
[

Ŝ(f)
]

= S(f), which is expected

because in the N → ∞ limit the expectation value of P (f) equals S(f). The weighting

function W (x) for the periodogram has large side lobes (it does not fall off quickly for

large value of x); in other words E
[

Ŝ(f)
]

gets significant contributions from undesirable

frequencies. The large side lobes of W (x) for the periodogram can be understood in the

following way. By the convolution theorem, the Fourier transform of the product of two

sequences equals the convolution of their Fourier transforms. In the case of the periodogram,

one sequence is the infinite-length time series generated by nature, the square of whose

Fourier transform is (naively) the spectral density, and the other sequence is a finite-length

window of unit weight that cuts out the finite-length time series we observe. Indeed W (x)

for the periodogram is the square of the Fourier transform of such a rectangular window

function.

A figure of merit of the windowed periodogram is its mean square error, which is the

sum of its variance and the square of its bias. Specifically, the mean square error of the
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windowed periodogram is

E

[

(

Ŝ(f) − S(f)
)2
]

= Var
[

Ŝ(f)
]

+
(

E
[

Ŝ(f)
]

− S(f)
)2
,

where the first term on the right is the variance, and the second term is the square of the

bias.

As we have mentioned before, that the variance of the periodogram P (f) remains S(f)2

can be qualitatively explained by the long-lag, large-variance sample covariance that is

estimated with only a few samples. Thus, one way to reduce the variance of the periodogram

is to assign less weight to long-lag sample covariances in the linear combination of sample

covariances that is our estimation of spectral density. In other words, to reduce variance, the

window function wn should have a narrow spatial distribution (relative to the total number

of observations) and thus a wide Fourier transform. On the other hand, Equation 3.9 shows

that we would like the transformed window function W (x) to be narrowly centered at zero

to reduce bias. These two considerations are competitive. Indeed it can be shown that in

general a tradeoff exists between the bias and the variance among the choices of window

functions[1].

A general method for constructing a window function is the following. Let KN be a

number that is dependent on the number of observations N and that satisfies the following

properties:

(1) KN is a monotone nondecreasing function of N ;

(2) limN→∞KN = ∞; and

(3) limN→∞KN/N = 0.

We let the window function w∗
n depend on N , i.e., w∗

n = wN,n for n ≤ |N |. Let v(x) be

a symmetric continuous function on [−1, 1], satisfying v(0) = 1 and 0 ≤ v(x) ≤ 1 for all x.

We then let

w∗
N,n = v(n/KN )

for |n| ≤ KN and wN,n = 0 otherwise. Then it is easy to see that
∫

1
2

f ′=− 1
2

WN (f ′)df ′ = 1 by

interchanging the integral over f ′ and the summation in WN (f ′) over n. We let

V =

∫ 1

−1
v2(x)dx.
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Under suitable conditions, it can be shown that the bias of the windowed periodogram

corresponding to the above window is proportional to a power of K−1
N . Thus the win-

dowed periodogram is asymptotically unbiased. The asymptotic variance of the windowed

periodogram is

lim
N→∞

N

KN
var
[

Ŝ(f)
]

= V S2(f).

That is, compared to the periodogram, the windowed periodogram has its variance

reduced by a factor V
KN

N
. We can see that a trade off exists between bias and variance

when choosing KN , the size of the window function. One commonly used window function

that achieves a small mean square error is the Hanning window with v(x) = 0.5+0.5 cos (πx)

and V = 3/4.

It can be further shown that (just as in the periodogram case) the windowed periodogram

values at different frequencies are asymptotically normally distributed and uncorrelated

(thus independent for a Gaussian process). Then, by the delta method[71],

lim
N→∞

√

N

KN

[

log Ŝ(f) − logS(f)
]

∼ N(0, V ),

lim
N→∞

N

KN
Cov

[

log Ŝ(f), log Ŝ(f ′)
]

= 0, f 6= ±f ′.

3.6 Estimating load resistances from Johnson noise

We assume the above results hold approximately in our Johnson noise analysis with a finite

number of observations. Specifically, we find the windowed periodogram, i.e., the measured

spectrum, of the time series of the feedback voltage, Vfeedback, and convert it to ITES, as

described earlier in Section 3.3.2. We assume that the logarithms of this converted windowed

periodogram for the noise current at different frequencies are independent realizations of

Gaussian random variables with equal variance and mean equal to the logarithm of the noise

current spectral density at that frequency. We assume that this noise current is caused by

the Johnson noise of the load resistor of resistance RL and an amplifier noise with a flat

spectral density I2
amp. We fit the logarithm of the windowed periodogram of the noise

current, SI, as a function of frequency f to the form

log (SI(f)) = log

(

4kBRLTL

R2
L + 4π2f2L2

+ I2
amp

)

(3.10)
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where TL is the temperature of the load resistor and L is the inductance in the TES loop.

The low-frequency DC level of the windowed periodogram gives us the load resistance RL,

and the position of the roll off gives us the ratio RL/L. Figure 3.9 shows an example of the

Johnson noise current model fit to the windowed periodogram.
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Figure 3.9: An example of the measured load resistor Johnson noise spectrum
(blue) when the TES is superconducting, and the fit (red) of Equation 3.10 to the
spectrum. The magnitude of the spectrum at low frequencies determines the load
resistance. The load resistance and the roll off location of the spectrum determine
the inductance L in the TES loop.

Extracting the load resistance using the above method requires that we estimate the

temperature TL of the load resistance that appears in the Johnson noise current spectral

density of Equation 3.10. As we have described earlier, during the SRDP measurements the

column assembly is installed in a copper carrier, the temperature of which is monitored by

a Ruthenium Oxide thermometer that we call ROX1 and is adjusted by an attached heater.

However, the heater directly heats up the copper carrier, and only indirectly heats up the

silicon circuit board of the column assembly. On the other hand, power dissipation on the

column assembly (for biasing up TES bolometers and the SQUID readout, supplying the

feedback current, etc.) heats up the silicon circuit board directly, and the copper carrier

only indirectly. In either case, a temperature differential will develop between the copper

carrier and the silicon circuit board on which the load resistor is installed, and hence the

ROX1 readings do not exactly reflect the temperatures of the load resistor. Hence, for

a very limited subset of column assemblies, another Ruthenium Oxide thermometer that
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we call ROX2 is glued directly onto the silicon circuit board. Compared to ROX1, the

temperature readings from ROX2 are much better representatives of the temperatures of

the load resistors that are installed on the silicon circuit board (in fact, we assume the

load resistors and the silicon circuit board share the same temperature). The majority of

the column assemblies don’t have ROX2 installed, and we need to infer the temperature of

their load resistors from ROX1 readings. The majority of the SRDP tests are carried out at

ROX1 equaling 0.42 K. For the subset of column assemblies where both ROX1 and ROX2

are available, the ROX2 reading at this ROX1 setting is 0.390 ± 0.006 K.

The uncertainty in the temperature of the load resistors in addition to the systematic

calibration errors of our electrical setups should put the error in the load resistance estimate

of a typical AR2 or AR3 ACT TES bolometer at less than ten percent, although AR1 suffers

from more systematic errors10 . One possible remedy is to take the Johnson noise of all the

AR1 bolometers now that they are in MBAC, although additional work is needed to ensure

these Johnson noise measurements do not suffer greatly from aliasing or additional noise

sources that may be present in MBAC. This project is currently under way.

3.6.1 Calibration of ROX2 resistance-temperature correspondences from

ROX1

For the entire duration of the SRDP testing, we used two different ROX1 thermometers.

The resistance-temperature conversion table for each of the ROX1’s is supplied by the man-

ufacturer, but is lacking for the ROX2’s. Hence we need to construct the ROX2 resistance-

temperature correspondence using the known ROX1 conversion tables. During this con-

struction, to ensure that the ROX1 and the ROX2 share the same temperature, all sources

for power dissipation on either the copper carrier or the column assembly unnecessary for

the ROX1 and ROX2 readouts, including the heater, the bias and the feedback currents, are

turned off. Then, we directly manipulate the cooling power of the Helium-3 refrigeration

system to change the temperature of both the copper carrier and the column assembly.

10The bias switch was left open for the AR1 measurements, resulting in a leak from the electrical noise
of the bias switch and the Johnson noise of the bias resistor at a level of ten to twenty percent of the
spectral density of the load resistor Johnson noise. As a result, the load resistances in the AR1 are probably
underestimated.
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After the resistance readings from the ROX1 and the ROX2 have settled down, we record

the ROX2 temperature at this resistance as the corresponding ROX1 temperature from the

ROX1 resistance-temperature conversion table, and move on to the next temperature, until

the entire temperature range of interest has bas been spanned. The ROX2 temperatures at

other resistances are then obtained from interpolation.

Using this method, for the ROX2 that we use to carry out the TES characterizations

in Chapters 4 and 5, for two separate SRDP cooldowns that use the same ROX1, we have

achieved a difference of less than 0.5 mK in the calibrated temperature readings at the

same ROX2 resistance for a wide temperature range from 0.32 K to 0.62 K. All the data

necessary for the characterizations in Chapters 4 and 5, though, are acquired during a

single SRDP cooldown to ensure even more consistency. Figure 3.10 shows the calibration

of this particular ROX2. On another calibration attempt, for two separate SRDP cooldowns

each employing one of the ROX1’s, we have achieved a difference of less than 1 mK in the

calibrated temperature readings at the same ROX2 resistance for a similar temperature

range, which not only verifies further the accuracy of our calibration method, but also the

consistency between the calibration tables of two ROX1’s.

3.7 Current-voltage characteristic (I-V curve) measurements

The TES I-V curve measurements aim at extracting the TES operating current, voltage,

resistance, etc., as a function of bias voltage. Thus I-V curve measurements also establish

a relationship between the voltage across the TES and the current through the TES (hence

the name I-V curves), particularly in the TES transition. The measurements of TES I-V

curves are important for several reasons. First, we can use I-V curves to determine the TES

saturation power, the maximum power that can be dissipated onto the TES without driving

the TES normal. Only column assemblies with TESes having enough saturation powers were

selected for deployment into MBAC in order to prevent the TESes from saturation by sky

signals. Second, the information that the I-V curves provide, such as the TES operating

current, voltage and resistance as a function of bias voltage, and (when I-V curves at

multiple bath temperatures are taken) the thermal conductance of the TES to the thermal
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Figure 3.10: Calibration of the resistance-temperature correspondence of the ROX2
thermometer that is used in the TES characterizations for Chapters 4 and 5. The
x-axis shows the ROX2 resistance, and the y-axis shows the ROX2 temperature
converted from the resistance. The circles represent where the ROX2 resistance-
temperature correspondences are inferred from the ROX1 resistance-temperature con-
version table in a single cooldown. The line represents the interpolation based on the
several inferred ROX2 resistance-temperature correspondences. The inset shows the
calibrated ROX2 temperature (x-axis) against the difference in the calibrated ROX2
temperatures (y-axis) during the two separate cooldowns of this ROX2 thermometer.
For a wide temperature range of interest, the difference in calibration between the
two cooldowns is well within 0.5 mK.

bath, helps determine the TES behaviors such as the TES noise and responsivity and hence

the optimal TES operating condition. Last but not least, the above information that the

I-V curves provide also helps calibrate the TES complex impedance and the TES noise

spectrum, which are essential in establishing an electrothermal model of the TES.

A typical TES I-V curve is divided into three sections: the normal section, the transition

section, and the superconducting section. We shall assume that the power transported away

from the TES to the thermal bath has the following form (see Equation 2.3):

Pbath = K (Tn
TES − Tn

bath) (3.11)

where TTES is the temperature of the TES and Tbath is the bath temperature.

We will assume that the TES receives no optical power in the SRDP, so that Pbath is

the bias power

PJ = IV = I2R = I2
bias

R2
LR

(RL +R)2
(3.12)
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where for this section we use the convention that I or ITES is the current through the TES,

V is the voltage across the TES, and R or RTES is the TES resistance. A nonzero optical

power can be accounted for by an effective elevation in bath temperature. Actually this is

why the SRDP measurements are often carried out with a bath temperature of ∼ 0.42 K, to

simulate the MBAC condition of nonzero optical power but a bath temperature of ∼ 0.3 K.

To obtain a TES I-V curve, we set the bath temperature to be lower than the TES

critical temperature, and initially set the bias voltage Vbias to a value Vbias,start high enough

so that the TES is in its normal state11 and the temperature of the TES is higher than

the TES critical temperature. Then, we continuously lower the bias voltage, and hence

the bias power and the TES temperature to trace out the normal section of the I-V curve.

When the temperature of the TES becomes comparable to the critical temperature, further

lowering of the bias voltage drives the TES into transition. Because the transition width of

the ACT TES bolometers is on the order of a few mK, for bath temperature not too close to

the TES critical temperature, the bias power PJ remains relatively constant throughout the

transition (see Equation 3.11). Then, from PJ = I2
biasR

2
LR/(RL + R)2 (see Equation 3.12)

and that R ≫ RL at the beginning of the transition section, as we continuously lower the

bias voltage, R decreases, and hence (from PJ = I2R) I increases and (from PJ = IV ) V

decreases to keep PJ relatively constant. Then, the transition section of the TES I-V curve

traces a hyperbolic curve in the TES current-voltage space. TTES must also decrease as we

lower the bias voltage because the TES resistance R(TTES, I) is increasing in both TTES

and I, and we already know that R decreases but I increases. Eventually, the bias voltage

becomes so low that the TES drops out of the transition and becomes superconducting,

and the I-V curve traces out its superconducting section where all of the bias current goes

through the TES branch.

For most of the SRDP measurements, we are interested in the change in the feedback

voltage in response to a change in the current through the TES, i.e., typically we only

determine the feedback voltage on a relative scale. However for I-V curve measurements it

is important to determine the feedback voltage on an absolute scale in order to calibrate the

I-V curves. It suffices to obtain the value of the feedback voltage on the I-V curve at zero

11A large enough bias voltage will cause enough current to go through the TES branch to drive the TES
normal, even if the TES is initially superconducting.
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bias voltage when we know that the current through the TES branch is zero. However, the

almost inevitable jumps in the feedback voltage that occur at the onset of superconductivity

at a bias voltage higher than zero prevent us from determining the precise feedback voltage

at zero bias voltage even if we trace to the end of the superconducting section of the I-V

curve. Therefore, simply recording the feedback voltage at zero bias voltage from an I-V

curve obtained as in the above paragraph is not sufficient. Instead, the feedback voltage at

zero bias voltage is usually obtained by extrapolating the normal section of the I-V curve,

where the TES acts as a resistor with nearly constant resistance so that the feedback-bias

voltage curve is nearly linear, back to zero bias voltage. However, the small variation in the

TES normal resistance in the normal section can still cause errors in estimating the feedback

voltage at zero bias voltage. We adopt the following method to get accurate calibrations for

the I-V curves. We start increasing the bias voltage from zero at a bath temperature higher

than the TES critical temperature. We record the starting (i.e., at zero bias voltage) value

of the feedback voltage of this auxiliary I-V curve. We stop the bias voltage at a suitable

Vbias,start. Then, we slowly lower the bath temperature to where we would like to take the

actual I-V curve. The slow change of the current through the TES due to the change in

bath temperature prevents jumps in the feedback voltage. Finally, we acquire the actual

I-V curve using the usual method described in the earlier paragraph. Using the integration

term, we maintain the SQUID readout throughout the above process of taking the auxiliary

I-V curve and the real I-V curve. In this way, the feedback voltage at zero bias voltage is

unequivocally equal to the value of the feedback voltage at the start of the auxiliary I-V

curve. Figure 3.11 depicts an example of the I-V curve measurement showing both the

auxiliary I-V curve and the actual I-V curve, as well as the corresponding calibrated I-V

curve.

We let Vfeedback be the feedback voltage after subtraction of the contribution from zero

bias voltage, i.e., we let Vfeedback = 0 when Vbias = 0. Then, with the integration term on,

ITES is easily determined as ITES = Vfeedback/Rfeedback/Mratio, and RTES is calculated as

RTES =

(

1

Rbias +RL

)(

VbiasRL

ITES
−RbiasRL

)

.

Other relevant quantities such as PJ are then easily computed along the I-V curve.
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Figure 3.11: An example for I-V curve acquisition. The figure on the left shows the
auxiliary I-V curve (red) and the actual I-V curve (blue), in terms of the response
of the feedback voltage to the bias voltage. The figure on the right shows the voltage
across the TES versus the current through the TES, as calibrated from the auxiliary
I-V curve and the actual I-V curve. The red circles on the calibrated I-V curve
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of RN. For the figure on the left, the ROX1 temperature at which the actual I-V is
taken is shown on the bottom left corner. For the figure on the right, the calibrated
ROX2 temperature at 50% of RN is shown.



Chapter 4

Characterization of thermal

architectures of ACT TES

bolometers

In Chapter 2, we described the dynamics of a simple TES detector, in particular its re-

sponsivity, noise and complex impedance behaviors. Practical TES detectors, for instance

the bolometers employed in the ACT experiment, often exhibit non-ideal behaviors. A

prominent feature of these non-ideal behaviors is the “excess noise,” the component of the

TES noise that cannot be accounted for by well-understood noise sources such as thermal

fluctuation noise, TES Johnson noise, load resistor Johnson noise and amplifier noise. Ex-

cess noise obviously lowers the sensitivity of TES detectors. For ACT, in addition to excess

noise, the responsivity spectrum also rolls off at a frequency lower than predicted by the

ideal TES model, though this behavior is probably correlated with the excess noise. The

non-ideal responsivity spectrum limits the scan speed of our telescope.

In order to improve future TES detector designs and understand the sensitivity limit of

TES detectors, it is crucial to identify the mechanisms responsible for the TES non-ideal

behaviors. The causes to which the excess noise has been attributed include, but are not

limited to, phase-slip or flux flow noise[31, 32], percolation noise[53], and internal thermal

fluctuation noise (ITFN)[37, 33]. Of these, the first two involve details of superconductivity,

77
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while the ITFN refers to the thermal decoupling of the lumped TES/absorber unit in the

ideal theory into separate heat capacities that are connected by finite thermal conductances.

We list here several common sources of thermal decoupling: (1) when biased, the finite

thermal conductance between the TES electron system and the TES lattice system will

cause the TES electron system to attain a temperature higher than that of the lattice, which

is called the “hot-electron effect,” (2) the lattice systems of the different components of the

TES/absorber unit, for example the TES lattice system and the absorber lattice system,

may also decouple, which is commonly described by the acoustic mismatch theory[81], (3)

the electron system or the lattice system of the TES or the absorber unit may each self-

decouple because of the finite thermal conductances within the respective systems.

In this chapter, we will present the results of modeling the ACT TES bolometers with

complicated thermal architectures. In addition to excess noise, the thermal decoupling of the

TES is also directly reflected in the deviation of the TES complex impedance as a function

of frequency from the semicircle predicted in the simple model, as we will demonstrate.

Because complex impedance concerns about the behavior of the TES as an impedance

block, arguably it is not sensitive to certain other excess noise mechanisms such as flux flow

noise that involve details of superconductivity. In addition, as we have seen in Chapter 2, the

complex impedance of a simple TES completely determines the TES small-signal behaviors;

thus we expect that the complex impedance remains a powerful tool in probing internal TES

structures in the context of more complicated TES thermal architectures. We therefore

adopt the following approach to TES modeling. We extend the complex impedance and

noise formalism to TES detectors with complicated thermal architectures. We extract basic

TES parameters (temperature and current sensitivities, TES heat capacity) and parameters

associated with the TES thermal decoupling from fitting the extended model to complex

impedance data. We then predict the TES noise from these parameters and compare the

predicted noise to measured noise spectra, and investigate to what extend the ITFN alone

may account for the excess noise that the ACT TES bolometers exhibit.

The results from our modeling effort suggest that our TES models fit the complex

impedance and predict the noise data well, but may still not be the complete physical

descriptions of our TES bolometers. We defer to the next chapter to discuss the possible
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limitations of our models. In addition, certain parameters extracted from our models greatly

deviate from simple theoretical predictions, which adversely affects the performance of our

TES bolometers. We will also speculate about the possible causes of these deviations in the

next chapter.

4.1 Simple calculations of electrical and thermal properties

of ACT TES bolometers

In this section we calculate several heat capacities and thermal conductances related to

ACT TES bolometers that we will use in the TES modeling. The physical dimensions of

the ACT TES bolometers relevant for these calculations have been described in Chapter 3.

4.1.1 Heat capacities

At low temperatures, the specific heat of normal metals has the form AT +BT 3, where T

is the temperature[4]. The first term is due to electronic excitations and the second term

comes from lattice vibrations. Therefore, the electronic contribution dominates the specific

heat at the lowest temperatures. The linear dependence of the electronic specific heat of

normal metals on temperature comes from the Sommerfeld theory (specifically for T ≪ TF,

where TF is the Fermi temperature, typically over 104 K), in which the electronic specific

heat, ce, can be put in a convenient form[43]:

ce =
ρ

A
γT,

where ρ is the mass density, γ is the molar specific heat, and A is the atomic weight.

This, when scaled to the volume of the ACT TES MoAu bilayer, yields a MoAu bilayer

heat capacity of ∼ 0.10 pJ/K just above ∼ 0.55 K, the critical temperature of the particular

ACT TES bolometers in our characterization (Section 4.3).

As metals move from the normal state to the superconducting state around the critical

temperature Tc, the specific heat of metals jumps to a value that is 2.43 times the specific

heat in normal state, which is a consequence of the BCS theory[82]. For TES detectors,

several measurements [54, 56] indicate that, as the TES resistance decreases in the phase
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transition from the normal state to the superconducting state, the heat capacity increases

from the normal state heat capacity of the TES to the heat capacity of the superconducting

state; the shape of the transition of the heat capacity could depend on the TES designs.

Further below Tc, the specific heat of superconductors drops at an exponential rate instead

of with the power-law temperature dependence of the electronic or lattice specific heat.

Taking into account the factor 2.43, the gold bars above the TES, and the TES wiring,

the maximum heat capacity we expect for the ACT MoAu bilayer in transition, evaluated

at a temperature of 0.55 K, is

Ct ∼ 0.28 pJ/K

(where the subscript t stands for TES).

The (zero-point contribution subtracted) energy density of a solid with large volume is

approximately

1

V

∫ ∞

0

~ω

eβ~ω − 1
σ(ω)dω,

where here β =
1

kBT
(which differs from the earlier definition of β as the TES current

sensitivity), ~ is the reduced Planck constant, and σ(ω)dω is the number of normal modes

with angular frequency between ω and ω + dω. For an isotropic solid in three dimensions,

σ(ω) is proportional to ω2[70]. Thus, the phonons that contribute most to the energy

density have angular frequency1

ω ∼ 2

~β

corresponding to a wavelength

λ = 2π
v

ω
∼ π

~v

kBT
,

where v is the (temperature-dependent) effective speed of sound in the solid. For silicon

crystal, v is approximately 7000 m/s [83]. As the critical temperature of our TES is around

0.55 K, these phonons have a wavelength on the order of 0.3 µm. Thus the silicon substrate

and the silicon legs are roughly in the three-dimensional limit. The MoAu bilayer, however,

1Assuming three-dimensional solid, for fixed β, numerically the contribution to energy density peaks at
β~ω ≈ 2.8 and the phonon population peaks at β~ω ≈ 1.6.
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is in the quasi two-dimensional limit. Please refer to Reference [3] for the corrections to

phonon specific heat and thermal conductivity for a two-dimensional solid.

Using the Debye approximation, the specific heat of a crystal solid at low temperatures

(specifically, for T ≪ ΘD, where ΘD is the Debye temperature, which is ∼ 600 K for silicon)

is

cs =
2π2

5
kB

(

kBT

~v

)3

where v is again the effective speed of sound. For amorphous solids, a linear dependence of

the specific heat on T at low temperatures is possible[90].

This, when scaled to the volume of the ACT TES bolometer silicon substrate, which is

silicon crystal, yields a substrate heat capacity at 0.55 K of

Cs ∼ 0.1 pJ/K.

4.1.2 Thermal conductances

The Joule power that biases the TES detector onto its transition is dissipated into the

electron system of the MoAu bilayer. The power is subsequently transferred to the lattice

system of the MoAu bilayer, to the lattice system of the silicon substrate, and finally through

the four silicon legs to the thermal bath. We let the temperatures of the electron system of

the MoAu bilayer, the lattice system of the MoAu bilayer, the lattice system of the silicon

substrate, and the thermal bath be Te, Tl, Ts and Tbath respectively. The bottleneck for this

heat transfer process is the transport through the four silicon legs, which can be shown by

the linear relationship between the measured overall effective thermal conductance (using

I-V curves) and the width of the silicon legs[58]. Then,

Te > Tl > Ts ≫ Tbath.

Note that the “much larger” sign in the above expression refers to a relative scale; on an

absolute scale the critical temperature of the TES is rarely a factor of two higher than the

bath temperature.

We now consider the magnitudes of the hot-electron effect and the phonon-phonon

decoupling between the TES lattice system and the silicon substrate. The power flow from
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the MoAu bilayer electron system to the MoAu lattice system is[87]

Pel = ΣΩ
(

T 5
e − T 5

l

)

, (4.1)

where Σ is a material-dependent constant (∼ 109 W · m−3 · K−5) and Ω is the material

volume. The corresponding thermal conductance evaluated at the temperature of the MoAu

bilayer electron system (which differs little from that evaluated at the temperature of the

MoAu bilayer lattice system because of the small temperature difference between these two

systems) is

Gel = 5ΣΩT 4
e ∼ 106 pW · K−1.

This thermal conductance yields an equilibrium time constant between the MoAu bilayer

electron system and lattice system (∼ Ct/Gel) at below 1 µs, or a corresponding frequency

above 1 MHz. From these arguments the hot electron decoupling would not be observable

in our complex impedance and noise measurements that cut off below 100 kHz.

The thermal transport between the MoAu bilayer lattice system and the silicon substrate

is described by the acoustic mismatch theory or the diffuse mismatch theory[81], which yields

similar results for heat transport between solids, although significant deviations from the

theoretical predictions could result from complexities of material interfaces. If both the

MoAu bilayer and the silicon substrate are bulk solids, and assuming the MoAu bilayer is

in good contact with the silicon substrate, the expected thermal conductance between these

two systems is

Gls = AR−1
bd ∼ 7 × 105 pW · K−1, (4.2)

where A is the contact area and Rbd is the thermal boundary resistance (i.e., the Kapitza

resistance). Rbd depends on the materials at the two sides of the interface; for silicon on one

side of the interface, RbdT
3 ∼ 10−3 K4 ·W−1 ·m2. Again this thermal conductance yields an

equilibrium time constant between the MoAu bilayer lattice system and the silicon substrate

that is beyond what we can detect in our complex impedance and noise measurements.

However, this is only a naive estimate because (1) the finite thickness of the silicon substrate

limits the ability to transport heat radially (i.e., in the plane of the substrate) away from the
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MoAu bilayer, and (2) in the other direction, because the MoAu bilayer is in the quasi two-

dimensional limit, its phonon distribution may become tied to that in the silicon substrate,

and in this sense the usual Kapitza resistance may become smaller[87].

At last we shall consider whether we can treat each of the MoAu bilayer and the silicon

substrate as lumped heat capacities at fixed temperatures rather than distributed heat

capacity blocks with continuously varying temperatures.

In the TES the bulk of the thermal current is carried by the conduction electrons. If

we model the TES as a series of segments so that a constant current flows through these

segments, and if a large temperature differential develops in the TES electron system due

to insufficient Wiedemann-Franz thermal conductance, the region with higher temperature

and thus higher resistance will receive more Joule power. This can lead to thermal runaway,

and the TES may separate into regions of normal and superconducting states. Using this

simple model, the condition for stability against such separation for a rectangular film is

roughly[44]

RN ≪ L0Tcn

Gα
,

where RN is the TES normal resistance, L0 ≈ 24.5 nW · Ω · K−2[50] is the Lorenz number

in the Wiedemann-Franz thermal conductance, n is the exponent of the overall power flow

from the TES to the thermal bath (see Equation 3.11), G is the overall thermal conductance

(again for power flow from the TES to the thermal bath), and α is the TES temperature

sensitivity as usual. For typical ACT TES bolometers, Tc ∼ 0.5 K, n ∼ 4 (which is the

expected exponent of phonon power transfer at low temperatures assuming temperature-

independent phonon mean free path), G is on the order of 100 pW/K, and α is one the

order of 100. These numbers yield ∼ 5 Ω for the right hand side of the above inequality.

With typical normal resistances on the order of 20 mΩ, the ACT TES bolometers are well

within this limit.

A simple estimate of the phonon thermal conductivity is[4]

κ =
1

3
csvl, (4.3)

where cs is the lattice specific heat, v is the sound speed, all as defined before, and l is the

phonon mean free path. In crystals, as the temperature decreases to well below the Debye
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temperature, the phonon mean free path grows rapidly until it becomes limited by impurity

scattering or surface scattering. If specular reflection occurs at the boundary of the solid,

the phonon mean free path can be larger than the dimension of the solid. In either case, the

phonon mean free path becomes temperature-independent. The temperature dependence

of the thermal conductivity becomes that of the T 3 dependence of the specific heat at low

temperatures. In n dimensions, the temperature solution to the heat equation in a solid

with thermal conductivity κ and specific heat cs and with the initial condition of a point

source of heat at the origin x = 0 at time t = 0 is[25]:

T (x, t) =
1

(4πtκ/cs)
n/2

exp

(

−x2cs
4tκ

)

.

Hence, loosely speaking, a heat pulse propagates a distance s in a characteristic time τ ∼
s2cs/4κ[33]. Thus we can treat a sample of size at most ∼ (4κ/csf)1/2 = (4vl/3f)1/2 as a

lumped heat capacity up to frequency f . If we assume that the phonon mean free path is

larger than ∼ 10 µm (a larger mean free path corresponds to a larger thermal conductivity

and hence better thermal coupling), then we can treat the silicon substrate (which is 1 mm

square) as a lumped heat capacity for frequencies up to approximately 100 kHz. We will

briefly revisit this condition on the phonon mean free path later.

To summarize, a priori we do not expect the ACT TES bolometers to deviate from

the ideal TES detector model from the magnitudes of the conventional electron-phonon

decoupling, phonon-phonon decoupling, the MoAu bilayer and the silicon substrate self-

decouplings up to 100 kHz. Nevertheless, the observed complex impedance and noise spectra

of the ACT TES bolometers indeed show non-ideal behaviors, suggesting deviations of the

thermal architecture of these TES bolometers from the simple model. Therefore, we shall

develop more complicated thermal models for the ACT TES bolometers and investigate

what insights we can gain from such models.

4.2 Modeling ACT TES bolometers

We propose a thermal model for our ACT bolometers, which we will refer to as the ex-

tended model. This thermal model, which is described in Figure 4.1(b), includes the MoAu

bilayer (the combined MoAu electron system and lattice system) with heat capacity Ct at



4.2 Modeling ACT TES bolometers 85

temperature Tt, the silicon substrate, excluding the part of the silicon substrate directly

beneath the TES (see comments in the next paragraph), with heat capacity Cs at temper-

ature Ts, and a stray heat capacity Ca at temperature Ta that is thermally connected to

the silicon substrate. The temperature of the thermal bath is denoted as Tbath as usual, or

Tb for short. The inclusion of the stray heat capacity Ca greatly improves the fit of model

to the data. An attempt to assign an appropriate physical interpretation to the stray heat

capacity is given in the next chapter. The electrical circuit for the ACT bolometers is still

Figure 2.1(a), or more generally, Figure 3.5(d).

G

C,T

Gsb

Cs,TsCa,Ta

Gsa

Gts

Ct,Tt

(a) (b)

HEAT SINK HEAT SINK

PJoule

PJoule Ct,Tt

PJoule

Gts

Cs,Ts

Gsl

Cl,Tl

Glb

(c)

HEAT SINK

Figure 4.1: Thermal models of a TES bolometer, with (a) the simple model, as well
as (b) the extended and (c) the alternative model used to describe the ACT TES
bolometers. The parameters are defined in the text.

We explain why we treat the part of the silicon substrate directly beneath the MoAu

bilayer specially in our modeling. The proposed decoupling between the MoAu bilayer and

the silicon substrate could be due to a combination of factors: (1) that the MoAu bilayer

is not as well thermally connected to the silicon substrate as the acoustic mismatch theory

predicts, and (2) that the thin thickness of the silicon substrate limits the transport of heat

radially away from the MoAu bilayer. We will discuss these possibilities in the next chapter.

For the former possibility, we ought to include the part of the silicon substrate directly

beneath the MoAu bilayer as part of the silicon substrate, and for the latter possibility
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we ought to include it as part of the MoAu bilayer system. We shall consider these two

possibilities together, and hence only interpret the part of the silicon substrate directly

beneath the TES as a thermal path from the MoAu bilayer to the rest of the silicon substrate,

and not explicitly group it with either the MoAu bilayer or the rest of the silicon substrate.

From now on, when we refer to the silicon substrate, we will almost always mean the silicon

substrate excluding the part directly beneath the MoAu bilayer.

Again we use the matrix formalism introduced in Chapter 2 to derive the TES complex

impedance and noise for this thermal architecture[52, 26].

For power transfer Pxy from an element x at temperature Tx to an element y at tem-

perature Ty, we consider the form

Pxy = Kxy

(

T
nxy
x − T

nxy
y

)

,

where Kxy and nxy are constants. The elements to be considered include the MoAu bilayer

t, the silicon substrate s, the stray heat capacity a, and the thermal bath b. We furthermore

define the associated thermal conductances as

Gx
xy =

∂

∂Tx
Pxy = nxyKxyT

nxy−1
x ,

Gy
xy = − ∂

∂Ty
Pxy = nxyKxyT

nxy−1
y .

As in Chapter 2, we shall use a subscript 0 to denote the steady-state value of a fluctuating

quantity.

Similarly, we let the thermal fluctuation power flowing from an element x to an element

y be Nxy.

We assume that no net power flow exists between the silicon substrate and the stray

heat capacity (so that Psa = 0); hence the steady-state temperatures of these two systems

are equal. Thus, we ignore the superscripts of Gs
sa and Ga

sa and denote both of them by Gsa.

In addition, because the bath temperature is fixed and thus Gb
sb does not affect detector

dynamics, we will write Gs
sb as G for simplicity.

Just as in the simple TES model, we let I be the current through the TES, PJ = I2R

be the bias power, V = V0 + δV be the total electromotive force (with steady-state value V0

equaling the steady-state Thevenin equivalent voltage and δV a fluctuating voltage), and
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P be an input power, which includes the TES Johnson noise power and input radiation

noise. Again α and β denote the logarithmic derivatives of TES resistance with respect to

temperature and current respectively.

With the above conventions, we can write down the equations governing the evolution

of the state variables I, Tt, Ts, Ta:

L
dI

dt
= V − IRL − IR(T, I), (4.5a)

Ct
dTt

dt
= PJ − Pts + P −Nts, (4.5b)

Cs
dTs

dt
= Pts − Psa − Psb +Nts −Nsa −Nsb, (4.5c)

Ca
dTa

dt
= Psa +Nsa. (4.5d)

Note that, for definitiveness in the time domain, we will write the equivalent impedance

Zeq(f) as the sum of the impedances of the load resistor and the inductor RL + iωL.

We expand the above equations around their steady-state values, cancel the DC terms,

and take the Fourier transforms. At a fixed angular frequency ω = 2πf , the above equations

in the matrix form are:

M

















δI

δTt

δTs

δTa

















=

















δV

δP −Nts

Nts −Nsa −Nsb

Nsa

















,

where M(ω) is given by

















R0(1 + β) +RL + iωL αI0R0

Tt0
0 0

−(2 + β)I0R0 Gt
ts0 −

αI2
0R0

Tt0
+ iωCt0 −Gs

ts0 0

0 −Gt
ts0 Gs

ts0 +Gsa0 +G0 + iωCs0 −Gsa0

0 0 −Gsa0 Gsa0 + iωCa0

















.

Now, we could replace the sum of the impedances of the load resistor and the inductance,

RL + iωL, by the more general equivalent impedance Zeq(f). However, such a distinction

is not important: in the end either expression will drop out of the complex impedance of

the TES itself.
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Just as in the simple TES model, we have an impedance matrix M that relates the

vector of state variables to the driving forces. To solve for the temperature and current

response to the driving forces and noise sources, again we simply invert M to get:

















δI

δTt

δTs

δTa

















= M−1

















δV

δP −Nts

Nts −Nsa −Nsb

Nsa

















.

4.2.1 Complex impedance

To obtain the complex impedance, we set all noise terms to zero except δV = Vbias, the

fluctuating part of the bias voltage, and solve for the total complex impedance Z =
Vbias

δI
.

We obtain

Z(ω) =
1

(M−1)1,1 (ω)
= RL + iωL+ ZTES,

where

ZTES(ω) = R0(1 + β) +R0

A(ω)
I2
0R0α

Tt0
(β + 2)

A(ω)B(ω) − C(ω)
, (4.6)

and the frequency-dependent terms A, B and C are

A(ω) = ((G0 +Gs
ts0 + iωCs0) (Gsa0 + iωCa0) + iωGsa0Ca0) , (4.7a)

B(ω) =

(

Gt
ts0 + iωCt0 −

I2
0R0α

Tt0

)

, (4.7b)

C(ω) =
(

Gt
ts0G

s
ts0(Gsa0 + iωCa0)

)

. (4.7c)

4.2.2 Noise derivation

To derive the noise spectrum for the extended model we shall give explicit forms for the

noise terms δV , δP , Nts, Nsb and Nsa. We let VN,TES be the TES Johnson noise voltage,

VN,load be the load resistor Johnson noise voltage, and VN,bias be the voltage noise in the

bias line associated with the bias resistor Rbias and the bias switch.
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The fluctuating noise in the Thevenin equivalent circuit, δV , is directly derived from

Figure 3.5(b):

δV =
RL

RL +Rbias
VN,bias +

Rbias

RL +Rbias
VN,load + VN,TES.

We have not omitted the voltage noise in the bias line at this point. Even though the

factor multiplying into this noise source, ∼ RL/Rbias, is much less than unity, VN,bias itself

is larger than VN,load due to the following two factors. First, the spectral density of the

Johnson noise is proportional to the product of the temperature of the resistor, which is the

room temperature of ∼ 300 K for the bias resistor but is ∼ 0.4 K for the load resistor, and

the resistance, where again Rbias ≫ RL. Second, the bias switch has a noise voltage with

a spectral density of
(

≤ 50 nV/
√

Hz
)2

, which by itself is larger than the voltage spectral

density of the Johnson noise of the load resistor. Using a lower bound on the temperature of

the load resistor of 0.3 K, we find that the bias resistor contributes less than one percent of

the load resistor contribution to the spectral density of δV , and the bias switch contributes

less than twenty percent2 . As is shown later in the noise comparison figures (Figures 4.11,

4.12, 4.13 and 4.14), the contribution from the load resistor itself is much smaller than

the contributions from the Johnson noise of the TES and the various decoupling sources.

Hence, to simplify our derivation, we shall approximate the fluctuating voltage as

δV = VN,load + VN,TES.

We set δP = −I0VN,TES, which is the TES Johnson noise power.

The form of Nxy is specific to the thermal transport mechanism. We have presented in

Chapter 2 the thermal fluctuation noise in the specular and the diffuse limits. Other forms to

consider include the electron-phonon decoupling noise[35]. If the ratio of the temperatures

at the two ends of the thermal link is close to one, all of these thermal transport modes

yield comparable results.

For the power transfer from the MoAu bilayer to the silicon substrate, the phonon

mean free path is much larger than the conducting path. We assume the same holds

2The contributions from the bias resistor and the bias switch to the spectral density of the fluctuating
noise have been verified by intentionally turning on and off the bias switch for the load resistor Johnson
noise measurements, and observing the difference in the resulting Johnson noise spectra.
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for the power transfer from the silicon substrate to the stray heat capacity. In addition,

the temperatures of the TES and the silicon substrate are nearly equal (because of the

large thermal conductance between these two systems), and the temperatures of the silicon

substrate and the stray heat capacity are assumed to be equal. Hence we naturally set

Nts and Nsa to have the form of the specular transfer. On the other hand we will set the

noise power from the silicon substrate to the thermal bath (Nsb) to have the form of the

diffuse transfer, because phonons are likely to experience multiple scatterings in the legs

connecting the silicon substrate to the thermal bath.

The fluctuating TES current δI now has the form:

δI = M−1
1,1 (VN,TES + VN,load) +M−1

1,2 (−I0VN,TES −Nts)

+M−1
1,3 (Nts −Nsa −Nsb) +M−1

1,4 (Nsa)

= VN,TES

(

M−1
1,1 − I0M

−1
1,2

)

+ VN,load

(

M−1
1,1

)

+Nts

(

−M−1
1,2 +M−1

1,3

)

+Nsa

(

−M−1
1,3 +M−1

1,4

)

+Nsb

(

−M−1
1,3

)

The corresponding noise current spectral density is:

〈

δI2
〉

= SVN,TES
|M−1

1,1 − I0M
−1
1,2 |2

+ SVN,load
|M−1

1,1 |2

+ SNts |M−1
1,2 −M−1

1,3 |2

+ SNsa |M−1
1,3 −M−1

1,4 |2

+ SNsb
|M−1

1,3 |2.

(4.8)
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The individual noise spectral densities are given by

SVN,TES
= 4kBR0Tt0(1 + 2β),

SVN,load
= 4kBRLTbath,

SNts = 2kBTt
2Gt

ts0

tnts+1
ts + 1

tnts+1
ts

,

SNsa = 4kBT
2
s Gsa0,

SNsb
= 4kBTs

2G0
nsb

2nsb + 1

t2nsb+1
sb − 1

t2nsb+1
sb − tnsb+1

sb

where tts =
Tt0

Ts0
, and tsb =

Ts0

Tbath
.

4.3 TES bolometers for modeling

The TES bolometers we use for characterization are similar to the TES bolometers that are

now operating in the MBAC, but they also incorporate distinct modifications to facilitate

model interpretation. We shall focus on four such TES bolometers, which we denote by

TES A, B, C, and D, in this thesis:

(1) TES A is identical to a regular TES bolometer operating in the MBAC, except that

no ions are implanted in the silicon substrate; thus the dominant contribution to the heat

capacity of the silicon substrate likely comes from the lattice system of the silicon alone;

TES A has 20 µm-wide silicon legs connecting the silicon substrate to the thermal bath.

(2) TES B is similar to TES A, except that the MoAu bilayer is surrounded by a ∼ 5 µm-

wide trench (where the silicon is fully removed) to restrict thermal transport from the MoAu

bilayer to the silicon substrate; the MoAu bilayer is connected to the silicon substrate by

four bridges each with ∼ 10 µm width over the trench;

(3) TES C is similar to TES B, except that the MoAu bilayer is further surrounded by a

∼ 3 µm-wide inner trench; the MoAu bilayer is connected to the region of silicon substrate

in between the inner and outer trenches by eight bridges each with ∼ 3 µm width over the

inner trench;

(4) TES D is similar to TES B, except that it has 5 µm-wide (instead of 20 µm-wide)

silicon legs connecting the silicon substrate to the thermal bath.
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All of the TES A, B, C, D are made from the same wafer and have the same silicon

substrate thickness of 1.4 µm.

The aerial view of these four TES bolometers is shown in Figure 4.2.

TES A

MoAu 

bilayer

20 µm leg
5 µm trench

inner
3 µm
trench

5 µm leg

TES B TES C TES D

Figure 4.2: The aerial view of the four TES bolometers that are used for bolome-
ter characterization in this thesis. The dimensions of the TES MoAu bilayers, the
trenches, and the silicon legs are drawn to scale relative to each other, but are not
drawn to scale relative to the size of the silicon substrate. The actual silicon sub-
strate, with a width of ∼ 1 mm, is much larger compared to the MoAu bilayer of
width ∼ 75 µm. The exact dimensions of the trenches and the legs are denoted in
the figure, and are also described in the text.

If the extended model for the ACT TES bolometers is valid, in particular if the proposed

decoupling between the MoAu bilayer and the silicon substrate is correct, then we expect

that the extracted thermal conductances Gt
ts and Gs

ts between the MoAu bilayer and the

silicon substrate will be much lower than the theory prediction. In order to make sure

that Gt
ts and Gs

ts in the model indeed reflect the decoupling between the MoAu bilayer

and the silicon substrate (and not decoupling with other origins), we artificially reduce

the thermal conductance between the MoAu bilayer and the silicon substrate by imposing

trenches around the MoAu bilayer. If the extracted Gt
ts and Gs

ts are significantly lower for

the TESes with trenches than for the TES without trenches, but other thermal conductance-

independent TES parameters such as the TES temperature and current sensitivities and

the MoAu bilayer heat capacity remain relatively constant, then it is likely that these

extracted thermal conductances indeed reflect the decoupling between the MoAu bilayer

and the silicon substrate. On the other hand, if the variations on Gt
ts and Gs

ts are negligible

among TESes with different thermal restrictions, or the variations of thermal conductance-

independent TES parameters are large, then the extended TES model would be shown to

be ineffective at describing the TESes.
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4.4 Data acquisition and analysis

On each bolometer described above, the typical set of TES dark measurements is performed

to calibrate complex impedance and noise data, and to provide necessary parameters for the

extended thermal model. In particular we extract the load resistance and the inductance

in the TES loop from the load resistor Johnson noise measurements.

We assume that n = nts = nsb. Then, with no radiation power (i.e., Pbath0 = PJ0), we

have

PJ0 = Kts (Tt
n
0 − Ts

n
0 ) ,

= Ksb (Ts
n
0 − Tbath

n
0 ) ,

and as a consequence,

PJ0 = K (Tt
n
0 − Tn

bath) , (4.9)

where

K =
KtsKsb

Kts +Ksb
. (4.10)

In addition we assume nsa = n as well.

We acquire TES I-V curves at multiple bath temperatures to establish the relationships

among the TES operating current I, resistance R, Joule power PJ and the bath temperature

Tbath. We obtain an overall effective K and n of the thermal transport from the TES to

the thermal bath by fitting Equation 4.9 to the values of PJ and Tbath obtained from the

I-V curves at multiple bath temperatures. We set Tt0 to a constant critical temperature

Tc of the TES in the fit. The acquisition of I-V curves over a large enough span of bath

temperatures is essential for the accurate determinations of both K and n. (We cannot

adequately determine K and n from the I-V curve at a single bath temperature, because

the Joule power is largely a constant over the I-V curve at any particular bath temperature

due to the small transition width of the TES.) To avoid the potential (relatively) rapid

change in the TES temperature toward both the superconducting and the normal ends

of the I-V curves (when setting the TES temperature to a constant may not be a good

approximation), we typically use only the portions of the I-V curves from 20% to 80% of
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the TES normal resistance RN in the fit. Figure 4.3 shows an example of the acquisition of

I-V curves at multiple bath temperatures, as well as the determination of K and n from

the I-V curves.
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Figure 4.3: An example for I-V curve acquisition at multiple bath temperatures
and the fit of Equation 4.9 to the I-V curves to determine K and n. The figure
on the left shows the portions of the I-V curves from 20% to 80% of RN, obtained
at multiple bath temperatures. The bath temperatures (in K) in the middle of the
transition of these I-V curves are also shown. The figure on the right shows the bath
temperatures versus the Joule powers for these I-V curves (blue dots), as well as the
fit of Equation 4.9 to these data (red curve). Each cluster of the bath temperatures
and the Joule powers in the figure on the right corresponds to a single I-V curve in
the figure on the left.

Setting Tt to be a constant in the fit of Equation 4.9 to the I-V curves only introduces

negligible errors for K and n estimates as the transition width of the ACT TES bolometers,

when biased, is only several mK (see comments shortly). After the overall effective K

and n have been determined, we invert Equation 4.9 to obtain the actual TES operating

temperature Tt0 at different points on the I-V curves. The transition widths from 10% of

RN to 90% of RN are around 10 mK for all of TES A, B, C and D using the Tt0 determined

from this inversion, whereas the critical temperatures of these TESes are around 550 mK.

Hence, in the worst case (for instance, if we predict the Tt0 at 50% of RN as that at 10% of

RN), the Tt0’s estimated using our method only deviate from the true values by one percent.

The measured n for the four TES bolometers considered are all around 3.95: for TES

A, n = 3.98 and K = 481 pW/Kn; for TES B, n = 3.92 and K = 452 pW/Kn; for TES C,
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n = 3.91 and K = 388 pW/Kn; for TES D, n = 3.97 and K = 113 pW/Kn. This exponent

implies that the temperature dependence of the thermal conductivity of the silicon legs

are close to T 3, which confirms our earlier assumption that the silicon substrate is within

the three-dimensional limit. Using Equation 4.3, the measured values of K as defined in

Equation 4.9, the cross-sectional area and the length of the silicon legs, and assuming that

the phonon mean free path is a constant3 , we can derive that the phonon mean free path

is around 10 µm in the silicon legs, and we expect a similar phonon mean free path in the

silicon substrate. Therefore, based on the criteria we derived earlier, we do not expect the

silicon substrate to thermally self-decouple for the frequency range we are investigating (up

to 100 kHz).

The assumption n = nts = nsb = nsa is an approximation and is motivated by math-

ematical convenience. In reality nts, nsb and nsa are not necessarily the same. However,

both from our expectation and from what the results of our model fits will suggest later,

the thermal conductance from the MoAu bilayer to the silicon substrate is much larger than

the thermal conductance from the silicon substrate to the thermal bath. As a result, Ts is

only slightly below Tt and is much higher than Tbath. Then, extracting an exact value for

nts (and hence nsb) from the I–V curves is difficult. On the other hand, the matrix M ,

from which we calculate the complex impedance and the noise, directly involves the thermal

conductances Gt
ts, G

s
ts, Gsa, G, and only implicitly involves the quantities Kts, nts, Ksb, nsb,

Ksa and nsa. Because Ts is much higher than Tbath, and is only slightly below Tt, which is

almost a constant Tc, we can conclude that Gt
ts ≈ Gs

ts ≈ ntsKtsT
nts−1
c , Gsa ≈ nsaKsaT

nsa−1
c ,

and G ≈ nsbKsbT
nsb−1
c . If the complex impedance fits prefer an particular (but still rea-

sonable) set of desired thermal conductances Gt
ts ≈ Gs

ts, Gsa and G, then for our reasonable

choice of nts, nsb and nsa, the fits can choose Kts, Ksb and Ksa to achieve this set of thermal

conductances. Therefore, our complex impedance and noise models are largely insensitive

to this particular choice of nts, nsb and nsa.

3In general the phonon mean free path depends on the phonon wavenumber and the scattering mechanism.
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We assume that

Cs0 = Cs,bTs
n−1
0 ,

Ca0 = Ca,bTa
n−1
0 ,

where Cs,b and Ca,b are two temperature-independent parameters, and n has already been

defined as in Equation 4.9. We shall refer to Cs,b and Ca,b as the temperature-calibrated

heat capacities. The Tn−1 dependence follows from Equation 4.3, i.e., the temperature

dependence of the heat capacity is the same as the temperature dependence of the thermal

conductivity, which we have assumed to be Tn−1 (see Equation 4.9). By setting the expo-

nents of the temperature dependence of the silicon substrate and the stray heat capacity to

n− 1, and by setting all the nxy’s to n, we will be able to completely satisfy the conditions

for the degeneracies of the complex impedance fits and the noise predictions between the

extended model and the alternative model, as we will show in Section 4.6.

Given K and Kts, we can calculate Ts0 and Ksb (see Equation 4.10) as

Ts0 =

(

Tt
nts

0 − PJ0

Kts

)1/nts

,

Ksb =
KKts

Kts −K
,

which will be useful when evaluating Equation 4.6 from the fitted parameters in the complex

impedance fit.

A detailed experimental setup for the complex impedance measurements with an HP 3562A

spectrum analyzer is shown in Figure 4.4. The raw data we extract from this experiment

setup is the transfer function: the magnitude and phase response of the entire circuit de-

scribed by Figure 4.4, of which the TES is a part, to the input stimulating voltage. The

actual TES complex impedance is extracted following Reference [55], by constructing a

Thevenin equivalent circuit, as described in Section 3.3.3. The experimental setup for noise

acquisition is almost identical, except that we use a HP 35670A spectrum analyzer without

the stimulating voltage source, and that only the feedback line is read out.

For the measurements described in this chapter, we acquire TES complex impedance

and noise spectra at two bath temperatures, one at approximately 0.32 K, and the other at

approximately 0.47 K. At each bath temperature, we acquire TES complex impedance and
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Figure 4.4: A detailed drawing of the complex impedance data acquisition setup.
For noise measurements, a similar setup is employed, except that a HP 35670A spec-
trum analyzer is used in place of the HP 3562A spectrum analyzer, the stimulating
voltage source is not connected, and only the feedback line is readout. The SQUID
readout system consists of the stage 1 (SQ1), the stage 2 (SQ2) and the series array
(SA) SQUIDs. The details of the connections between these SQUIDs are omitted
and are represented by dashed lines. Please refer to Reference [63] for a detailed
discussion of the SQUID readout systems.
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noise spectra at three TES operating resistances corresponding to 10%, 50% and 90% of

TES normal resistance RN. We shall refer to the set of the bath temperature Tb and the TES

resistance R, or any other set of quantities that uniquely determines the current through

the TES and the temperature of the TES (which together determine the TES Joule power,

resistance, etc.), as the TES operating condition. The TES Joule powers differ significantly

at different bath temperatures, and the TES temperature and current sensitivities differ

greatly at different TES operating resistances. On the other hand, the thermal conductances

and the heat capacities, which depend on the temperatures of the MoAu bilayer and the

silicon substrate that change little, remain largely fixed under different TES operating

conditions. Thus, fitting the extended TES model to the measured TES complex impedance

at different TES operating conditions reduces the degeneracy among the fitted parameters

(to be introduced shortly). The TES complex impedance is acquired with a swept-sine

setup using a logarithmic frequency scale from 10 Hz to 50000 Hz. As we shall explain

later, the values of the TES complex impedance toward zero and infinite frequencies are of

particular importance because they determine the TES temperature and current sensitivities

and the thermal conductance from the MoAu bilayer to the silicon substrate. Our chosen

frequency span is large enough so that the TES complex impedance converges (to a real

quantity) toward each end. For each TES operating condition, we typically acquire complex

impedance with a stimulating voltage source that changes the TES operating resistance by

0.5%, 1.0% and 2.0% of TES normal resistance. No significant difference is observed among

complex impedance data taken with different stimulating voltages; thus the small-signal

expansion used in deriving the TES complex impedance and noise spectrum is valid. The

complex impedance data taken with the highest stimulating voltage and thus with the

highest signal-to-noise ratio are typically used for model fits.

We fit the model described by Figure 4.1(b) and Equation 4.6 to the complex impedance

data. Specifically, we choose N ≈ 30 frequencies in logarithmic scale from 10 Hz to 50000 Hz

(as in the original data) at each of the TES operating condition, obtain the smoothed data

at these frequencies, and minimize the sum of the squared distance between the model and

the smoothed data. Later we will compare the noise data to the predictions calculated by

Equation 4.8 using the parameters extracted from the complex impedance fit. The input
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parameters to Equation 4.6 include the steady-state TES operating temperature Tt0, the

TES operating resistance R0, and the current through the TES I0. The determined K and

n also serve as the inputs. The free parameters in the fit of the model to the impedance

data are α, β, Ct0, Cs,b, Kts, Ca,b and Ksa. We shall refer to this set of parameters as the

fitted parameters. We allow α, β, Ct0 to vary at different TES operating resistances and

bath temperatures as expected. Meanwhile we keep Cs,b, Kts, Ca,b, Ksa fixed because these

parameters should remain constants under different TES operating conditions. Hence, if we

have N different TES operating conditions (N = 6 for our fits), we have a total of 3N + 4

free parameters. Other parameters needed in evaluating Equation 4.6, such as the thermal

conductances and the heat capacities, are calculated from the input parameters and the

fitted parameters, as described earlier. We shall refer to this last set of parameters as the

induced parameters. We shall also refer to both the fitted parameters and the induced

parameters as the extracted parameters.

4.5 Results, robustness of fits

Tables 4.1, 4.2, 4.3 and 4.4 summarize the parameters extracted from the fit of the extended

model described by Figure 4.1(b) to the complex impedance data taken from TES A, B,

C and D respectively. We shall refer to this set of the extracted parameters as the best

fit values. Also listed in these tables are the input parameters, such as the TES current,

resistance and temperature, as well as the induced parameters of interest, such as the heat

capacities of the various elements in the model and the thermal conductances among these

elements.

Figure 4.5 shows the complex impedance data of TES A with fits from the extended

model, as well as a model that is the extended model without the stray heat capacity,

which we shall refer to as the two-block model. This figure shows the real and imaginary

parts of the complex impedance against frequency. Figure 4.6 shows the noise data and the

predictions from the two-block model and the extended model, for TES A at the operating

resistance of 50% RN and the bath temperature of approximately 0.32 K.
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Figures 4.7, 4.8, 4.9 and 4.10 show the complex impedance data with fits from the

extended model for TES A, B, C and D respectively. These figures show the real part of the

complex impedance against the imaginary part. Figures 4.11, 4.12, 4.13 and 4.14 compare

the noise data to the predictions derived from the parameters extracted from the complex

impedance fits for TES A, B, C and D respectively.

For all the four TES bolometers considered, the extended thermal model fits the complex

impedance data well in a range from 10 Hz to 50 kHz under all TES operating conditions.

The noise predictions, particularly for TES B and TES C, are in general accurate in the

same frequency band. To the extent that we trust the extended model, we can conclude

that the internal thermal fluctuation noise accounts for a significant fraction of the excess

noise we observe in these bolometers. In addition, the quality of the complex impedance fits

and the noise predictions from the two-block model are noticeably worse that those from

the extended model, suggesting the necessity of the stray heat capacity block.

We now explore the uncertainties on the extracted parameters. We first show that

analytically, at least a subset of the fitted parameters should be robust from our fits, i.e.,

they are not greatly affected by the possible degeneracies among the fitted parameters.

From Equation 4.6, we see that ZTES approaches R0(1 + β), the dynamic resistance of the

TES, as ω increases. Hence, given R0 determined from the I-V curve, the high frequency

component of the complex impedance data will fix β. On the other hand, when ω is zero,

Equation 4.6 reduces to

ZTES(0) = R0(1 + β) +R0

(G0 +Gs
ts0)

I2
0R0α

Tt0
(2 + β)

(G0 +Gs
ts0)

(

Gt
ts0 −

I2
0R0α

Tt0

)

−Gt
ts0G

s
ts0

,

which, given information supplied by the I-V curves and β, is determined by α and Kts

alone. Hence, the low frequency component of the complex impedance data at each TES

operating condition will determine a set of possible α and Kts combinations at that operat-

ing condition. In addition, the radius of the complex impedance data constrains α at that

operating condition (as in the ideal bolometer theory), and this quantity differs significantly

at different operating conditions; at the same time, Kts is fixed at different operating condi-

tions. This will help break the degeneracy between α and Kts using only the low frequency
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R/RN, Tbath (K) 10%, 0.320 50%, 0.325 90%, 0.331

R0(mΩ) 3.02 15.08 27.14

I0(µA) 111.28 51.30 38.51

Tt0(K) 0.543 0.552 0.555

α* 205 (198,212) 119 (115,123) 75 (73,78)

β* 3.45 (3.42,3.48) 0.42 (0.41,0.43) 0.10 (0.10,0.11)

Ct0(pJ/K)* 0.25 (0.24,0.26) 0.25 (0.24,0.26) 0.24 (0.24,0.26)

Cs0(pJ/K) 0.85 0.89 0.91

Gt
ts0(pW/K) 5867 6134 6235

Ca0(pJ/K) 0.62 0.65 0.66

Gsa0(pW/K) 1171 1224 1245

R/RN, Tbath (K) 10%, 0.472 50%, 0.473 90%, 0.475

R0(mΩ) 3.02 15.08 27.14

I0(µA) 79.03 36.99 27.87

Tt0(K) 0.545 0.551 0.554

α* 313 (301,323) 146 (141,152) 77 (74,80)

β* 4.22 (4.19,4.25) 0.47 (0.46,0.48) 0.07 (0.07,0.07)

Ct0(pJ/K)* 0.25 (0.24,0.26) 0.25 (0.24,0.26) 0.24 (0.23,0.25)

Cs0(pJ/K) 0.88 0.91 0.92

Gt
ts0(pW/K) 5917 6125 6216

Ca0(pJ/K) 0.64 0.66 0.67

Gsa0(pW/K) 1202 1244 1262

Cs,b(pJ/K2.98)** 5.42 (5.22,5.63)

Kts(pW/K3.98)** 9056 (8720,9346)

Ca,b(pJ/K2.98)** 3.97 (3.72,4.25)

Ksa(pW/K3.98)** 1873 (1756,1935)

Table 4.1: The input parameters to the complex impedance (Equation 4.6) under
the extended model (Figure 4.1(b)), and the extracted parameters from fitting this
model to the complex impedance data, for TES A. The parameters R0, I0, Tt0 and
Tbath are determined independently by the I-V curves; the first three of these serve
as the input parameters when evaluating Equation 4.6. The fitted parameters include
α, β, Ct0, Cs,b, Kts, Ca,b and Ksa. The single asterisk marks denote the parameters
we allow to vary at different TES operating conditions, and the double asterisk marks
denote the parameters that we keep constant at different TES operating conditions.
The induced parameters include Cs, G

t
ts, Ca and Gsa. For the fitted parameters,

we list in the parentheses the lower and the upper limits of their 68% confidence
intervals. Refer to the text for a detailed description of the parameters and the
confidence intervals. The complex impedance data with model fits and the noise data
with predictions of this bolometer are shown in Figures 4.5, 4.7 and 4.11.
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R/RN, Tbath (K) 10%, 0.320 50%, 0.324 90%, 0.330

R0(mΩ) 2.98 14.89 26.79

I0(µA) 109.98 50.67 38.04

Tt0(K) 0.543 0.551 0.554

α* 194 (190,199) 124 (121,127) 74 (73,76)

β* 2.87 (2.86,2.88) 0.35 (0.34,0.35) 0.08 (0.07,0.08)

Ct0(pJ/K)* 0.25 (0.24,0.26) 0.25 (0.24,0.25) 0.23 (0.23,0.24)

Cs0(pJ/K) 0.98 1.02 1.04

Gt
ts0(pW/K) 2692 2810 2855

Ca0(pJ/K) 0.64 0.67 0.68

Gsa0(pW/K) 867 905 920

R/RN, Tbath (K) 10%, 0.471 50%, 0.473 90%, 0.475

R0(mΩ) 2.98 14.88 26.79

I0(µA) 77.58 36.31 27.36

Tt0(K) 0.544 0.551 0.553

α* 289 (283,295) 152 (148,155) 74 (72,75)

β* 3.35 (3.34,3.36) 0.38 (0.38,0.39) 0.05 (0.05,0.05)

Ct0(pJ/K)* 0.25 (0.24,0.25) 0.25 (0.24,0.25) 0.23 (0.23,0.24)

Cs0(pJ/K) 1.03 1.06 1.07

Gt
ts0(pW/K) 2714 2807 2846

Ca0(pJ/K) 0.67 0.69 0.70

Gsa0(pW/K) 909 939 952

Cs,b(pJ/K2.92)** 6.27 (6.08,6.51)

Kts(pW/K3.92)** 4085 (3999,4167)

Ca,b(pJ/K2.92)** 4.09 (3.88,4.33)

Ksa(pW/K3.92)** 1419 (1337,1475)

Table 4.2: Input parameters, fitted parameters and induced parameters from fitting
the extended model described by Figure 4.1(b) to the complex impedance data of
TES B. Refer to the text and Table 4.1 for a description of the parameters. The
complex impedance data with model fits and the noise data with predictions of this
bolometer are shown in Figures 4.8 and 4.12 respectively.
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R/RN, Tbath (K) 10%, 0.319 50%, 0.324 90%, 0.328

R0(mΩ) 2.99 14.94 26.88

I0(µA) 101.60 46.80 35.15

Tt0(K) 0.542 0.550 0.553

α 199 (196,202) 133 (131,135) 61 (60,62)

β 2.92 (2.91,2.92) 0.40 (0.39,0.40) 0.06 (0.06,0.06)

Ct0(pJ/K) 0.25 (0.25,0.26) 0.24 (0.24,0.25) 0.23 (0.22,0.23)

Cs0(pJ/K) 0.99 1.03 1.05

Gt
ts0(pW/K) 1154 1205 1223

Ca0(pJ/K) 0.71 0.75 0.76

Gsa0(pW/K) 669 699 710

R/RN, Tbath (K) 10%, 0.471 50%, 0.472 90%, 0.474

R0(mΩ) 2.99 14.94 26.89

I0(µA) 71.50 33.48 25.25

Tt0(K) 0.544 0.550 0.552

α 300 (296,305) 169 (167,171) 64 (64,65)

β 3.41 (3.40,3.42) 0.43 (0.43,0.44) 0.04 (0.04,0.04)

Ct0(pJ/K) 0.26 (0.25,0.26) 0.25 (0.25,0.25) 0.23 (0.23,0.24)

Cs0(pJ/K) 1.09 1.12 1.13

Gt
ts0(pW/K) 1164 1203 1219

Ca0(pJ/K) 0.78 0.81 0.82

Gsa0(pW/K) 736 758 767

Cs,b(pJ/K2.91)** 6.91 (6.41,7.44)

Kts(pW/K3.91)** 1756 (1742,1773)

Ca,b(pJ/K2.91)** 4.99 (4.74,5.28)

Ksa(pW/K3.91)** 1195 (1013,1374)

Table 4.3: Input parameters, fitted parameters and induced parameters from fitting
the extended model described by Figure 4.1(b) to the complex impedance data of
TES C. Refer to the text and Table 4.1 for a description of the parameters. The
complex impedance data with model fits and the noise data with predictions of this
bolometer are shown in Figures 4.9 and 4.13 respectively.
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R/RN, Tbath (K) 10%, 0.318 50%, 0.319 90%, 0.321

R0(mΩ) 3.03 15.15 27.28

I0(µA) 54.58 24.93 18.75

Tt0(K) 0.546 0.551 0.554

α 397 (382,407) 158 (152,162) 66 (63,67)

β 4.45 (4.43,4.47) 0.43 (0.42,0.43) 0.04 (0.04,0.04)

Ct0(pJ/K) 0.20 (0.19,0.21) 0.22 (0.21,0.23) 0.21 (0.20,0.21)

Cs0(pJ/K) 0.93 0.96 0.98

Gt
ts0(pW/K) 2180 2244 2275

Ca0(pJ/K) 0.54 0.55 0.56

Gsa0(pW/K) 457 471 477

R/RN, Tbath (K) 10%, 0.471 50%, 0.471 90%, 0.472

R0(mΩ) 3.03 15.16 27.27

I0(µA) 39.14 18.03 13.64

Tt0(K) 0.547 0.551 0.553

α 610 (587,624) 199 (191,204) 67 (65,69)

β 5.64 (5.61,5.66) 0.49 (0.49,0.50) 0.03 (0.03,0.03)

Ct0(pJ/K) 0.20 (0.19,0.21) 0.21 (0.20,0.22) 0.20 (0.19,0.21)

Cs0(pJ/K) 0.95 0.97 0.98

Gt
ts0(pW/K) 2196 2244 2270

Ca0(pJ/K) 0.55 0.56 0.56

Gsa0(pW/K) 466 476 481

Cs,b(pJ/K2.97)** 5.77 (5.52,5.95)

Kts(pW/K3.97)** 3312 (3194,3390)

Ca,b(pJ/K2.97)** 3.30 (3.13,3.43)

Ksa(pW/K3.97)** 711 (679,735)

Table 4.4: Input parameters, fitted parameters and induced parameters from fitting
the extended model described by Figure 4.1(b) to the complex impedance data of
TES D. Refer to the text and Table 4.1 for a description of the parameters. The
complex impedance data with model fits and the noise data with predictions of this
bolometer are shown in Figures 4.10 and 4.14 respectively.
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Figure 4.5: The extended model described by Figure 4.1(b), and a model identical
otherwise but without the stray heat capacity (the two-block model), fit to complex
impedance data for TES A. One set of complex impedance data is taken at a bath
temperature of ∼ 0.32 K, and another set at a bath temperature of ∼ 0.47 K. Each of
these two sets includes the complex impedance taken at three operating resistances
of 10%, 50%, 90% of RN. The complex impedance data have been smoothed and
are shown in black curves. The error bars on the smoothed data are so small that
they are practically invisible on the figure. The best fits under the two-block model
are shown in red curves. The best fits under the extended model are shown in blue
curves. Clearly, the quality of the fits from the extended model is considerably better.
The fits under the alternative model, described by Figure 4.1(c), are indistinguishable
from the fits under the extended model.
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Figure 4.6: Noise data and predications under the two-block model and the extended
model. The noise data and predictions are for TES A at a bath temperature of
0.325 K and at a operating resistance of 50% of RN. (The complex impedance data
and model fits at this operating condition are included in Figures 4.5 and 4.7.) The
noise figure shows the smoothed data (solid black curve), the prediction of the total
noise under the two-block model describe by Figure 4.1(b) but without the stray heat
capacity (dotted blue curve), and the prediction of the total noise under the extended
model described by Figure 4.1(b) (solid blue curve with dot marks). We also show
the contributions from the individual noise sources. In particular, for the extended
model the individual noise sources include the TES Johnson noise (solid green), the
load resistor Johnson noise (solid red), the MoAu bilayer-silicon substrate decoupling
(solid cyan), the silicon substrate-stray heat capacity decoupling (solid magenta), and
the silicon substrate-thermal bath decoupling (solid black).
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TES A, no trench, 20 µm legs
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Figure 4.7: The extended model described by Figure 4.1(b) fit to complex
impedance data for TES A. The parameters extracted from the complex impedance
fit and subsequently used for noise predictions are listed in Table 4.1. The figures on
the left and the right are for bath temperatures of ∼0.32 K and ∼0.47 K respectively.
The corresponding noise data and predictions are shown in Figure 4.11. The frequen-
cies for the dots on each of the complex impedance curves correspond sequentially to
the frequencies of the dots in Figure 4.5.

TES B, one trench, 20 µm legs
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Figure 4.8: The extended model described by Figure 4.1(b) fit to complex
impedance data for TES B. The parameters extracted from the complex impedance
fit and subsequently used for noise predictions are listed in Table 4.2. The figures on
the left and the right are for bath temperatures of ∼0.32 K and ∼0.47 K respectively.
The corresponding noise data and predictions are shown in Figure 4.12. The frequen-
cies for the dots on each of the complex impedance curves correspond sequentially to
the frequencies of the dots in Figure 4.5.
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TES C, two trenches, 20 µm legs
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Figure 4.9: The extended model described by Figure 4.1(b) fit to complex
impedance data for TES C. The parameters extracted from the complex impedance
fit and subsequently used for noise predictions are listed in Table 4.3. The figures on
the left and the right are for bath temperatures of ∼0.32 K and ∼0.47 K respectively.
The corresponding noise data and predictions are shown in Figure 4.13. The frequen-
cies for the dots on each of the complex impedance curves correspond sequentially to
the frequencies of the dots in Figure 4.5.
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Figure 4.10: The extended model described by Figure 4.1(b) fit to complex
impedance data for TES D. The parameters extracted from the complex impedance
fit and subsequently used for noise predictions are listed in Table 4.4. The figures on
the left and the right are for bath temperatures of ∼0.32 K and ∼0.47 K respectively.
The corresponding noise data and predictions are shown in Figure 4.14. The frequen-
cies for the dots on each of the complex impedance curves correspond sequentially to
the frequencies of the dots in Figure 4.5.
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TES A, no trench, 20 µm legs
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Figure 4.11: Comparison between the measured and the predicted noise spectra
using the extracted parameters (listed in Table 4.1) from the complex impedance
fit, for TES A, at bath temperatures of ∼0.32 K (left column) and ∼0.47 K (right
column). The three rows correspond to the operating resistance at 10%, 50% and
90% of RN respectively. Refer to Figures 4.5 and 4.7 for the complex impedance data
and fits at these operating conditions, and Figure 4.6 for an explanation of the line
markings.
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TES B, one trench, 20 µm legs
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Figure 4.12: Comparison between the measured and the predicted noise spectra
using the extracted parameters (listed in Table 4.2) from the complex impedance
fit, for TES B, at bath temperatures of ∼0.32 K (left column) and ∼0.47 K (right
column). The three rows correspond to the operating resistance at 10%, 50% and
90% of RN respectively. Refer to Figure 4.8 for the complex impedance data and fits
at these operating conditions, and Figure 4.6 for an explanation of the line markings.
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TES C, two trenches, 20 µm legs
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Figure 4.13: Comparison between the measured and the predicted noise spectra
using the extracted parameters (listed in Table 4.3) from the complex impedance
fit, for TES C, at bath temperatures of ∼0.32 K (left column) and ∼0.47 K (right
column). The three rows correspond to the operating resistance at 10%, 50% and
90% of RN respectively. Refer to Figure 4.9 for the complex impedance data and fits
at these operating conditions, and Figure 4.6 for an explanation of the line markings.
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TES D, one trench, 5 µm legs
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Figure 4.14: Comparison between the measured and the predicted noise spectra
using the extracted parameters (listed in Table 4.4) from the complex impedance
fit, for TES D, at bath temperatures of ∼0.32 K (left column) and ∼0.47 K (right
column). The three rows correspond to the operating resistance at 10%, 50% and
90% of RN respectively. Refer to Figure 4.10 for the complex impedance data and fits
at these operating conditions, and Figure 4.6 for an explanation of the line markings.
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data. Hence, analytically, we expect that we can constrain at least α, β and Kts well from

the model fits.

Empirically, to estimate the errors on the extracted parameters, we use the follow-

ing method motivated by the bootstrap procedure. Specifically, this method explores the

amount of variation that can be induced on the extracted parameters by fitting to some

particular subsets of the complex impedance data. Suppose that we use a total of N com-

plex impedance data points across the different TES operating conditions when fitting our

model originally. We assign equal probabilities to these N data points, resample these N

points with replacement to generate a new set of N data points. We perform this procedure

M times, where M ≈ 200, so that we obtain M sets of such data points. For each of

these sets of data points, we perform the standard complex impedance fit and extract a set

of parameters α, β, Ct0, Cs,b, Kts, Ca,b and Ksa. For the M values obtained for each of

these parameters, we construct an interval that encloses 68% of the M values and set this

interval as a 68% confidence interval for the parameter. Figure 4.15 shows an example of

the distribution of the mean values of the thermal conductance from the MoAu bilayer to

the silicon substrate evaluated at the MoAu bilayer temperature (Gt
ts) and the mean values

of the heat capacity of the silicon substrate (Cs) that are generated from the “bootstrap”

method.

4.6 Alternative model

We have implemented another thermal circuit with three separate heat capacities. This

thermal circuit includes the MoAu bilayer t with heat capacity Ct at temperature Tt, the

silicon substrate s with heat capacity Cs at temperature Ts, and another component l with

heat capacity Cl at temperature Tl. The components t, s and l are modeled in series, with

the component l intended to describe the possible heat capacity on the silicon legs. In effect

we move the stray heat capacity Ca in the original extended model onto the silicon legs in

the new model. We shall refer to this new model as the alternative model. The thermal

circuit of the alternative model is described by Figure 4.1(c). The electrical circuit remains

the same.
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Figure 4.15: The distribution, generated using the “bootstrap” method described
in the text, of the mean values of the thermal conductance from the MoAu bilayer to
the silicon substrate evaluated at the MoAu bilayer temperature (Gt

ts) and the mean
values of the heat capacity of the silicon substrate (Cs). Each dot corresponds to the
mean values generated from one resampling. The parameters generated for TES A,
B and C are plotted in blue, green and cyan, respectively. The mean values of Gt

ts

and Cs generated from the best fit are plotted as red diamonds. The 68% confidence
intervals in the mean values of Gt

ts and Cs are represented as red rectangles. As
expected from the thermal restrictions from the MoAu bilayer to the silicon substrate
that we impose, Gt

ts decreases significantly as we move from TES A, to TES B,
and finally to TES C. Unexpectedly, the heat capacity of the silicon substrate is
higher for TES B than for TES A, and is marginally higher for TES C than for
TES B, for silicon substrates that are identical except for the differences in thermal
restrictions. The increase in the heat capacity of the silicon substrate suggests that
the anomalously high heat capacity of the silicon substrate may be associated with
surface contamination on the edge of the silicon substrate.

We use the same conventions as in the extended model for the power transfers, the

thermal conductances, and the heat capacities. We assume that n = nts = nsl = nlb, where

n is again the exponent of the overall power transfer extracted from the I-V curves. Then,

with no radiation power (i.e., Pbath0 = PJ0), we have

PJ0 = Kts (Tt
n
0 − Ts

n
0 )

= Ksl (Ts
n
0 − Tl

n
0 )

= Klb (Tl
n
0 − Tn

b ) .
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We also assume

Cs0 = Cs,bTs
n−1
0 ,

Cl0 = Cl,bTl
n−1
0 .

The electrothermal circuits of the alternative model are described by the following set

of four differential equations:

L
dI

dt
= V − IRL − IR(T, I), (4.13a)

Ct
dTt

dt
= PJ − Pts + P −Nts, (4.13b)

Cs
dTs

dt
= Pts − Psl +Nts −Nsl, (4.13c)

Cl
dTl

dt
= Psl − Plb +Nsl −Nlb. (4.13d)

We can again expand the above equations around their steady-state values, cancel the

DC terms, and take the Fourier transforms. We solve for the temperature and current

response to the driving forces and noise sources in the usual way to obtain:

















δI

δTt

δTs

δTl

















= M−1

















δV

δP −Nts

Nts −Nsl

Nsl −Nlb

















.

Here the impedance matrix M is (we abbreviate Gl
lb as G):

















R0(1 + β) +RL + iωL αI0R0

Tt0
0 0

−(2 + β)I0R0 Gt
ts0 −

αI2
0R0

Tt0
+ iωCt0 −Gs

ts0 0

0 −Gt
ts0 Gs

ts0 +Gs
sl0 + iωCs0 −Gl

sl0

0 0 −Gs
sl0 Gl

sl0 +G0 + iωCl0

















.

The complex impedance is again
(

M−1
)

1,1
(after subtraction of RL + iωL):

ZTES(ω) = R0(1 + β) +R0

A(ω)
I2
0R0α

Tt0
(β + 2)

A(ω)B(ω) − C(ω)
,
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and the frequency-dependent terms A, B and C are

A(ω) =
((

G0 +Gl
sl0 + iωCl0

)

(Gs
ts0 +Gs

sl0 + iωCs0) −Gs
sl0G

l
sl0

)

,

B(ω) =

(

Gt
ts0 + iωCt0 −

I2
0R0α

Tt0

)

,

C(ω) =
(

Gt
ts0G

s
ts0(G0 +Gl

sl0 + iωCl0)
)

.

In the fits to the complex impedance data under the alternative model, the input pa-

rameters are R0, I0 and Tt0, the fitted parameters are α, β, Ct0, Cs,b, Kts, Cl,b and Ksl.

We allow α, β, Ct0 to float, but keep Cs,b, Kts, Cl,b and Ksl constant, under different TES

operating conditions.

Comparing the expressions of ZTES and A,B,C under the alternative model to Equa-

tions 4.6 and 4.7 reveals that, under the extended model and under the alternative model,

the forms of the complex impedance are highly similar. In fact, if appropriate conditions

are satisfied, then the complex impedances under the two models are completely identical at

all TES operating conditions. The conditions are the following. First, the input parameters

R0, I0, Tt0, and the fitted parameters α, β, Ct0 are the same under the two models at each

TES operating conditions; in addition, Cs,b and Kts are the same under the two models

(which, together with the earlier conditions, yield the same Cs0, G
t
ts and Gs

ts). Second, the

following equalities,
Ca0

Cl0
=

Gsa0

G0 +Gl
sl0

=
G0Gsa0

G0Gs
sl0

, (4.15a)

G0 +Gsa0

Gs
sl0

= 1, (4.15b)

where we list the quantities under the extended model in the numerators and the quantities

under the alternative model in the denominators, are satisfied at each of the TES operating

conditions.

With the input parameters and the other fitted parameters already set under the two

models, we now only have the freedom to adjust Ksa and Ca,b under the extended model,

and Ksl and Cl,b under the alternative model, to satisfy the above equalities at all TES

operating conditions. Our earlier assumptions on the nxy’s (i.e., all the nxy’s are equal to

n), and on the Tn−1 temperature dependence of the heat capacities, are precisely made to
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TES A TES B TES C TES D

Cl,b (pJ/Kn−1) 6.42 (6.05,6.81) 7.55 (7.28,8.02) 10.01 (9.35,11.16) 4.48 (4.31,4.69)

Ksl (pW/Kn) 2380 (2275,2443) 1927 (1837,1994) 1693 (1496,1819) 828 (799,858)

Tl0 (K) 0.525 0.514 0.501 0.534

Gs
sl0 (pW/K) 1556 1243 1024 549

Table 4.5: Fitted parameters (Cl,b and Ksl) and induced parameters (the averages of
Tl0 and Gs

sl0 across the different TES operating conditions) from fitting the alternative
model described by Figure 4.1(c) to the complex impedance data of TES A, B, C and
D. The fitted parameters α, β, Ct0, Cs,b, Kts are the same as those extraced from the
extended model, which have been summarized in Tables 4.1, 4.2, 4.3 and 4.4. Hence
these parameters are not repeated here. The 68% confidence intervals on the fitted
parameters Cl,b and Ksl, generated using the bootstrap method, are shown in the
parentheses.

satisfy this requirement. With these assumptions, the condition

Gsa0

G0 +Gl
sl0

=
G0Gsa0

G0Gs
sl0

is automatically satisfied. Further, if the conditions

Ksb +Ksa = Ksl, (4.16a)

Ca,b
Ksl

2

Ksa(Ksl −Ksb)
= Cl,b, (4.16b)

are satisfied, then Equations 4.15a are 4.15b are satisfied at all TES operating conditions.

From Equations 4.16a and 4.16b, it is easy to see that given any single set of fitted pa-

rameters Ksa and Ca,b under the extended model, we can always find a single set of Ksl

and Cl,b under the alternative model (or vice versa) such that these equations, and hence

Equations 4.15a and 4.15b at all operating conditions, are satisfied.

Therefore, we expect that the alternative model will produce the same complex impedance

fits as the extended model. Fitting the alternative model to the complex impedance data

confirms this observation. The fit to the alternative model yields the same α, β, Ct0 as the

fit under the extended model at each TES operating condition, and also yields the same Cs,b

and Kts. Further, the fit yields Cl,b, Ksl such that Equations 4.16a and 4.16b are satisfied.

Table 4.5 lists a subset of the extracted parameters for the alternative model.
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We have also carried out noise predictions under the alternative model, assuming spec-

ular power transfer between the MoAu bilayer and the silicon substrate, and diffuse power

transfer between the silicon substrate and the heat capacity on the leg, and between the

heat capacity on the leg and the thermal bath. However, the predictions for the total noise

are again identical under the two models. In fact, we can verify that, in addition to the

1-1th element of M−1 which is the same under the two models and which results in the

degeneracy of the complex impedance fits under the two models, the 1-2th and the 1-3th

elements of M−1 are also the same under the two models. Hence, not only are the total

noise predictions the same under the two models, the predictions of the noise contributions

from the TES Johnson noise, the load resistor Johnson noise, the decoupling between the

MoAu bilayer and the silicon substrate, are all the same under the two models. Because the

two models have different thermal circuits, the decouplings between the silicon substrate

and the stray heat capacity and between the silicon substrate and the thermal bath un-

der the extended model do not directly correspond to the decouplings between the silicon

substrate and the heat capacity on the leg and between the heat capacity on the leg and

the thermal bath under the alternative model. Hence the individual contributions from

these sources under the two models are different, but their sums are again the same under

the two models. Figure 4.16 compares the predictions under the alternative model to the

predictions under the extended model, for TES A at the operating resistance of 50% RN

and the bath temperature of approximately 0.32 K.

Therefore, from the qualities of the fits to the complex impedance data and the noise

predictions alone, we are unable to distinguish the alternative model from the extended

model. We will instead attempt to distinguish between the two models from the trend in

the extracted parameters in the next chapter.

4.7 Conclusion

To summarize, we have implemented an extended thermal model to describe the ACT TES

bolometers. The model decouples the TES bolometer into three separate heat capacities:

the MoAu bilayer, the silicon substrate, and a stray heat capacity, that are thermally
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data
total predicted noise (extended)
TES Johnson noise (extended)
Load Johnson noise (extended)
TES−substrate noise (extended)
substrate−stray noise (extended)
substrate−bath noise (extended)
total predicted noise (alternative)
TES Johnson noise (alternative)
Load Johnson noise (alternative)
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substrate−leg noise (alternative)
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Figure 4.16: Noise data and predications under the extended model and the alter-
native model. The noise data and predictions are for TES A at a bath temperature of
0.325 K and at a operating resistance of 50% of RN, which is the same operating con-
dition as Figure 4.6. (The complex impedance data and model fits at this operating
condition are included in Figures 4.5 and 4.7.) The noise figure shows the smoothed
data (solid black curve), the prediction of the total noise under the extended model
described by Figure 4.1(b) (solid curve with dot marks), and the prediction of the
total noise under the alternative model described by Figure 4.1(c) (solid curve with
plus marks). We also show the contributions from the individual noise sources. In
particular, for the alternative model the individual noise sources include the TES
Johnson noise (solid green with plus marks), the load resistor Johnson noise (solid
red with plus marks), the TES-silicon substrate decoupling (solid cyan with plus
marks), the silicon substrate-heat capacity on the leg decoupling (solid magenta with
plus marks), and the heat capacity on the leg-thermal bath decoupling (solid black
with plus marks). The predictions under the extended model are the same as those
plotted in Figure 4.6. Note that the first three of the above noise sources and the
total noise predictions are the same under the two models.
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connected according to Figure 4.1(b). We have tested our model on four TES bolometers

with different thermal transport restrictions between the MoAu bilayer and the silicon

substrate. For all four bolometers, the extended model fits the complex impedance data

well, and the noise predictions show good agreement with the data. The inclusion of the

stray heat capacity in the extended model greatly improves the quality of the complex

impedance fits and the noise predictions. Meanwhile, an alternative model, described by

Figure 4.1(c), fits the complex impedance and predicts the noise identically. Again, we leave

the discussions of the physical interpretations of the extracted parameters and the possible

limitations of our models to the next chapter.



Chapter 5

Possible explanations for

anomalous ACT TES bolometer

behaviors

We have constructed an extended model and an alternative model, described by Fig-

ures 4.1(b) and (c) respectively, in the previous chapter to describe the ACT TES bolome-

ters. We have tested our models on four TES bolometers with different restrictions on

the thermal transport from the MoAu bilayer to the silicon substrate and with different

widths of the silicon legs to the thermal bath. In this chapter we discuss the deviations

from the ideal TES theory that are revealed by these models, in particular the unexpected

low thermal conductance from the MoAu bilayer to the silicon substrate, which we shall

refer to as Gts
1 . We also discuss the possible limitations of our current models, as well as

additional deviations of the extracted parameters from the theoretical predictions, that are

collectively reflected in two categories: (1) the unexpected change in the TES parameters

induced by the restrictions on the thermal transport or the variation in the leg width, when

these parameters should be insensitive to such conditions, and (2) the anomalously large

heat capacities of the silicon substrate and the stray heat capacity (or the heat capacity on

the leg in the alternative model). We finally show the improvement in the performance of

1We let Gts refer to Gt
ts and Gs

ts collectively.
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our TES detectors that we could expect if the low Gts and the large heat capacities were to

be ameliorated, and make a few suggestions for further TES characterization measurements

and future TES designs.

5.1 The thermal conductance from the MoAu bilayer to the

silicon substrate

The extracted thermal conductances between the MoAu bilayer and the silicon substrate,

Gts, follow the trend of the artificially imposed restrictions on the thermal transport among

the four devices (see Figures 4.2 and 4.15, and Tables 4.1, 4.2, 4.3 and 4.4). This thermal

conductance is around 6100 pJ/K for TES A, where no thermal transport restriction is

imposed, around 2800 pJ/K for TES B, where intermediate thermal transport restriction

is imposed (one layer of trench surrounding the TES is cut out from the silicon substrate),

and around 1200 pJ/K for TES C, where the most severe thermal transport restriction

is imposed (two layers of trenches surrounding the TES are cut out from the silicon sub-

strate). The differences in the thermal conductances from the MoAu bilayer to the silicon

substrate among the three configurations are significant, judging from the earlier conclusion

(Section 4.5) that the Kts’s should be robust from the fits, and from the confidence intervals

we have constructed for the Kts’s.

We further note that the extracted MoAu bilayer heat capacity, of ∼ 0.22 pJ/K, is

consistent among TES A, B and C, and is below the maximum value allowed by the BCS

theory (∼ 0.28 pJ/K), if we are willing to take into account the jump of the metal heat

capacity by a factor of 1.43 at the onset of superconductivity. The extracted MoAu bilayer

heat capacity is also greater than the expected normal-state MoAu bilayer heat capacity just

above the critical temperature of the bilayer (∼ 0.09 pJ/K). The extracted MoAu bilayer

heat capacity remains relatively constant across the transition (with the TES operating

resistance varying from 10% to 90% of the normal resistance). In addition to the bilayer

heat capacity, the temperature and current sensitivities (α and β) are comparable for TES

A, B and C at the corresponding TES operating conditions. These parameters should

depend on the MoAu bilayers, which are fabricated identically, and should be independent
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of the different restrictions on the thermal transport from the MoAu bilayer to the silicon

substrate. That these parameters remain relatively constant across the three devices yields

further evidence that the extended model correctly identifies the MoAu bilayer.

Together, these comprise the evidence that Gts indeed reflects the actual thermal con-

ductance between the MoAu bilayer and the silicon substrate, which in turn implies this

thermal conductance is ∼100 times lower than the level of ∼ 7×105 pW/K that the acoustic

mismatch theory predicts, thereby justifying the proposed decoupling between the MoAu

bilayer and the silicon substrate in our extended thermal model.

The discrepancy between the calculation from the acoustic mismatch theory and the

model fit possibly indicates that a naive application of the acoustic mismatch theory for

our TES geometry is invalid. As we have mentioned in Chapter 4, the silicon substrate

and the silicon legs are roughly in the three-dimensional limit but the MoAu bilayer is in

the quasi two-dimensional limit. In addition, the phonon mean-free-path is ∼ 10 µm in the

silicon legs and so is supposedly a bit larger in the silicon substrate (the substrate has a larger

width than the legs, allowing the phonon to travel longer in the plane), but the thickness

of the silicon substrate is only ∼ 1.4 µm. Furthermore, what we are really interested is the

ability of the phonons to carry heat radially away from the MoAu bilayer, which happens in

a direction parallel to the MoAu bilayer-silicon substrate contacting surface. These could all

invalidate a naive calculation based on the acoustic mismatch theory, such as that done in

Equation 4.2, which predicts the thermal transport between two bulk solids in the direction

perpendicular to the contact surface of these solids.

We can observe what absurdity could arise if we apply the acoustic mismatch theory

naively from a toy model depicted in Figure 5.1. If we only consider the contact area between

the MoAu bilayer and the silicon substrate, then configuration (b) in Figure 5.1, which has

the MoAu bilayer embedded in the silicon substrate, has a larger Gts than configuration (a),

which is the geometry of the typical ACT TES bolometers. If we push this argument to the

limit, we obtain configuration (c), which only has a vanishingly thin silicon layer beneath

the MoAu bilayer. However, it is clear that in configuration (c), the majority of the heat

transport between the MoAu bilayer and the silicon substrate is carried out by phonons

going through the sides, rather than through the bottom, of the MoAu bilayer. In this case,



124 Possible explanations for anomalous ACT TES bolometer behaviors

the correct contact area to use in Equation 4.2 is 4wh rather than w2, where w = 75 µm

and h = 1.4 µm are the width and thickness of the MoAu bilayer square respectively. If this

new contact area were to be used, the discrepancy between the calculated and the measured

Gts is greatly reduced (from a factor of about a hundred to a factor of about ten). Again,

we have not justified that the transition from configuration (a) to (c) results in a smooth

transition of Gts, but only pointed out that why a naive calculation based on the contact

area of the MoAu bilayer and the silicon substrate could possibly lead to an erroneously

large value of Gts.

(a) (b) (c)

Figure 5.1: Cross-sectional views of the three different TES MoAu bilayer and silicon
substrate configurations considered in this chapter to explain the anomalously small
Gts. The small solid rectangles represent the MoAu bilayers, and the large empty
rectangles represent the silicon substrates. The thicknesses of the MoAu bilayers and
the silicon substrates are drawn roughly to scale, but not their widths.

We can possibly explain why the measured Gts is much lower than the calculated one in

another way. The original derivation of the acoustic mismatch theory assumes bulk solids

so that phonons are reflected/transmitted once at the boundary of the two solids. However,

because the phonon mean free path is much larger than the thickness of the silicon substrate

in the ACT TES bolometers, only a small portion (roughly speaking about a fraction h/l,

where l is the phonon mean free path and h is defined as in the last paragraph) of all

the phonons contributing to the thermal current (say, those phonons that are emitted by

the MoAu bilayer and end up in the silicon substrate) satisfy this requirement; the rest

are reflected/transmitted more than once which would lead to a larger thermal boundary

resistance and a correspondingly smaller Gts. This analysis is only qualitative but we again

see why a factor of ∼ 1/10 may need to be multiplied into the naive calculation to get a

more realistic Gts. (It has been observed that in a two-dimensional system the thermal

conductance from the TES to the supporting membrane is proportional to the perimeter,

rather than the area, of the TES[78]. However, because the ACT TES bolometers are closer

to a three-dimensional system, a comparison with the above system may not be applicable.)
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5.2 Possible limitations of the model

TES D is fabricated identically to TES B except that TES D has 5 µm legs instead of

20 µm. Therefore a priori we expect that the temperature and current sensitivities, and

the MoAu bilayer heat capacity of TES D should be comparable to TES A, B and C, and

the thermal conductance from the MoAu bilayer to the silicon substrate from TES D to be

comparable to TES B. In reality, from the model fit, TES D shows a larger temperature

and current sensitivities lower in the transition and approximately 15% lower MoAu bilayer

heat capacity as compared to TES A, B and C. Gts of TES D, which is around 2200 pJ/K,

is also noticeably lower than the corresponding value from TES B of around 2800 pJ/K,

although this value is closer to TES B than to TES C, which has the lowest Gts. These

inconsistencies may suggest that our model is not complete enough, so that the real physical

changes brought about by the reduction in leg width are incorrectly interpreted by the

model as the reduction of Gts. The inconsistencies may also indicate that the different

components of our TES bolometers are highly interactive, and the change in the leg width

actually affects the behavior of other TES components, such as the TES temperature and

current sensitivities and the MoAu bilayer heat capacity.

The thermal conductances from the silicon substrate to the stray heat capacity, Gsa, the

temperature-calibrated heat capacities2 of the silicon substrate Cs,b, and the stray heat

capacity, Ca,b, all show an unexpected trend (see Figure 4.15 for the trend in Cs, which is

Cs,b multiplied by Tn−1
s ). From TES A to TES C, as we impose more thermal restriction

between the MoAu bilayer and the silicon substrate, both Cs,b and Ca,b increase, and Gsa

decreases. Meanwhile, TES D shows the smallest of both Gsa and Ca,b, and a Cs,b slightly

above that from TES A but lower than that from TES B or C. The trend in Gsa may suggest

that the alternative model should be preferred over the extended model. We shall discuss

more about this possibility and the trend in Ca,b in Section 5.3.

2Recall from the previous chapter that we multiply T n−1 into the temperature-calibrated heat capacities
Cs,b, Ca,b, Cl,b to get the absolute heat capacities Cs, Ca, Cl in pJ/K.
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5.3 Anomalous heat capacities

One great discrepancy between the extracted parameters and the theory predicted values

comes from the silicon substrate heat capacity. The extracted heat capacities of the silicon

substrate from all four TES bolometers considered are an order of magnitude higher than

the expected value of ∼ 0.1 pJ/K. In addition, the stray heat capacities are almost as large

in magnitude, and their origin is a great mystery. It is tempting to attempt a model without

the stray heat capacity (but with the decoupling between the MoAu bilayer and the silicon

substrate), however the quality of the complex impedance fits and the noise predictions

suffers greatly, as we have already discussed (see Figures 4.5 and 4.6 for an example).

Heat capacities approximately 20 times larger than the Debye value have been measured

for thin films of SiN[73] and excess heat capacity in more general amorphous materials has

been theoretically modeled in the context of two-level systems (TLS)[2]. In addition to the

TLS, the trend in Cs,b, which increases from TES A to TES C, suggests another possibility

that the excess heat capacity may be the contamination formed on the edge of the silicon

during the fabrication process, and hence is proportional to the total length of the edge of

the silicon. Under this interpretation, as we cut out one trench in TES B, the length of

the edge of the silicon substrate increases as compared to TES A, causing an increase in

the heat capacity of the silicon substrate. The increase in Cs,b from TES B to TES C is

more difficult to explain using this interpretation. Compared to TES B, TES C has one

more inner trench, which is unlikely to increase the heat capacity of the silicon substrate

(see Figure 4.2). On the other hand, the (temperature-dependent) absolute heat capacity

of the silicon substrate, Cs, only increases noticeably from TES A to TES B, and remains

largely constant from TES B to TES C. Perhaps, then, the approximate T 3 dependence of

the heat capacity of the silicon substrate assumed earlier is incorrect, and the actual heat

capacity of the silicon substrate is only weakly dependent on temperature, which helps to

reduce the difference in Cs,b between TES B and TES C3 .

3Note that the impedance matrix M , and hence the complex impedance model, is directly sensitive to
the heat capacity of the silicon substrate, Cs, and only implicitly involves the temperature-calibrated heat
capacity of the silicon substrate, Cs,b. As we move from TES A to TES C, the temperature of the silicon
substrate, Ts, decreases because of the increasingly more severe thermal restriction we impose around the
MoAu bilayer. Hence, the trend in Cs, which is what the complex impedance fit extracts, is enhanced in
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The trend in Ca, especially its particularly low magnitude in TES D, is even more difficult

to decipher. It may again suggest that our model is incomplete, the different components of

our TES are highly interactive, or that the alternative model is preferred, as we will explain

shortly.

The fits to the alternative model suggest that the heat capacity Cl (intended to describe

the heat capacity on the legs to the thermal bath) is large: on the order of 1 pJ/K for all

of TES A, B, C, and D, and comparable to the corresponding stray heat capacity Ca in

the extended model. The fits also suggest an unexpected trend, where the heat capacity Cl

increases and the thermal conductance Gs
sl (intended to describe the thermal conductance

between the silicon substrate and the heat capacity on the leg) decreases as we move from

TES A to TES C.

Meanwhile, both Cl and Gs
sl for TES D are significantly lower. Because the only differ-

ence between TES D and the other three TESes is that TES D has 5 µm instead of 20 µm

legs, this last observation suggests that the alternative model may be a better description

of the TES thermal circuit than the extended model. On the other hand, we cannot explain

the large magnitude of Cl in the context of surface contamination, because TES B and TES

D have the same total length of the edge of the silicon, yet Cl’s from these two bolometers

differ greatly. Hence, the large magnitude of Cl, the intended heat capacity on the legs, still

remains a mystery.

5.4 Suggestions for further characterization measurements

and future TES designs

Figure 5.2 shows the impact of the small Gts and the large Cs and Ca on the performances

of the ACT TES bolometers, specifically the TES noise and the TES responsivity. In

particular we consider cases in which we increase Gts by a factor of five and reduce Cs and

Ca by a factor of five. The reduction by a factor of five brings the sum of Cs and Ca to

a value that is roughly three times the predicted heat capacity of the silicon substrate of

Cs,b, which we get by dividing Cs by ≈ T 3
s . If we assume a weaker temperature dependence of Cs, the trend

in Cs,b will become weaker.
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∼0.1 pJ/K. On the other hand, even with the enhancement by a factor of five, Gts is still

roughly a factor of twenty lower than the (naively) predicted value.

The figure shows that increasing the thermal conductance from the MoAu bilayer to the

silicon substrate (shown by lines with left triangles) reasonably improves the performance

of the ACT TES bolometers. At the same time, the improvement from reducing the heat

capacities of the silicon substrate and the stray heat capacity (shown by lines with right

triangles) is far more significant.

Hence, our model shows that, in order to improve the performance of ACT-like TES

bolometers, it is essential to identify and potentially eliminate the sources of the anomalous

heat capacities. Also, in view of the analysis presented earlier (Section 5.1), we observe

that the small Gts may be a consequence of the small ratio of the silicon substrate thickness

to the MoAu bilayer width. Thus, for further TES characterizations, we suggest that

TES bolometers with different silicon substrate thickness or larger MoAu bilayer area be

manufactured, and that Gts be extracted on these bolometers using the complex impedance

methods to test our hypothesis about the low Gts. Changing the thickness of the silicon

substrate also has the added benefits of changing the size of Cs. Determining the intercept of

the (supposedly) linear dependence of Cs on the substrate thickness could help determine

whether there exists a residual source that contributes to Cs. We also suggest testing

our hypotheses about the anomalous heat capacities on bolometers designed with different

silicon substrate geometry, possibly with intentional lengthening of the edge of the silicon

substrate, and with different fabrication techniques, to distinguish between the possibilities

of the TLS and the surface contamination. With the insights gained from our models, we

are hopeful that we will be able to improve the performance of ACT-like TES bolometers

with tighter thermal coupling between the MoAu bilayer and the silicon substrate, and with

better designed and fabricated silicon substrates.
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Figure 5.2: Comparison of predicted ACT TES bolometer performances, specifically
the TES noise and the TES responsivity, with various degrees of improvements onGts,
Cs and Ca, at bath temperatures of ∼0.32 K (first row) and ∼0.47 K (second row),
in the middle of the TES transition (R/RN = 0.5). The solid lines with plus marks
show the predictions based on the parameters derived from TES A (see Chapter 4 for
description), i.e., with no improvement in Gts, Cs and Ca. The solid lines with left
triangles (⊳) show the performance based on the same parameters as derived from
TES A except that Gts is increased by a factor of five. The solid lines with right
triangles (⊲) show the performance based on the same parameters as derived from
TES A except that Cs and Ca are both reduced by a factor of five. The solid lines
with cross marks show the performance based on the same parameters as derived from
TES A except that both of the above improvements are enforced (Gts is increased
by a factor of five, Cs and Ca are reduced by a factor of five). The solid lines with
star marks show the performance of an ideal TES bolometer, with α and β equal
to those derived from TES A, and with a TES heat capacity equal to the sum of
the MoAu bilayer heat capacity as derived from TES A and 0.1 pJ/K, the expected
heat capacity of the silicon substrate at the TES critical temperature. A good TES
bolometer should have low noise amplitude and high responsivity amplitude.
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